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N the following work I have endeavoured to aucoiint for the manifold 
ihenomena of light as electromagnetic phenomena, deriving the same 
from the fundamental difTorential equations for electromagnetic dis- 
turbances. I have treated in Part I. the more familiar phenomena 
(that can be explained by Maxwell's theory, and have reserved for 
Part II. those for which his theory fails to offer a satisfactory 
explanation . 

In the treatment of the subject-matter, I have laid more stress 
t rigorous development of the fundamental laws of optics than 
on the derivation of the many consequences or secondary laws, that 
can be deduced from the former by familiar principles, and have 

r little to do with our conception of the nature of light; for the 
eonaequences or secondary laws that caji thus be deduced I refer 
the reader to the various text-books on optics, in which the same are 
most extensively treated. I have also omitted a description of all 
experiments on the subject-matter ti'eated and have referred to 
empirical facts only where a comparison with the theoretica results 
has seemed of int«rest. 
At the beginning of each chapter I have endeavoured to give a 
brief historical sketch of the anbject-matter treated ; and each chapter 
has been developed as independently of the preceding ones, as the 
treatment of the subject has allowed. Examples pertaining to the 
matter treated in the text have been added at the end of each 
[ ehapter ; these have been of great service to me in the general 
I b«atmenl of the principles set forth in the text, and I hope they 
I' nay prove as useful to the reader. 

lOl O (e 3 




VI PREFACE. 

The spherical waves and the so-called primary and secondary 
waves, which have been so extensively treated in the first four chapters, 
are perhaps only of theoretical interest. One of my chief reasons for 
the elaborate treatment of this peculiar class of waves has been to 
indicate another fertile field of research offered by Maxwell's equations. 
For those interested only in the more faitiiliar phenomena of electro- 
magnetic wave-motion those portions of the text can be omitted. 

In the treatment of the familiar problems on optics I have made 
free use of all sources with which I am acquainted, but in particular 
of Preston's "Theory of Light," Helmholtz's "Vorlesungen iiber die 
Electromagnetische Theorie des Lichts," Volkmann's "Vorlesungen 
iiber die Theorie des Lichtes," and Drude's " Lehrbuch der Optik." 

I have to return my best thanks to Prof Dr. K. Fischer, Munich, 

for many valuable suggestions, as well as for a most careful revision 

of the proofs. 

C. E. CURRY. 

Munich, January^ 1905. 
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Finite Velocity of Light. — Until Roemer's diaeovery of the finite 
Telocity nf propagation of light from his observations of the satellites of 
Jwpiter, the many theories and speculations offered for the explanation 
of its manifold phenomena were of a moat varied and even extravagant 
nature. The further discovery of the aberration of light by Bi-adley 
Bonto fifty years later not only confirmed the great truth revealed by 
his Danish predecessor, bwt showed that the light of the fixed stars 
faavelled with the same velocity as that reflectetl from the sun. Finally, 
•bout the middle of the last century the ingenious methods devised by 
Fizeau and Foucaull for the direct determination of the velocity of 
light within a room left no further doubt as to its finite velocity. 
The discoveries of Roemer and Bradley not only gave us another 
example of the continuity of nature, but they opened up a new era 
in the history of optics. 

Two Modes of TiansmiBBion. — If we accept the velocity of light as 
finite and the phenomena of vision as a manifestation of mechanical 
energy transmitted from the luminous object to the retina of the eye, 
we can evidently conceive only two modes of its tranamisaJon : either 
by material particles or corpuscles, which are projected at high velo- 
cities (that of light) from the luminous body, strike the retina of the 
eye and impart their kinetic energy to it ; or by means of a medium, 

a fluid, which carries the energy, imparted to it by the luminous 
body in the foTm of waves or oscillations, from one particle to the 
next, until that motion finally reaches the observer, and is transmitted 
to the retina of his eye in the form of a similar oscillation, which calls 
forth the phenomenon of vision ; this latter mode of transmission is 
characterised by an entire absence of any passage of material particles 
,1)etween the luminous object and the observer. The former mode of 
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2 ELECTROMAGNETIC THEORY OF LICHT, 

transmisaioii foiinB the fundament of the so-called " corpuscular " or 
" emission " iheoriea of light, the latter mode that of the wave theory. 

Emission Theory. — The emission theories are emhodied in the theory 
first propouiidotl by Newton and modified hy him and others to sur- 
mount the many difficulties encountered in a satisfactory explanation 
of empirical laws. Most formidable difficulties are met here at the 
very outset, among others the assumption of such enormous velocities 
as that of light for material particles ; for particles travelling at such 
high velocities would impart an enomtous momentum to the objoct 
they strike, and thus set it in motion ; hut oliservationa have failed 
to detect any such motion,* even when the supposed particles are 
brought to a focus on the given object by means of a lens or mirror. 
Moreover, although the law of reHection is evidently the same for 
elastic particles and heama of light, it is easy to show that the former 
in passing from one medium into another obey quite different laws 
from those for the refraction of light : according to the former the 
velotitv of propagation increases with the density of the medium, a 
hni- (ihich ia in direct disagreement with all empirical laws of light. 

Its Uodiflcatioiu. — In order to make the material particles behave 
according to the empirical laws of refraction, it was found necessary 
not only to endow them with many new properties but actually to 
assume first the presence of an intervening medium capable of being 
set into an oscillatory motion and then certain reciprocal actions 
between that medium — its oscillations or waves — -and the particles 
themselves. The result of these many modifications was that Newton's 
emission theory finally assumed all the aspects of the wave theory 
proper ; in its ultimate form it was, in fact, known as Newton's wave 
theory of light; it differs from the wave theory proper only in the 
assumption of the presence of the material particles themselves and the 
laws regulating the action between the same and the waves of the 
me<lium. .Such a complication of ideas, especially where nothing is to 
be gained, alone justifies us in abandoning Newton's wave theory and 
accepting in its place the simpler one, the wave theory proper. 

Wave Theory. — Huygens nnist undoubtedly lie regarded as the 
founder of the wave theory proper ; not alone liccausc he was the first 
to state it in explicit form, but because he was able to offer a satis- 
factory explanation for the greater part of the phenomena then known 
to the world, namely those of reflection, refraction, and double refrac- 
tion (ill crystals). The diftioulty Huygens encountered in attempting to 
explain the rectilinear propagation of light and the presence of shadows 

'*'Sm, however, P. Lebedew : " UnterBiichuDgeii ueli«r die Drilckkritefto dea 
Ltchts," Urudi's Jnwo/sn 8, 1901, vol. 11. pp. 433-458. 
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(cf. Chapter V.) alone accounts for the little recognition accorded his 
theory when tirat stated and its entire neglect for almost a centuty ; it 
first received attention upon Young's discovery of ihe principle of inter- 
ference and Freaiiel'a confirmation of the same Iiy experiment. These 
phenomena of interference dealt perhaps the last blow to the emission 
theory, since the presence of an intervening medium capable of being 

^eet into an oscillator)' motion then l>ecame not only the essential but 
the predominating feature in every theory of light. Finally, the last 
formidable difficulty liesetting the wave theory, the explanation of the 
phenomenon of polarisation, was removed by Fresnel's assumption that 
the light waves were not longitudinal like those of sound, as had 
hitherto lieen supposed, but transverse, that is, that the vibrations took 

t place at right angles to their direction of propagation ; the rectilinear 
pvpagation of light and the presence of shadows soon after found a 
■ktisfactory explanation (cf. Chapter V.). 
The Ether. — The medium assumed for the propagation of light is 
termed "ether." Since other evidently pervades not only terrestial 
but interstellar space, it cannot be identical with our atmosphere. 
Moreover, we must assume that ether pervades all transparent bodies, 
but, OS the behaviour of light in such bodies is different from its 
behavioiu' in the air, that the ether pervading the former is difl'erent 
from that of the air ; that is, that the properties to he assigned the 
ether differ for dift'erent bodies or media. These properties are 
evidently determined by certain unknown actions (resistances) between 
the material particles of the given body and the particles (elements) 
of the ether pervading that Iwxly ; they thus (litter for dift'erent bodies. 
Consequently, opaque bodies could also bo conceived as permeated 
by ether, and thus ether itself as pervading not only all space, both 
terrestial and int«rstellar, but all bodies ; that is, it may be regarded 
as a contiinious medium. 

The El&Btic Solid Ether. — Many ethers have already been offered 
Libr the explanation of the phenomena of light, and many more could 
Jily be conceived that might give similar satisfaetion. This free- 
I of choice is due chiefly to our ignorance of the properties of 
1 ether sought, and our consequent inability to form any concrete 
Econcoption of it.* We have observed above that the phenomena of 
interference and polarisation can alone be explained satisfactorily by 
r that is capable of transmitting transverse oscillations ; one of 
i first properties to be demanded of a luminiferous ether is, there- 
^ that it is capable of being set into transverse vibrations, and of 
mitting those vibrations further. Such ethers resemble now the 
*Cf. Curry: Theory of ElMrkily and Mai/nelUiu, p. -1. 
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aolid rather than the fluid, aiiice the former alone is capable of being 
Bel into tranaverae vibrations; hence the termination "elastic solid 
ether," that particular ether whieb possessoe not only the required 
property of transmitting ti-aneverse oscillations, but other properties 
common to the solid.* The elastic solid theory of light was soon 
univereally accepted ; and it remained the accepted theory- till almost 
the end of the last cetitury, until Hertz's great discoveries, which 
revealed the striking similarity between the electric waves and those 
of light, suggested certain modifications in the constitution of the 
elastic solid ether; we could thus designate this new luminiferous 
ether as the " electromagnetic ether." The necessary' modifications to 
be made in the elastic solid ether were naturally such that the 
phenomena of light alreaily explained by it were readily and simi- 
larly deduced from the electromagnetic ether. Those t«xt-booka that 
treat light from the elastic solid standpoint have not, therefore, Ijecome 
entirely otjsolete ; on the other hand, they may be used to great 
advantage by the student, and will often be referred to in the present 
treatise. For the fiuirlaraental differences lietween the elastic solid 
and the electromagnetic ethers, I refer the student to Section 1 of my 
Them-ij nf Ble.dridty and Maijnetmn. 

Maxwell's Ether. — We shall accept Maxwell's equations as our 
dctiMLtiou of the electromagnetic or luminiferous ether, and, as in 
my Tli-cnri/ of EUetridty and Magnetism, I shall leave it to the student 
to form any conception of the ether thus defined, tliat is consistent 
with the difTerent properties of these equations. There are, indeed, 
other ethers defined by other systems of equations ; some may explain 
certain phenomena, or even groups of phenomena, as satisfactorily 
as Maxwell's equations do, others are more general and thus allow 
greater freedom in the choice of the properties that may be assigned 
them, but none have stood the severe test of twentj--five years or 
more that Maxwell's have. This alone surely justifies us in accepting 
Maxtttll'i Ltlier as the seat and transmitter of not only the electric 
and magiietiL energy, but that of light, 

Helmholtz a Esther. — Helmholtz's equations of electricity and magiie- 
lisni define an ether that is more general than Maxwell's, but at the 
same time includes the same oa particular case ((! = 0, k arbitraryt); 
it also mcludoa other particular ethers, which differ essentially from 
Maxwell's; many of these have been more or less extensively inveati- 
gat«d with regard not only to the electric phenomena, but to those of 
light. Tumlirz makes use of such a particular system of equations 



• Cf. Curry : Throi-y of EktlricMy ami Magntim 
tCf. liM.. p. ,150. 
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ijtit=0) in his book on the electromagnetic theory of light,* but tha 
value of his book is so greatly impaired >>y an unfortunate choice of 
Borfoce conditions, that it is impossible, >«fore examining his equations 
in detail, to pass judgment on their real value or ability to explain 
the phenomena treated. Ilelmhoitz's ether is more general than 
Maxwell's, chieHy in that it ie capable of transmitting not only trans- 
but longitudinal oscillations; the latter are represented by a 
certain function ^t that appears in Helmholtz's equations. A pecu- 

trity of Helmholtz's ether is that its property of being able to 
transmit longitudinal oscillations is quite independent of certain other 
of its properties and pke verm, provided the given medium bo homo- 
geneous, that is, its medium -constants c and k constants, in which case 
it should lie possible to eliminat« this property or function <p from 
Helmholtz's equations ; this has, in fact, been accomplished by Boltz- 
Vann by means of certain substitutions. J On the other hand, the 
possibility of eliminating tjj revealed its independence to the other 
functions. Helmholtz's ether could thus be conceived here as defined 
hy two independent systems of equations, the one representing its 
longitudinal oscillations and the other its other properties. On making 
Boltzmann's substitutions we lind that Helmholtz's equations re<luce to 
Maxwell's.^ Since now, as we know, Maxwell's ether is capable of 
transmitting only transverse oscillations — we confine this statement to 
ordinary wai'es, whose intensity varies inversely as the square of 

le distance from the source — we can thus modify our present concep- 
'tion of Helmholtz's ether, and conceive it as defined by two 
independent systems of equations, the one representing its longi- 
tudinal and the other its transverse oscillations. But, as all attempts 
to explain the phenomena of light by longitudinal oscillations have 
proved fruitless, whereas the assumption that light is a manifestation 
of transverse oscillations has become empirical now-a-<lays, only the 
latter oscillations would concern us here ; that is, only that system of 
^hich represent the transverse oscillations, need be examined. 

In account of the identity between these equations and Maxwell's, it is 

lerefore immaterial, as far as the derivation and explanation of the 
phenomena of light are concerned, whether we regard Maxwell's or 
Helmholtz's ether as the seat and transmitter of light, and treat the 
different phenomena according to the equations of the former or those 
the latter ; but, for brevity, we shall employ the more familiar 

uations of Maxwell. 

• Dit deklTonutgiulUeht Theerii da Lkhtti, Leipzig, 1883, 
f C(. Curry : Theory of EUi-l/icily and MagnelUm, % x1. 
;Cf. Rid-y p. 401. SCf. Ibid., p, 402. 
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Fundamental Equations. — The phenomona of light with which we 
are acquainted are confined almost exclusively to the transparent >' 
bodies, as air, glass, crystals, etc. — the l)ehaviour of light on the 
surface of opaque Ixxiies, as the metals, is perhaps the only exception 
of any importance. Since now transparent bodies are l>ad conductors, 
we shall thus have to seek the phenomena of light, with the above 
exception, in Maxwell's equations for insulators and dielectrics ; these 
are 
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where /*, C» B and a, ^, y denote the components of the electric and 
magnetic forces respectively along the a:, ;/, z axes, A', y, Z and a, i, c 
their respective moments, and v^ the velocity of propagation of electro- 
magnetic disturlwinces (light) in any standard medium as air. 

Isotropic bodies are thereby characterised that the magnitude of the 
electric moment (displacement) is independent of the direction of the 
force acting ; we can thus write 
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where D denotes the electric inductive capacity of the given medium. 
The analogous relations between the components of the magnetic 
moment and those of the magnetic force, namely 

where M denotes the magnetic inductive capacity or the magnetic 
permeability of the medium, are assumed to hold for all media, as no 

*Cf. Curry : Theory of Eftctricity and Magnttium^ formulae (9, ii.) and § xliii. 
tCf. Ibid., formulae (10, ii.) and § xliii. jCf. Ibid,, § xiv. 

§Cf. Ibid., § XXV. 
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appreciable variation with regard to diiwition has yet been detected in 
the value of this quantity M in one and the same medium. 

M&xweU's Eq,iiatioiis for Isotropic Dielectrics. — By the relations (3) 
aiid (■!) Maxwell's equations 
I media : 

ndP_d^_ dy 
r„ ~dl~dz d^ 
D dQ dy da I ,g>. 

7„ dt'di-J^ ^' ^ ' 

DdB^dadfi 
f„ dt dy dx 

Mda_dRdQ'\ 
Fo (ft ~^ dz\ 
Mdp_'iP dRl 
v„dt d!~^ ( 
Mdy^dQdP 
I'd di dx dy ] 

Aeolotropic Hsdia. — Media, in which the electric moment varies 

nth the direction of the electric force, are called imiadTOpic or aeolo- 
tropic ; the only such, with which we are familiar, are certain crystals, 
as the Iceland spar. In such media there are, in general, three direc- 
tions, and these are at right angles to each other, along each of which 
the electric inductive capacity becomes either a maximum or a mini- 
mum; these directions are known as the prindpiil axes of the crystal. 
If we choose these axes as cooi'dinate-axes and denote the values of D 
along the same by />i, D.-^ and Z)g, we must evidently replace the alxive 
relatione (3) by the following : 



..(6)> 



I by which Maxwell's equations (1) can be written 

DidP^dli_dy'\ 
v^ dt dz dy 
D^dQ dy_ 




^p,y=^Q,z=^^ji.. 



dt dx ds j 
psdR_da d^\ 



Equations (2) evidently retain their above form, formidac (6). 

*Cf. Theory of EUririeiti/ and Magnetism, formulae (9) and (10), p. .14. 
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It is not, however, always convenient to choose the principal axes of 
the crystal as coonlinate-axes (cf. Chapter VIII.) ; in which case JT, F, Z 
of formulae (1) are assumed * to be given by the expressions 



47r 



> » 



(9)t 



where these Z>'s are the following functions of Z)j, Z^g, Z^3, the values of 
D along the principal axes of the crystal, and the cosines of the angles 
between the principal and the coordinate-axes : 

Z>ii = Z)i cos2(a;', x) + D^ cos2(x', xj) + V^ cos''(a:', z), 
/>,2 = Z), cos(ic', x) cos(y', x) + D<^ cos(a:', y) cos(y', y) + D^ cos{x\z)co8(y\z)y 

etc., 

where x, y, z and x\ y\ sf denote the coonlinate and principal axes 
respectively. For x = /, y = y', and z = z'j it is evident that 

and Ai = A» D^'i^D^ D^ = D^; 

by which the general formulae for aeolotropic media reduce to formulae (8). 

Non-homogeneons Media. — With the exception of our atmosphere, 
there are few non-homogeneous media within which phenomena of light 
have been observed ; the treatment of the behaviour of light in such 
media would, however, meet with no serious difficulties ; the phenomena 
of refraction, absorption, etc., of our atmosphere can be quite simply 
deduced, only an exacter knowledge of the law of variation of its 
density would be desirable ; its introduction, on the other hand, offers 
no difficulty. 

Transition Films. — The assumption that adjacent media are separated 
by transition films, within which all quantities are supposed to vary 
rapidly but continuously as we pass through the films, assuming on any 
surface the values in the respective medium, | suggests a kind of non- 
homogeneity ; on the other hand, it does away with all discontinuities 
and thus permits an integration throughout entire space. The import- 
ance of these films in the theory of electricity and magnetism urges as 
simple a treatment of them as possi])le ; the simplest and most natural 
assumption concerning their constitution is that, aside from the rapid 

*Cf. Theory of Electricity and Magneiiwn, § xliii., pp. 435-437. 
tCf. Ibid., § xliii., formula© (25). : Cf. Ibid., § v. 
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L and continuous ohange of all i^uanlities as we pasB through the films, 
I Maxwell's equations (I) and (2) hold at every point of the same. The 
I surface conditions derived therefrom are then not only consistent with 
I one another but they suffice for the determination of the quantities 
' sought. 

Surface Oonditions. — If we choose the normal to the given dividing 
surface as /-axis, we find, on integrating Maxwell's equations (1) and 
I (2) throughout any film, the surface conditions 

' "' '^" ■ ..(10) 

rWhere the indices and 1 refer to the two adjacent media. For the 
■ derivation of these equations cf. § v. of my Theory of Electricity and 
Maffitetism. 

Homogeneons Isotropic DielectiicB.^Let us examine the electro- 
magnetic state of an homogeneous isotropic dielectric ; it is given by 
the above equations (p) and (6), or, if we replace the electric and 
magnetic forces by their moments (cf. formulae (3) and (4)), by 

M ilY <k_da\ 

p, lii^dz <izi 

MdZ^da_db\ 
Pd dt dy ds,} 

Dda dZdY 
Pj S^ dy liz 
DdA_dX ilZ 

Vq dt~ ^ dx 
^de_dy'_(ix\ 
P( dt ~ dx dy J 

Jit IB quite immaterial which of these two systems of equations (5) and 

p(6) or (12) and (13) we employ in examining the state of the given 

medium ; the former contains the forces acting in the medium, by 

■which, when determined, it« state is indirectly given (cf. formulae (3) 

I (4)), whereas the latter contains the momenta themselves, and 
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thus defines its state directly. We shall, however, follow Maxwell's 
example here and make use of equations (12) and (13). 

The Electric Moments. — To determine the electric state of the 
given medium, we must evidently eliminate the magnetic moments 
from formulae (12) and (13); for this purpose differentiate the first 
equation of formulae (12) with regard to /, and we have, on replacing 

T- and T- by their values from formulae (13), 

MfX^r^rd ((iXjiZ\_^d (dY^dXV] 
Vq dt^ D\dz\dz dx). 'dy\dx dy)\ 

Where V^ = .^ + _ + _, (14) 

, dX dV dZ .,.. 

*"^ '-dx^d^^dz' (^^) 

c denotes the density of the real electricity.* 

Similarly, we find for the other component-moments 

DMd^Y y d€ 
V de^'^ Ty 

DMd^ iU 

In the given case — for dielectrics — the quantity c is independent of the 
time /, but may be a function of the coordinates «, y, z. To confirm 
this, differentiate formulae (12), the first with regard to x, the second 
to y, and the third to c, add, and we have 

Md/dX d_Y ^\ Q 
Vq dt\dx dy dz) * 
or by formula (15) 

j^ = 0, hence e =/(ar, y, z). 

The integration of the above equations can thus l)e performed without 
any regard to the value of c at the given |M)int ; that is, the accumu- 
lation of electricity within a dielectric will evidently have no effect 
whatever on the passage of rapid oscillations, as those of light or 
the Hertzian waves through it ; its presence can thus be thoroughly 
ignored, that is, we may put € = 1 in all such cases. 

♦Cf. Curry : Theory of Electricity ami Mofpiftiffm^ § vi., p. 46. 
tCf. also Ibid., p. 64. 
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We may thus replace the above er[natioiis by the sii 

DAf-PX _,y DM<r'y_ ^ DM<r-z 



= V-Z. <16) 



The particular integrals of these equations representing plane- 
waves have been examined in Chapter IV. of my Theort/ of EUciriaft/ 
and Magneiism, to which I refer the student here ; their velocity of 

propagation is - , - J_ . The Hertzian waves are also treated in the 

same chapter (cf. also Ex. 1, Chapter II.). 

The Uagnetic Momentfl. — Similarly, we can determine the magnetic 
state of the given dit-lectric, on eliminating the electric momenta from 
formulae (12) and (13); to accomplish this, we proceed exactly as in 
the preceding case, and we find 

DMil^i _, DMd-'b _... DMdh- 



= V'^ (IT) 



The similarity between these equations and those above (16) for the 

electric moments — ^this similarity could have been anticipated from 

the analogous parts played by the electric and magnetic moments 

in the fundamental equations — renders an examination of only the 

e system necessary, provided, of course, the given solutions or expres- 

I mons hold for both systems or one and the same system of electro- 

[ magnetic disturbances ; but this would not, in general, be the case, 

I since certain relations exist between the electric and magnetic moments 

I (cf. formulae (12) and (13) and Chapter II.), amoug others that express- 

I ing the empirical law that the electric and magnetic moments take 

[ place at right angles to each other, the proof of which follows on pp. 

' 14-15. 

FUne-Wavea. — The most general expi'ession for plane-wave motion 

" !/ = ^(x±vl) (18) 

I where y denotes the displacement of any vibrating particle from its 
f pontion of rest, x its distance from any given point in the direction of 
■■propagation of the wave, v the velocity of propagation, I the time, and 
1 an arbitrary function. The most familiar such functions are 
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where e denotes the so-called "base" of the natural system of 
logarithms and i the imaginary unit, J~- 1. 
The expression 

ij = am\nlt-'-\ (21) 

evidently represents a simple plane-wave of amplitude a propagated 
along the a^axis in a sine curve \*'ith the velocity v. Since y remains 

unaltered, when t is increased by — , it follows that the periodic time 

r= — ; the wave-length X is thus 
n 

. «, 27ri; 'Ittv 

A = f i = - , hence « = —:-. 

71 A 

We can, therefore, write the expression (21) 

y = asin"^(r/-aj) = ((sin27r^^-^j; (22) 

2ir / / x\ 

the angle ^ {vt - a;) = 27rf =,- ' j is called the " phase " of the wave. 

The other expressions (19) and (20) can be similarly interpreted. 

The Intensity of Plane Waves. — We define the intensity of an 
electric or magnetic oscillation or beam of light at any point as the 
average kinetic energy / of the vibrating particle or particles at that 
point. To determine the average kinetic energy of the plane-wave, 
represented by formula (22), at any point, differentiate formula (22) 
with reganl to /, and we have 

(hi 2irv 27r. ^ . 
and hence its kinetic energy at any time t 

where m denotes the mass of the given particle; its average kinetic 
energy / is, therefore, 

""Jot J M"^^^® ^{vt-x)\dt= ^^ =-y2-» (2^) 



The intensity of an ordinary* electromagnetic or luminous plane- 
wave thus varies directly as the sc^uare of its amplitude and inversely 

♦Cf. p. 5. 
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1 the square of its wave-length oi' period of oBcillatioii. This law- 
is not rcBtricted alone to plarie-wa\'es, hut it also holds for spherical 
waves (cf. ex. 3 at end of Chapter). In photometry, where we compare 
sources of light of the same period of oscillation, we thuH have the 
following simple relation lietween their intensities : 



/,:/, = H.s 



e squares of 



that is, the intensity of the one is to that of the other n 
their respective amplitudes. 

We cannot easily compare the intensities of waves or beams of light 
of different wave-length or colour, since thev produce quite different | 
impressions on the retina of the eje, this is, of course, due to the I 
fact that the expression for the intensity contains the wave-length 
(of. formula (23)). We encounter, in fact, this same difficulty to a 
less degree in most photometric measureraeuts, where the given sources 
are assumed to emit waves of the same »a\e length. 

Principle of Superposition. — The pnnciple of the superposition 
of disturliancos or w^aves is recognised as empirical in the theory 
of light, since all problems treated according to the same agree 
with observation aud experiment. We can state the principle of 
superposition as follows : When two or more disturbances are simul- 
taneously brought to act on one and the same particle of a. medium, 
the resultant disturbance ia determined by the dii'ect superposition of 
the single disturbances (cf, also Chapter IV.). 

Doctrine of Interference. Simple and Oompoond Waves. — The 
doctrine of interference is only another form of or sequel to the 
principle of superposition. The acceptance of some such principle is 
evidently imlispensable in the treatment of most problems on light ; 
it must, indeed, be employed at the very outset in the examination 
of the particular integrals or solutions of our fundamental equations. 
With the exception of the phenomena of interference proper (cf. Chapter 
IV.), the only other simple particular integrals of these equations, (16) 
and (17), that would concern us here, are those that represent the 
so-called "stJitionary " waves. We shall now find it convenient to dis- 
tinguish between the "simple" wa\'es, represented by siich simple or 
funrloiDental particular integrals as (19) and (20), and the "compound " 
wave, the resultant obtained according to the principle of superposition, 
of two or more such simple waves ; the stationary waves belong to the 
latt«r class, as wc shall see directly. 

Stationaiy Plane -Waves. — The "stationary" waves are so termed 
because they have apparently no velocity of propagation, their crests 
and troughs remaining stationary with regard to their direction of 
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propagation. The stationary plane-wave must, therefore, be repre- 
sented by some such function as 

ij = a sni — vt cos -^ a;, (25) 

which can also be written 

that is, according to the principle of superposition, we could thus con- 
ceive this stationary plane-wave as the resultant of two simple plane- 
waves of one and the same amplitude and wave-length A, the one 

advancing with the velocity v along the a:-axis, and the other with the 
same velocity in the opposite direction. It is evident that the given 
expression (25) is also a particular integral of our differential equations 
(16) and (17). 

Other compound waves, the resultants of simple waves of different 
amplitude and phase, are treated in Chapter IV. on interference. 

The Electric and Magnetic Oscillations take place at J. to each 
other. — Lastly, let us return to the proof of the law stated on p. 11, 
namely, that the electric and magnetic oscillations take place at right 
angles to each other, restricting ourselves thereby, as above, to plane- 
wave motion. Take, for example, the plane-wave 

y = asin"' {vt-x\ (26) 

A 

and let y correspond to the electric moment Fof formulae (12) and 
(13); the other two moments, X and Z, vanish, and formulae (13) 
reduce to 

t^Q dt dz ' 

Ddb^ and ^ '^^ ^^^ 
Vq dt Vq di dx ' 

hence a = 6 = (cf. p. 10), 

and '= = SJ3i'''' 

replace here Y by its value (26), and we find 






COS -V- (vt-x)dt= r-- sm -v- (vt - x) 
A ' V V A ' 



or, since v = .^"^- (cf . p. 11), 



IM ' 2ir, , V 
= a^ j^Bin-.^.{vt-x); 
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that IB, the (resultant) magnetic oscillatiui: 
electric ODe takes place parallel to the ;~axis, 
t« the given electric oscillation. Since ihew 
diifer from one another only In atnpHtiirl 
phases are the same — it follows that the ltc 



15 

accompanying the given 
and hence at right angles 
two oscillations otherwise 
: — their wave-lengths and 
id troughs of the c 



wave will coincide, with regard to direction of propagation, with those 
of the other ; that is, the electric and magnetic momenta will attain 
maxima simultaneously and periodically at any given point. These 
oscillations are represented graphically in the annexed figure. 




Relative Position of Crests of Electtic and Uagnetic Plane-Waves. 

^Although the above law is quite g(.-iieral — for its proof see Chapters 
II. and III.* — we cannot conclude that the relative position of the 
crests or troughs of all electric waves and the magnetic ones accom- 
panying the same is always that just deduced; for example, the 
stationary electromagnetic plane-wave behaves iiuite dilTerently in this 
respect. Let ub examine it briefly ; take, for example, the stationary 
plane- wave -j^ 2ir 

formula (25), as our electric wave ; we have then 

X.2-0 ami ij-y, 
anil formulae (13) reduce to 

«.4.0 






jidt 



It is evident from these expressions for Y and c that 
L(l)fop x^a and ( = J. 



Y=a and c = C 
*Cf- alw} Maxwell : Etectricity anil MagiKlim 



i 790-781, vol. ii., pp. 339-401 
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or the electric oscillation has a crest (maximum), where the amplitude 
of the magnetic oscillation vanishes, 



(2) for 



a; = - and / = , , 

J 4 



Y=^ -a and c = 0, 

or the electric oscillation has a trough (minimum), where the amplitude 
of the magnetic oscillation vanishes, and, lastly, 



J = 7 and r = , , 
4 4 



(3) for 

r=0 and r = 0, 

or the amplitude of the electric oscillation vanishes, as the magnetic 
oscillation is passing through its (initial) position of rest from a trough 
to a crest (cf. the annexed figures). 




Fio. 2. 




Fig. 3. 
Similary we find that for / = -■ and ^ = -j* 5» and — , 

and y-*0, c= -a respectively, 

or the magnetic oscillation has a crest, where the amplitude of the 
electric oscillation vanishes, the amplitude of the magnetic oscillation 
vanishes, as the electric oscillation is passing through its (initial) position 
of rest from a crest to a trough, and the magnetic oscillation has a 
trough, where the amplitude of the electric oscillation vanishes. The 
given waves are represented graphically in the above figures. 
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Spheiical Waves. — Way 



, that diverge radially from a common 
ceutre or soiirci! nl finite distance are termed "spherical"; this is 
evidently both the more general and the commoner form of radiation, 
the plane-wave Ixting only a particular case of it, that, namely, where 
the common centre of the advancing wave-fronta lies at infinite distance. 
The general eqmition of « 

V* (27) 




where v denotes the velocity of propagation of the waves represented 
by the function <f>. For plane-wave motion propagated along the 
s this equation evidently assumes the simpler form 

d-'.k_,.^>P<i- (28) 

Purely Spherical Waves.— To obtain the particular form assumed 

by equation (27) for spherical wave-motion, we shall make use of 
that property, by which the simplest kind of spherical waves is 
characterised ; these would e^-idontly be waves that diverge radially 
with one and the same intensity in all directions from a common 
eource ; and they would thus possess the common property that their 
wave-function, <(> of formula (37), be a function of r alone, the distance 

, of any wave-front from its source, and not of the coordinates x, y, z 
singly ; let us term such waves " purely " spheiical waves. We may 
thus express V^<^ faere as a function of t and f, on the assumption that 

' ^ itself be a function of these variables only. By the analytic relation 



d^ d4> dr difi x 
dx~ dr dz~ dr r' 

d}? dx\Tdr)'* Tdr dArdr/r'^rdr 



A 
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Equation (27) can thus be written here 

dt^"^ Kdr^'^Tdrr 

On replacing here </> by the new variable 

\^-r</», (29) 

, 1 dH v^ dU 

we have .. t^^- j, 

r dp r dr^ 



which f or r 5 reduces to 



^^'^„t;2^^ (30) 

dt^ ^ df' ^ ' 



This equation is similar in form to those that represent plane-waves ; 

the only difference is that the radius-vector r takes the place here of 

one of the coordinates j:, y, z (cf. formula (28)). The solution of 

the latter was 

</> =/(a; ± vt). 

The corresponding solution of the given equation (30) for purely 
spherical waves would thus be 

^=/(r±vO, 
or, by formula (29), 

<\>^\f{r±vt\ (31) 

where / is an arbitrary function of (r ± vt). 

The function </>= f(r-vt) represents a system of spherical waves 

diverging radially with uniform velocity, and one and the same in- 
tensity and phase in all directions from a common centre r = ; their 
phases remain the same, as they advance, but their amplitudes decrease 
inversely as the distance r, since <f> decreases as r increases (cf. also 
pp. 72-74 of my Theory of ElectricUy and Magnetism), Hence the 
empirical law that the intensity of a (purely) spherical wave varies 
inversely as the square of the distance from its source. 

On the other hand, the function </> = - /(r 4-v/) would represent a 

system of spherical waves, converging radially with uniform velocity 
and one and the same intensity and phase in all directions towards 
a common centre ; their phases remain the same, as they advance, but 
their amplitudes increase inversely as the distance r. 

The Point r = 0. — The determination of the behaviour of the given 
spherical waves at the point r = would require special investigations 
and these would naturally have to be of a purely mathematical — 
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charaoter — since the alwve equation (30) does iiol, as we have observed 
nbuve, necessarily hold at that point. The purely mathematical treat- 
ment of such physical problems seems to me, however, lo he eeldom 
justified, and we surely cannot be surprised when it leade to unsatis- 
fiictory or even absurd results ; for what ia to be understood hy the 
presence of a system of waves or the occurrence of a natural pheno- 
menon in a mathematical point! It is, therefore, customary to exclude 
such points from the region treated, as wo shall do later in Chapter V. 
The DerivatiTee of i^ as Integrals. — We have examined above two 
classes of particular integrals of our oijuation of wave-motion (27), 
the plane-waves and spherical waves (31) of the simplest kind; the 
latter are of particular interest, since the derivatives of any such 
integral or function i^ with regard to j-, y, s are also particular integrals 
of our equation of wave-motion, provided of course the same can 
be formed and physically interpreted. This follows, since our equa- 
tion of wave-motion (27) is both homogeneous and linear, and its 
co-efficient v* & constant. These derivatives of </i form a new and 
interesting class of particular integrals of our equation of wave-motion; 
each such integral is a compound* integral (cf. p. 13), that is, it 
consists of two or more terms — not necessary integrals themselves — 
which are thereby characterised that they contain the different powers 



of - OS factors. Let the following examples 
this new class of integrals. 
The Particular Integral . -. 



.hl> 



denotes the angle lietweei 
,/Vos« 



illustrations of 



the radius- vector 



(fa \r d} 



and (r±vl) but also of the 
vanishes, whereas for a>s 



This integral is a function not only of r 

angle a. Fora = - the expression for y 

it reverses ite sign ; it thus follows that there will be no disturbance 
throughout the y:-plane, and that on the one side of this neutral plane 
the OBcillationa will take phtce in an opposite direction to those on the 

*The word "compouiid " ia used, here in a. Bomewbat iliSerent Etense from 
th&t employed on p. 13 ; but, ns in any given coae, the meaning inteiuUd \k 
•pp&rent, we ihull m&ke no further di scrim ination betwucn l\\e vsti 
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Other. The amplitude, and hence the intensity, of the oscillations will 
thus decrease, as we recede over any sphere, r = const., from the a;-axis 
towards the neutral (yz) plane, where lK)th vanish. 

Since the expression (32) consists of two terms, we can conceive the 
given wave as the resultant of the two waves represented by those 
terms. We should observe, however, that, although the expression 
itself is a particular integral of our equation of wave-motion (27), 
it does not necessarily follow that its single terms are also, or, in 
general, that every compound wave is the resultant of two or more 
waveSj that is, waves in the sense that the functions by which those 
waves are represented, be particular integrals of our equation of 
wave motion (27). 

The amplitude of the given compound wave can be determined 
by the method given in Chapter IV — it is the resultant of the 

amplitudes of the two waves - -/ cos a and - ., cos a determined 
r r dr r^ 

by that method. Since the amplitude of the latter varies inversely 

as the square of the distance, and that of the former inversely as 

the distance itself, it follows that the amplitude of the given wave 

would approach that of its one simple wave, - -^ cos o, near its source 

and that of its other, - -f cos o, at greater distances from it ; the wave 
f r dr 

- 4 cos a would thus predominate near the source of disturbance 

I df 
and the wave - -/ cos a at greater distances from the same. 

r dr 2fk dfk 

The particular integrals -^ and -^ evidently represent similar waves 

to that just examined. 

The Particnlar Integral -r-^. 

dx^ 

(p<t>_d_{x df ^x A 
~d£^~7h\r^dr r^V 

r2 dr r^ dr \r^ dr r^J r 

~\r^dr r^)^\rdf' r^ dr^ r^ r"^^ ^ 

As above, we can conceive the compound wave, represented by this 
integral, as the resultant of the three waves, represented by the three 

terms in -, -^ and -^, of which that integral is composed, and advancing 



or 



r r 



g, «»x* ^, 
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^ly 



I quite independently of one another with inlenaitieB that var 
I «a the second, fourth, and sixth powers of the distance. 

On the other hand, we could conceive the given compouiid wave as 
L^e resultant of the tn-o waves 






1 iPf 3 <lf V\ 



(;-;; 



<h^ 



'dr 



I 



The former, as function of r alone, represent* a purely spherical wave, 
or one that is emitted radially with one and the same intensity in 
all directions from the given source. The latter ia not a function of 
T alone, but contains coa'a as factor; the disturbance represented by 
it is thus confined chiefly to the region round the z-axis, diminish- 
ing rapidly in intensity, as co8*a, as we recede along the surface of 
wiy sphere with centre at origin from that axis towards the js-plane, 
throughout which it vanishes entirely : on either side of this neutral 
plane the given disturbance is one and the same. The amplitude of 
the purely spherical wave is the resultant of amplitudes that vary 
inversely as the square and third powers of the distance, whereas the 
amplitude of the other component wave is the resultant of amplitudes 
that vary inversely, not only as the square and third powers of the 
distance, but as the distance itself. The given compound wa^'e would, 
therefore, be represented throughout the ^2-plaiie alone by the purely 
spherical wave, and in the immediate neighbourhood of the avaxis, 
Irat especially at greater distances from the source, approximately by 
the other conipoiient wave. 



dzdy (ftf\j^ dr r*/ 

_g d/l •l/_/\_'J/'"y_3J/ 3/\ 
r dr\r'dr r'J'r'W >.ir r'/ 




I 



^ represent s 



niiar w 



we denote the angle between the radius-vector r and the a>«xis 
, as above, and that which the ar-plane makes with the oiy-plane by 
) indicat4.>d below in figure 4, we have the following relations 
Wtween these two systems of co-ordinates : 



i 
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by which the al>ove oxpression can be written 

This function evidently represents an even more complicated dis- 
turbance or, more strictly, distribution of the amplitudes according to 
their magnitudes and direction of oscillation over any given sphere, 
than those already examined. Here not only the yz- and a^planes are 
neutral planes, but the a^-axis is also a neutral axis, or one along which 
no disturbance appears, whereas the direction of oscillation is reversed, 
as we pass through either neutral plane. 



X,J^,Xf 




Fio. 4. 

The Particiilar Integral j^y^j ^» A. + /iH-i' = 7t. — It is evident that 

the higher the derivative of </>, the more complicated the disturlmnce 
represented by that derivative. Although we cannot enter into the 
further explicit examination of such particular integrals here, wo shall, 
nevertheless, call attention to some of the properties peculiar to them 
in general. A glance at the al)ove solutions shows that the n^ deriva- 
tive of </) would have the form 

1 



P^{qob a, sin a cos ^, sin a sin 6) -j^f 

1 fif 
+ Pj (cos a, sin a cos 6, sin o sin 6) — -j 

1 (M 
+ . . .P»(cos a, sin a cos ^, sin o sin 6) —zy^i j4 

i./y 



> y 



(34) 



4- . . ./'„(co8 tt, sin tt cos ^, sin o sin 6) - ,-;; 
where P*, the coetticiont of the k 4- 1*' term of this series, denotes a 



r 
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function of the n'" degree in cwa, .Hnaroe0, ^nasiit6; any given 
coefficient P, is eWdently a function not only of the integer k but also 
of the n derivatives taken or the number of differentiations o( </» with 
regard to x, p, and z reapectively. 

The form of any coetfieient P, determines the law of distribution of 
the amplitudes * of the wave k over any given sphere, and the other 
factors the law of variation of those amplitudes along any vector, The 
total resultant disturbance at any point would thus be determined 

not only by the various coeffieionta P, hut by the factors )^, and 

^-it=0, 1, 2 ... n ; its actual determination would retjuire, however, 

considerable calculation, especially for large values of n, as we shall see 

in the following chapter. Near its source the giveu disturbance would 

be represented approximately by the first term or terms of the series 

P li'f 
(34) and at greater distances from it by the last term, — ^ -7^, or terms 

of the same. 

We have just observed that the form assumed liy any coefficient P, 

depends upon the number of differentiations of i/i with regard to x, y, 

and s respectively ; the numl)cr of such coefficients P, of the n"' degree 

for any giveu k eWdently increases rapidly as n increases. Each and 

every such coefficient represents a given particular law of distribution 

of the amplitudes * ; other laws than those determined by any such 

group — k given — could be expressed by the sums of these different 

coefficients : let us denote such a sum of P^s by 2P,. It is now shown 

^ in the theory of spherical harmonics that any given law of distribution 

tover any finite plane can be represented by a similar coefficient P^ or 

\ S/*, ; hence it follows that any pencil of plane-waves, whose amplitudes 

\ ihall be distributed over any plane pierced by that pencil according to 

, Bny given law, however complicated, could be represented analytically 

I by some given series (34) or sum of such series, provided that pencil be 

the residual — represented by -^-ji, or 2—5 -A, — of the 
Ipherical waves, represented by that series or sum of series, at a very 
FjTcat (infinite) distance from their source. 




''For brevity, we use the expreseion " distributicm of the amplitudes" initead 
" distribulion of the anipliludea accordiog to their magnitude and direction of 
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EXAMPLES. 

a . 2ir 
1. Show that the expression - sin —(fi-r) 

represents a system of purely spherical waves of amplitude - and wave length X 
diverging from the common source r=0 with the velocity of propagation v. 

^=- sinnf ^-- I 

r \ vj 

is evidently a particular solution of the general function 

which represents purely spherical wave-motion. 
4>iy therefore, represents a system of purely spherical waves of amplitude - 

diverging from r=0 with the velocity v. Since ^ remains unaltered, when t is 

2ir 2ir 

increased by — , it follows that the periodic time T= — , and hence the wave 
n n 

length \=vT== — . ^ can thus be written 

a . 2ir 



0, = -sin -r-(r<-r). 
* r X 

2. Show that the following expressions represent possible forms of spherical 

waves : 

2ir a a 

- — cos a cos « - 3 cos a sin w, 

--rj -cos'oco8w-(3co8*a- 1) r- -^ siu fa; + (3 cos'a - 1 ) -} COS fa;, 

- -^2 - sm a cos a cos cos fa; - 3 -^ sm a cos a cos ^ I — sm fa; - cos fa; j, 

8t^ a 24ir' a 

and -TY - sin^a cos a sin cos cos fa; + -r^ — = sin'a cos a sin cos sin fa; 

X' r X' r' 

— r- 3 sin^ cos a sin ^ cos cos fa; - 15 -^ sin^ cos a sin cos ^ sin fa;, 

2ir 
where fc,=_. (j,^_^)^ 

A 

and a and are the angles employed on p. 21. 

3. The average kinetic energy / of any particle of the simple spherical wave 

. o . 2t, ^ . 
0=-sin-r-(r^-r) 
r X 

-1?- -^' 

where m denotes the mass of that particle. 

We have *f=2x,.a^^2|r 

at A r X 

and hence 1= j,j ^{^'^jdt = -^^^-^l 2 coa^ -^(vt - r)dt 



_ mwh^ a* 



EXAMPLES. 

The (oUowin^ relation would, therefore, hold between the int 
•uch fliniple spherical waves of one and the same wave-length (and phase), 

/,:/, = a,%»:«,V a.) 

(Cf. pp. 12-13.) 

Cor. 1. For one and tlie same vruve (it, ^o^) this proportion woold usame the 
familiar form f , j _ ^ i . ^ s 

(Cf. pp. 12-13 and formula 24.) 

Cor, 2. If we make ^i — li. which ig cnfltomary in photometrio moasnrementB, 
proportion (I.) would give ^ -a. =r t 

or the amplitude of the one wave is to Chat of the other on r,, the diBtance of the 
one eye of the obBerver from the aonrce of the fonner, is to r,, the dtataoce of his 
other eye from the lource of the latter ; these diBhinaei are determined by 



;. The average kinetic energy of any particle of mau >n of the spherical wave 
^ ar/3 4r'\ 6ir , n . 

The following relation would thus hold lietween the intcnaitics of two such 
^iherical waves of one and the same wave-length (and phase) : 

/, :/,=OiV,«(16r*ri' + 12F'XV + 9^'):»!.V(10»-V+12'^'V + S^*)- ■■ (H-t 
r. 1. If we make /|=/;, aa in photometric measurements, this proportion 
Woali) give the following rektion between the aiuplitudes of the two waves : 
a,';(i,' = n"(lftf'V + 12ir»XV + ''^'):'-j"(lfi»Vi*+12»=XV,'.|-0X*). 
Cor, 2, If the wave-length X is small in comparison to the distances rj and r, 
of the ^ven aourcca from the point of obBervation— this would be the case with 
light* wavea— the Inat proportion wonld assume the familiir form : 

5. Show that the fiioctions 



represent stationary spherical w 
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6. Show that the coefiicienta Pk of formula (34) assume the following forms ; 

(a) Forn = X=l, /i=v=rO, 

Pq= -cos a, Pi = cos a. 
(6) Forn = X=2, fi=v=0, 

Po= -(l-3co8*a), Pi = l-3co8'a, P5 = co8«a. 
and (c) Forn=2, X=/x = l, v=0, 

Pq = 3 sin a cos a cos ^ = ^ sin 2a cos 6, 

3 1 

Pi= - 5 sin 2a cos ^, Pa= = sin 2o cos $, 

7. The particular integral -r^ has the fonn 

dJ=-r-rf^ + 3(I-2cos«a)cosa^^/- 

- 3 (3 - 6 cos^a) cos a -j, ^+ 3(3 - 5 cos^o) cos a -^/. 
By formula (33) we have 

dx^~dx\r^dr r^)^^ dxWUr^ r* dr r^ J '^ "^Xt^ dt^ r^drr^J 

_£ rf/J 4f f\,^±(l '^y^ 3 1/-. 3/\ /J cV Sdy-. 3/\ 

"■ r dr\f^ dr'r*)'^ r dA^i"^ dr^ r* dr i^ )^ \i^ dr^'i^dr r»/ 

-•Hi ^-^ ^4.3/\ . ^/l ^'y_^^^^li>''/_15/•^ 
""rVr»dr2 H rfr"*" r* ^ "*" r V>^rf^ r^ dt^^ r^ d? ^-^ ) 

= 3cosa(^-^^-^- + ^)+cos3a(-^;^-^^-;^+^--^/j. 

The coefficients Pk of formula (34) thus assume here the form 
Po = 3( 3 - 6 cos'a) cos a, P\- - 3(3 - 5 cos^) cos a, 
Pa = 3( 1 - 2 cos'a) cos a, Pj = cos^a. 

8. Show that the coefficients P* of formula (34) assume the following forms : 

(a) Forn=3, X = 2, ti=\, •' = 0, 
Pq = 3( 1 - 5 cos'a) sin a cos 0^ 
P, = - 3( 1 - 5 co8%) sin a cos 0^ 
P2 = ( I - 6 C08*a) sin a cos d, 

P, = sin a cos^a cos ^ = = sin a sin 2a cos ; 

and(6)Forn=3, X=ai = i'=1, 

15 . 
4 



Po = - 15 siu*a cos a sin cos d= --j- sin a sin 2a sin 2^, 



15 
P.=-r- sin a sin 2a sin 2^, 
4 

3 

P, = - ^-^ sin a sin 2a sin 20, 

P« = - 7 sin a sin 2a sin 20, 
' 4 



CHAPTER II. 

SPHERICAL ELECTROMAGNETIC WAVES: PRIMARY AND 
SECONDARY WAVES; PECULLVK PROPERTIES OF 
SECONDARY WAVE; THE ROENTGEN RAYS. 

WaTfr-Fonctions and Electroma^etic Wave-Functions, — In the pre- 
ceding chapter we have sought sohitioiis of the cqimtifni of wave-motion 

■~ = v^^tf, ; not only theae but all particulai' solutions of this equation 

are particular integrals of any oi' every one of our differential equa- 
tions (16 and 17, /)* for electromagnetic disturbances in homogeneous 
dielectrics ; but it does not necessarily follow that arbitrarily chosen 
particular integrals of the former will be particular integrals of our 
a/stemn of equations {(16), /) and ((17), /), that is, that the same 
will represent an electromagnetic wave, for not only do certain 
relations hold between the components of the electric moment and 
Others lietween those of the magnetic moment, but the latter are also 
always related to the former ; and we have, in fact, made use of those 
very relations to obtaiti our fundamental equations in the given 
familiar form ; those relations were 

dX dV dZ „ 

(U ay rf: 



..(1) 



J da lib dr , . ,, 

"■■' E+jp+a-" '-> 

(cf. p. 10), or there is no accumulation of electricity or magnetism in 
the jjiveii (lieli'ctric. 

A more convenient System of Differential Ikiuationa for Electro 
magnetic Waves. — It will now be foum! dcsiraljly to have a more 
convenient form of expression for the electric and magnetic moments 
than the alxive given one, the differential equations (16 and 17, /) 

* Id referring to formulae of other cliaptem, we ahall insect the chapter direutly 
aft«r the formula in question. 
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with the six variables -Y, F, Z, a, 6, c and the conditional relations (1) 
and (2) between the same ; such would be a single system of differential 
equations with three variables and one conditional relation between those 
variables (potentials), from which the electric and magnetic moments 
could readily be deduced (see below). For this purpose we first replace 
the three variables JT, F, Z by four new ones, £/, F, W^ and ^, which 
shall be determined as functions of the former by the four equations 

D dy dz irr dx 

Y^dU dJV\_ dip 
D~ dz dx iir dy 

Z^d_r_dU_^ 1 dip 
D dx dy iir dz 



>> 



(3) 



«nd 



dU dV dJF^^ 
dx dy dz 



(4) 



As we are replacing here three variables by four, we can evidently 
assume any given relation, as (4), between the latter ; this is, in fact, 
necessary, if the new functions shall be determined uniquely. 

Differentiate, next, equations (3), the first with regard to x^ the 
second to y, and the third to ^, add, and we have 



d /X\ d (Y\ d (Z\ 1 „. , 
or, since D is constant. 



dX^ dV d^^ n, 

dx dy dz 4ir 



hence, by formula (1), 

It thus follows from the well-known theorem from the theory of the 
potential that ip also vanishes, namely: "If y^^ = at every point 
of any region, and i// vanishes at infinite distance — this is, of course, 
assumed in all such physical problems, ip itself then vanishes at every 
point of that region." 

Formulae (3) thus reduce to 

X^dJFdV] 
1) dy dz 

Y ^dU dlV 
D" dz dx 



(5) 



Z^dFdU 

D dx dy 

The electric component moments, X, F, Z, are replaced here by the 
three new variables, U, Vy /F, and the conditional relation (I) between 



and dmilarly ,t jj =" ~ ^"^ 



.-(«) ' 
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the former ie thereby fulfilled, being replaced hy a similar relation (4) 
between the tatter. 

We next replace A', I', Z in formulae (13, /) hy their valuea (5) in 
U, F, fF, and we have 

ffl dt ~ didy dy" di' dxdz dr\dx dy dz / ' 

or, by formula (4), i ^= - V^U 

1 rf6 

Vf,dr 
l^dc_ 

Since the electric moments X, F, Z are particular integrals of tha 
equation of wave-motion (27, /) (cf. also formulae (16, /)), whereby, 
however, condition (1) must always be fulfilled, we shall ossiune that 
U, V, IV are also particular itit«gral8 of the equation of wave-motion 
or 80<alled " wave -functions," which shall satisfy condition (4) ; the 
moments X, Y, Z remain thereby wave-functions, since the derivatives 
of any wave-function are also particular integrals of the equation of 
wave-motion it«etf (cf. Chapter I.). Formulae (6) can then be written 

1 da_ _\ d^' 

I'd (S " ~^W 
with similar equations for b and •; or integrated, 

with similar equations for h and r, where /{x, y, z) denotes the initial 
magnetic component moment along the x-axis at given point (x, y, e). 
f(x, y, 2) gO' would denote that the given medium contained a certain 
quantity of magnetism that remained constant during the passage of 
the given waves ; since any such function woukl evidently have no 
effect on the oscillatory behaviour of the medium (see p. 10), we can 
tiierefore put/(i^ y,^) = ^; and we have 

- _ '« i^ \ 
" v^ di 

i^dV I 
1^^ dt 

_ _ 5» ^ I 

'^~ r^ dt ] 
♦Physically apoabing, f[x,y,%)^0 would iudicale the preaeoce of foreign 
bodies, Ke permuicDt magneta, in Che given dielectrie, whic-li baa been assumed 
kbove to be boiiiogeueouB. 



dhrly »--3^ (') 
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To determine the component-moments of the magnetic wave that 
accompanied any given electric wave, we should, therefore, have to find 
i7, F", /r as functions of X, F, Z by formulae (5), and then replace 
these auxiliary functions by those values in formulae (7). It is, how- 
ever, customary to assume i7, F", W as given, and to determine X, F, Z 
as functions of the former. 

Let the following problems serve as illustrations of electromagnetic 
spherical waves : 

Problem 1. Let C/, F, W be given by the wave-functions 

u^o, v=-% ;r=|.* (8) 

where 4> shall denote any purely spherical wave-function (cf. p. 17). 
These values evidently satisfy the given condition (4). 

We replace f/, F", W by these values (8) in formulae (5) and (7), 
and we have x _€^ (H Y^_^ Z _ _d^ 

D^di/'^dz^* D' dxdy' /)" dxdz 

(cf. also £x. 1 at end of chapter). 

Since wo are assuming that <;^ is a purely spherical function, that is, 
a function of r and t only, the following relations will hold between its 
derivatives : (l^jl^y d^jl^z 

dy "" dr r' dz " dr r' 

dy^ r dr dy\r dr J r dr '^ dr\r drjr^ 

similarly ^^ = l^^z—(-^Y- 

dz^ r dr dr\r drjr^ 

d'^4> d/ld<t>\ d(\d<f>\x 



dxdy"^ dx\r dr)~^ dr\x drjr 



and similarly 4--T- — z-r(- -,- I - i 

dxdz dr\r drJr 

by which the above formulae for the electric and magnetic moments 

can be >vTitten ^ 2 d<i> y^-\-z^ d /I # 



D r dr r dr\r dr ) 

Y _ xy d /I d^\ 
D" r dr\r dr) 

Z_ ^xz d /I d^\ 
D r dr\r dr) 



(9) 



* H. von Helmholtz, VoHtsungtn Uber die elektromagnetiache Theorie dea LichtSf 
^ 36 and 37, pp. 125130. 
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.__r,y rf^ 
(i^ r dtdrj 

Electric and Magnetic OacillatiotiB at ± to each other.— The 
I inalytic condition that two moments, forces or vectors, / and A, 
} Btand at right angles to each other is 
\ax(J,h) = coB(J,x)cos{k,x) + cos(/,y)cos{h, y) + coa(/, z)cos(h, s) = 0, 



/, A k 

r r 7 



^ and ' 



= 0, 



lor, if we replace these cosines by the quotients 

I v", ^, where /„ /j, /g and Aj, Aj, Aj denote the componenta of/ and A 

I tospectively along the i,, y, s axes respectively, 

«■ /A+/A+/A-11 (11) 

The following relation evidently holds between the values (9) and 
Ji(lO) for the component electric and magnetic moments .Y, Y, Z and 

which interpreted according to formula (11) expresses the familiar law: 
the electric and magnetic oscillations take place at right angles to each 

Magnetic Oscillations at ± to Direction of Propagation.^ — Let us 
first examine the magnetic oscillations (10) ; we evidently have not only 

ItC + /',!/ + « = 0, 

l-or, by formula (11), the magnetic oscillations take place at right angles 
I to their radius vector, but, since a = 0, also 

% + r.s = 0, 

I «r they take place along the parallel circles intercepted on the spheres 
I vith centres at r^O by the pianos parallel the y;-plane. Since the 
I Tesultant magnetic moment is given by 

r dUlT~ '^^'^^^'^ didr 
I where a denotes the latitude of any circle with regard to the ar-axis as 
I pole, it follows that the amplitude of the given oscillations will vary 
I'M the n'na, as we pass along any meridian from either pole, where it 
■vanishes, towards the equator, where it reaches a maximum. T\^>^ 



JW^= 
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magnetic oscillations could thus be represented mechanically by the 
perio<lic oscillations of spherical shells al)out their (2;)-axis. 

Tlie Electric Wave as Besoltant of two Waves. — As al)ove, we can 
conceive the electric wave represented by formulae (9) as the resultant 
of the two waves 

5' = rS' ^" = ^' = « <»2> 

and 

1)^ r dr\r drj' 1) " r 'dr\r drj' D" r dr\r 'drj' ^ ^^ 

The former oscillations evidently retain one and the same amplitude 
and direction of oscillation, that parallel the j-axis, over one and the 
same sphere with centre at r = 0;* they could thus l)e represented 
mechanically by the periodic oscillation of spherical shells with centres 
at r = along that axis. The oscillations A'", F", Z" take place along 
the meridians of the spheres with centres at r = ;* this follows from 
the two analytic relations 

or these oscillations take place at right angles to the magnetic ones, 
that is, to the circles intercepted on the spheres with centres at r = 
])y the planes parallel the //>plane, and 

or they take place along the surfaces of the spheres with centres at 
r = 0. The resultant electric moment X", F", Z" is evidently 

Z) d n d<h\ 

The Electric Waves at great distance from Source. — For large 
values of r the moments X\ F', Z' may be neglected in comparison 
to the moments X", F", Z", and thus ))e rejected ; that is, the 
periodic oscillations parallel to the a>axis are gradually lost sight of, 
when compared with those along the meridians, as the given dis- 
turbance recedes from its source. This becomes evident when we 

• Cf. V. Hclmholtz : Varienunyen Uher die eifktromagnetMche Thtorit des Lichts, 
p. V2S. 
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replace the purely spherical function ^ i>y its value - f(r ± vl) (cf, 
formula (31, /)) in foimulae (9) and also -, -, - by the direction 
08 a, 13, y. We have then 

Z_ \\d^f_%d[ 3,1 
U^ "'Li-*' t'dr^Wi 
Firliich for large values of r could evidently be replaced by 

X^li^+fd'-f Y__apd^ ?.-_n£f (U\ 

D ' T ' Jr^' I) r dr'' D r dr^ *■ ' 

The Electric Waves near Sotirce. — Near the source of the disturb- 
jwce the following formulae woulil evidently be approximate : 



A' l-3a 



/. 



3a^ Z_ 



Say . 
^ ■'■■■ 



..(15) 



Observe that the electric moment X is here a function of both the 
momenta X' and X", and is not, aa might he aiippoaed, given alone by 
the latter. 

The Magnetic Wave.^On leplacing <f< by its value -/and -, -, - by 

^, y in formulae (10) for the magnetic momenta, we have 




v^^lrdt^ r'di]' 
lyi^lrdldT t^dt] 



F'J'or large values of r the resultant magnetic moment is thus appro: 
I mately 



r* r dtdr 
I we observe that the electric and magnetic moments are here of the 
I Bune order of magnitude in (-1- 




i 
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Near the eourco of the disturbaiice the resultant magnetic moment 
would be iipproxiniflUily 

v' T^ tit 
which ia of a lowur oixler of magnitude in - than the expresgion for 
the roBultaiit ulectric moment. It would thus follow that, as we 
approached the source of the disturftance, the electric oscillations 
would become more perceptible than the magnetic ones. 

Linearly Polarized Light. — We have seen above that for large 
values of r the electric moment X' {¥' -^Z' = 0) vanishes in comparison 
to the electric moment X", Y", Z" ; ob r increases, every element of 
wave-front approaches more and more that of a plane, until for 
infinitely large values of r X' vanishes entirely, and the wave-front 
itaelf becomes plane. The oscillations X", Y", Z' take place, more- 
over, at right angles not only to the magnetic ones accompanying 
them, but also to their direction of propagation, and are propagated 
according to the law that thoir amplitudes decrease in magnitude 
inversely as the distance from their aoui'ce,* At great distances from 
their source those waves may, therefore, be identified with those of 
linearly polariieil light, or, conversely, linearly polarized light may be 
represented by the given system of eiiuations (i2A) or (14). 

Primary and Secondary Waves.— The electric wave represented 
by the electric moment ,Y' differs materially from all ordinary 
electric waves; it iippoara only in the neighbourhood of its source, 
within which region its amplitude decreases inversely as the square 
and third power of the distance (r), whereas the oscillations themselves 
take place, in general, neither at right angles to nor along their 
direction of propagation. As I shall henceforth draw a sharp dis- 
tinction between this kind of wave-motion and the ordinary one, let 
ua term the ordinary electromagnetic waves, or those whoso oscilla- 
tions take place ut right angles to their direction of propagation, and 
whose amplitudes decrease inversely as the distance " primary " and 
all other electromagnetic waves, or those whose oscillations do not 
take place at right angles to their direction of propagation, and whose 
amplitudes vary inversely as the square and higher powers of the 
distance "secondary." These two defiin'tions of secondary waves, 
"those whose oscillations do not take place at right angles to their 
dii-ection of propagation," and " those whoso amplitudes vary inversely 

• We Bro rejecting hero the terriH in -^ mid ,, which for Urge values of r 
approximately vanlali, when coiripareil with tliose in -- 
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as the siiuare iind higher powei'e of the distAnce," will he found to 1>e 
klentical. 

Ab an illustration of the reaolutioo of a compound wave into its 
primary and secondary, take that represented by formulae (13); we 
conceive the given wave as the resultant of two waves, the primary 



D 
and the secondary 



X, P' + y'd-f ]',__agi«/ 



a,d>/ 



HlP + n df 2-3(;8« + y'), 

r* dr " " iJ> ^' 

i\_Za^df_i^fi ^^_3tty^_3ay 

'D^ H :lr r^ ■'' 1')^ r^ dr 



/■ 



I 



The primary and secondary waves are, in general, dependent on 

ch other, or the presence of the one demands that of the other, that 
is, neither can exist afono by itself ; this follows, since the expressions 
for either wave are not, in general, particular integrals of our differ- 
ential equations, although their sums are such, the compound wave 
being represented by those sums ; this is demonstrated by the given 
example. 

Besides the above class of electromagnetic waves, a primary accom- 
panied by a secondary wave, we have, of course, the simple electro- 
toaguetic wave or primary wave, if we may then term it such, that 
ia not accompanied by a secondary wave. Such waves are represented 
^j the simple or purely spherical wave-functions ^, and not by their 
vatives. An irregular distribution of wave-iutensity over any 
given sphere, with centre at source of disturbance, would, therefore, 
always indicate the presence of a secondary wave in the given electro- 
magnetic wave and vice verMi. 

Analogy 1»twMn Primary and Secondary Waves and Primary and 
Secondary CnirentB. The Boentgen Bays. — The idea of conceiving a 
compound electromagnetic wave as composed of two waves, a primary 
and a secondary one, was suggested by the somewhat analogous 
behaviour of the primary and secondary currents in current-electricity. 
As the primary and secondary currents are dependent upon each 
Other, so are the primary and secondary waves ; this dependence lies 
in the one case in the variation in the current^atrength of the primary 
current, in the configuration of the two conductors or circuit* and 
their relative position to each other, and in the other case indirectly in 
the similarity or relations — the appearance of the same c[uantities — 
■een the analytical expressions for the two wiLves. V^iil ms i^wfwift 
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this ititiilugy furlhor. The generation of a secondary current aesumes, 
first of all, the proHciico of u conductor or circuit in the field foi- the 
passage of the same ; analogoualy, the appearance of secondary waves 
would demand the preserico of foreign liodies or media, aside from 
those within which the given electromagnetic disturliance is generated, 
in the given, otherwise homogeneous, field ; the vacuum tube — the 
vacuum within the tube, the tiilwj (glass) iteolf, etc, — ^employod in the 
generation of the Hoentgen (X) rays may serve as an example of such 
foreign Ixidies or media brought into the field. The introduction of 
the second brass knob of the Ilertzian vibrator would, in fact, consti- 
tute a fielrl, within which such secondary oscillations might be ex]>ccted 
to appear ; but these knobs are placed so near to each other — 2 to 3 
millimetres apart — in the generation of the Hertzian oscillations, that it 
would 1)e difficult to detect these secondary oscillations except in the 
iieightjourhood of the vibrator (cf, fix. 12 at end of chapter). On the 
other hand, eould not the insertion of the vacuum tube, employed for 
the generation of the Roentgen rays, into the field give rise to 
secondary waves that could easily be detected I The integrals em- 
ployed for representing given diaturluncos would naturally have to 
l« supplemented by the corroaponding surface conditions. The 
olworved variation in the intflusity of the (primary) vibrations emitted, 
due to the heating of the apparatus, sparking and radiation, would 
correspond to the variation in the current-strength of Che primary 
current, and thus give rise to secondary oscillations. Henceforth 
I shall lay no great weight on the given analogy, which is to be 
reganled merely as a suggestion.. 

Problem 2. Let the auxiliary functions U, V, IF be given by the 
wave-functions 

~ dyd:^ " dxdx" dxdy^ 

I where i^ is a purely spherical wave-function, that is, any spherical 
wave-function that is a function of r and t only. These functions 
evidently satisfy the required condition (4). 
Replace (7, V, W by these values in formulae (5), and we find 



1/ ^ dxdy- ' (irrfi' ~dx\d~y' ~ dz-J' 

y . i^0 rf»^ d/.d-'<l>d^\ 

D'°"^dyd!i^~Wdi,' ~ d,jV~dz-^'^ dx^)' 

Z d*<t. ^., d«* rf/(P*^-rf«*\ 
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since ^ is a fuiictian of r and t only, 

I'r'd-j\_ T dr\r dr)r f' \drAr dr) r dT\r drjj 



K_ _ rf rs rf|^ ^ + 2f dn d^V 
TJ dii\_T dr r dr\r dr/_ 



Vf^^ ^n <i^\ 2^^ + 31/' + :' d /1_(^\"| 
"rl r dr^\r dr)^ r* dr\r dr)x 

and, similarly, 



rr 



_-T^+V 






I' + y^ + Sa* d n 



d n d<^\-| 

dT\T drJX 



We next replace here the purely spherical wave-function <!> by its 

[value ~f(r±vt) (cf, formula (31, I.)); for this purpose we builrl the 
following expressions : 



_\df_\ 



./. 







l?i- 








IP^- 


5*^ + 


6 J/- 


















1" .(r* 


■1/. 


d' (1 i+\ 










1 dif 
'?d? 


^0^ 


:ii 



why which the above formulae can be written 




,./. 



-y/; 



r^ L'^r* Tdr^ r^dr ;^^J 



2>n- 



4-32") jy 



3(2^-3^ + 73 /.i/ 



d-W] 



,P/ 3(«' + 3y'~--') Jy 



"^'(f-i/)] 
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Tlie Primurr and Secondary Electaric Waves. — Siiiue / and iW deri- 
vatives with reganl to r are evidently of the same order of magnitude 
in -, we can thus conceive the given electric wave as compoBed of four 
single wavoa, whoae amplitudes vnry aa the different powers— the first 
four — of - ; the secoudary wave would, therefore, I>e here the resul- 
tant of three waves, whoso amplitudes decrease inversely as the second, 
third, and fourth powers of the distance. If wo exclude the immefliate 
neigh Irourhood of the Boiirco of disturbance from the region in 
question, wo may evidently reject the terms in -j and -j of formulae 
(17) in comparison to those in „, and the secondary wave would then 
be given approximately by the latter tenus. Since the immediate 
neighbourhood of any source is seldom accessible to examination, we 
shall, in general, exclude it from the region in (question ; the secondary 
wave would then ho represented approximately by the terms of the 
second order of magnitude in -^ and we shall, henceforth, refer to it 
as thus defined, unless otherwise specified. For the given region the 
electric moments of formulae (17) can thus be written (approximately) 

D D I> r rfr* r^ dr^ 

^_ :?! 4. l._y(»-tMl) '^_ 3y(a'-t-3^'-y') d'^f 
DUD r dr' t"- dr'^ 

where a, j8, y arc the direction -cosines of r; A',, }'i, Z^ denote the 
moments of the primary and X^, Y^ Z^ those of the secondary electric 
wave. 

The Magnetic Wave. — By formulae (7) and (16) the magnetic 
moments arc 

"" If' dldyd:~~^ r dtdr\r dr) 



-^ dldxd}~ ' I/' r lid^Xr dr) { ' ' 

- ^ ■ -■\rdr) 



' i^ 2tdxdy ~i^ r dtilrKr 



I By the relations on p. 37 lietween the dorivati\B.s of ^ and /, these 
expressions for a,b, c can be writt«n 
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»>■ r lAdr' rdrf-'j 

»--r^f,(f{--f+s/)!- (ISA) 

v^'r dtW rdrr^^J ] 
We can thus conceive the given magnetic wave as composed of three 
eiiigle waves, whose amplitudes decrease inversely as the first, seconrl, 
and third powers respectively of the distance. In the region in 
question, that, namely, in which formulae (Ha) approximately bold, 
the secondary magnetic wave would, in general, be represented approxi- 
mately by the terms in -.^ of these formulae (18a). 

Regions in which the PTimary Wave disappears.^ From a glance at 
formulae (17a), it ia eviilent thai there are certain regions, in which the 
secondary (electric) wave alone appciins* and cannot, therefore, be 
overlooked when compared with the primary (electric) wave, even at 
greater distances from the source of disturliance. These regions are 
characterised by the disappearance of the primary wave,' that is, they 
are determined by the vanishing of the coefficients of the terms of the 
first order of magnitude in - ; the given particular regions, lines or 
surfaces, of formulae (17a) are four in number and are determined by 
the following sets of analytic relations : 

&ffionh a(^i-/)=jS(a^ + 27^) = 7(a» + 20«) = O (19) 

Regimi-2. a(^-y=) = 0, ^(a^ + 2y«)5 0, 7{a^ + 2^)50 (20) 

ifc?w7.3. a{l^-y^)^0, 0(c2 + 2y2) = o, y(<.'^-H2/3^)SO (21) 

Iiegion4. a(li^-f)^0, P(a^ + 2y'')^0, y{a' + 2/3^) = (i (22) 

It is easy to show that the vanishing of any two of the givcTi 
coefficients ia identical to that of all three or to the analytic relations 
(19), Moreover, since formidae (17a) are symmetrical ia y and 2, it will 
be necessary to examine only the first three regions, formulae (22) which 
determine the fourth region being analogous to those (21) for the third. 
Begion 1 : Tbe Three Coordinate Axes.^The analytic relation (19) 
can evidently be replaced by the following : 
a = 0, /3 = and hence y = 1 ; 
a = 0, a« + 2y2 = 0, hence y = and /3=1; 
and )8=y, j8 = 0, hence y = and = 1, 

or the three coordinate-axes. 

'Or, more strictly speaking, one or more of the electric cDinpoDent 
the primary wave dUuppear. 
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It thus follows that the electric moment X^, Y^, Z^ vanishes along 
all three axes x, y, z. The electric moment X^, Y^ Z^ assumes the 
following particular form along the same : 

JTj = Tj = ^2 = along the a^axis, 

Jfg = ^2 = 0, Fj = - -^ ^ along the y-axis, 

and -^2 = ^2 = ^> ^2 = -2" j4 *^^"g ^^® ^'^^^ ' 

that is, the secondary wave disappears entirely along the a^axis, but is 
propagated along the y and z axes as a longitudinal wave. 

Region 2 : The yz and p^ = y^ Planes. — This region evidently com- 
prises the two regions a = or the y^^plane and jS'^ == y2 qj. x,wo planes 
passing through the origin at right angles to each other and bisecting 
the angles between the xy- and a:;^-planes. 

For a = 0, hence )32 + y^ = 1, formulae (1 7a) reduce to 



_ 2Py^ ^ _ ^m'-^i ') ^y 

„_2p^ifif 3y(3i32-y2)^y 



where, for brevity, we have put Z^= 1. These values give 

, 2By dH 

and x/X2- + I^2- + ^2- = ^>2- 

It thus follows that both the primary and secondary oscillations of 
the y^^-plane take place in that plane and that the amplitude and 
intensity of the latter are functions only of the distance from the origin. 

Formulae (18a) reduce here to 



25o^i/rfy^3(Z/ 3 \ 
^""t;2 r dt\df^ r drr^^' 



that is, the magnetic oscillations of the y^^plane take place parallel to 
the a^axis. 

The analytic relations a = 0, 

and p{a? + 2y2) = y (a'i + 21^)^ 0, 

or, since a = and hence ^ + y^ = 1, 

correspond to a particular case of the given one. The particular region 
is evidently two straight lines passing through the origin at right 
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[- angles to each other and the 
I the ^ and z axes. 

The resultaDt electric and magnetic moments 
I values along these linea : 

; r.^K.4.y. -"g 



and biaocting the angles l)etwoen 
the following 



r 'Olid 



For ^ = y-, hence u- + 2,ff 



= a- + 2y- = l, formulae (I7a) reduce to 






D=l. 



Formulue (18a) give here the following expression for the resultant 
I 'magnetic moment : 

Both the primary and secondary oscillations of the planes jS^^y- 
r thus take place at right angles to the ^^xis, whereas their resultant 
tnonient«, and also that of the magnetic oscillations accompanying them, 
ire entirely independent of the direction-cosine a. 
Region 3. See Examples 2 and 3 at end of chapter. 
Proof of General LawB. — To confinn the validity of formulae (17a) 
and (18a), let us next prtive some of the well-known laws of electricity 
and magnetism for the oscillations represented hy the same. 

The Electric and Magnetic OsciUationB take place at i. to each 

other. — -The analytic condition that electric and magnetic oscillations 

take place at right angles to each other is, by formula (U), 

Xa+Yb + Zc = 0. 

WVheX the primary (electric) and the magnetic oscillations of the given 

Ipnblem take place at right angles to each other, the relation must 

X^a->rY,b + Z,c = 0. 

■?ro ascertain whether this conditiou he fulfilled, replace here the given 

tomeuta by their values (cf. formulae (17a) and (ISA)), and we find 

.V+ y,S + ^,t- (7.^V[2(/}! - ,■) + (a= + 2/) - (.= + 2?')] . 0, 
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Similarly, wo find 

or the Becoriiiaiy (electric) anil the ijiagnetic oscillntioiis tjike place at 
right aiigloB to each other, 

It thus follows that the electric oaeillatioiia repreaonted by formulae 
{17a) and the magnetic ones accompanying the same take place at 
right angleH to each other. Moreover, it ia evident from the form of 
the above expressions that not only the magnetic oscillations repre- 
sented by formulae (18a) but also all three component oacillationa, of 
which the same may bo conceived as composed, take place at right 
angles l>oth to the primary and to the secondary (electric) oscillations. 
Similarly, it is easy to show that the electric oscillations of the third 
and fourth orders of magnitude in — of formulae (IT) also lake place at 
right angles to the different magnetic ones (18a) that accompany them. 
Hence the general law ; the (total) electric and the (total) magnetic 
oscillations t^ike place at right angles to each other. 

The Hagnetic OscUlationa taJc« place at X to their Direction of 
Propagation.— A glance at formulae (18a) shows that the condition 
that the magnetic oscillations take place at right angles tu their 
direction of propagatioTi, namely, «j' + ty + « = 0, is fulfilled. 

The Piimaiy Oscillationa take place at ± to their Direction of 
Propagation. — It is easy Ui show that the primary (electric) oscillations 
also take place at right angles to their direction of propagation. 
Replace X^, K,, ^, by their values from formulae (17a) in the given 
condition, and we have 
X^z+Yjy + 2i=: 

-[*»{/3«-y»)-/j»(a»+v)+y^K+-w]f;{=o- w=n 

The Secondary Oscillationa do not take place at X to their 
Direction of Propagation. — Lastly, replace .Yj, K, Z., by their values 
from forniuko {17a) in the fonii* of the condition that the secondary 
(electric) oscillations take place at right angles to their direction of 
propagation, and we find 



= H(-'-^f)7'-(-'*P'ml% 



• Th« word '■ fonii " 
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or, since a^ + fP-i~y^-l, 

that is, the condition, that the secondary electric oecillatJons take place 
at right angles to their direction of propagation, is, in general, not 
fulfilled. 

Detennination of the Angle of Oscillation. — Lot us next determine 
the angle the given secondary oacillatiuna make with their direction of 
propagation. We denote the given resultant moment by /„ and its 
direction-cosines by X^, /i^, v^; the angle in question, which we shall 
denote by (/j, r), is then given by the familiar formula 

eoa(/a.'") = V-^^+''sV. <-^) 

B Xj, /ij, Vj may bo replaced by the quotients y--, -.^ and J 
respectively (cf. p. .11), where //-Zj^+rj^ + Zj^, 

^yj^*^,y ra.) 



»(/,.<-)- 



Replace here A',, K,, Z„ by their val 
we have 

cos(/, r) 



-6.'(y- /) + 3/i'(.- 



I from formulae (17a), and 

y + .V)-3y'(.' + 3/3'-r') 
/3' + 37>)>+jV + S?-7')' 



-m'-y')W+lf+y') P-j'^ 

Since this expi'ession for cos (/j, r) assumes one and the same value 
along any gi\'en vector, that is, for any given ray or pencil of waves, 
it will be sufficient to determine its behaviour over any sphere ivith 
centre at the source of disturbance ; for this purpose wo replace the 
recUngular coordinates x, y, s by the polara r, fl, ^, already employed 
on p. 21, where S denotes the angle, which the plane passing through 
the ie-axis and the vector r or direction of propagation of the given 
wave makes with the ay-plane at tho point «, y = « = 0, and <^* the angle 
between the vector r and the x-axia (cf. figure 4, p. 22). 

The following analytic -Mlations hold lietween these coordinates : 




= r3in<^sin6'. 



a = eos^ 



7 = sin "^ sin t 
denoted tbiB angle liy i 



..(25) 
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The general formula (23a) for the angle (/g, r) can, therefore, also be 

written 

.- ^ _ ^2 cos <^ -H } 2 sin </» cos ^ - H Z^ sin </» sin .^^v 

(U r) -^^_™^_^ ; (^b) 

and formula (24) for the given particular wave in the simpler form 

cos (/2, r) = - sin <t>{co8W - sin2^) = - sin </» cos 2^ (26a) 

Begions in which the Secondary OscillationB are Longitudinal. — The 

given oscillations are longitudinal, when cos(/2,r)= ±1, that is, they 
are longitudinal in the regions determined by the equation 

±1= ^8in</>cos2^, or sin</>cos2^= ±1. 
The region sin ff> ros 20 = I : this region evidently comprises the 
'•cgions sin</>=l, cos 2^=1, 

hence </>=o» ^ = 0and7r, or the y-axis, 

and sin</>=-l, cos2^=-l, 

hence </>="o'> ^~o *^"^^ -^r^, or the -^-a^^is. 

12 !2 12 

The region sin <f> cos 26^ = - 1 : this region comprises the regions 

sin</>=l, cos 2^= - 1, 

hence </>=»o> ^=o ^"^^ V* or the ^-axis, 

and sin = - 1, cos 2^ = 1, 

hence = V > ^ ~ ^ *"^^ '^j ^^ ^^® y-axis. 

Regions in which the Secondary OsciUations are transYerse. — The 

given oscillations are transverse, when cos (/j, r) = 0, that is, they are 
transverse in the regions determined by the e(|uation 

sin </) cos 2^ = 0, 

or sin </> = 0, 
hence </> = an<l tt, or the j;-axis. 

and cos 26 = 0, 



hence 



3r 



,, = _. _, ._ and -, 



or two planes passing through the ar-axis at right angles to each other, 
and bisecting the four quadrants (y, ~), (Zj - y), ( - y, - ::) and ( - c, y). 
Wo have now seen on p. 39 that the given secondary oscillations vanish 
along the ;e-axis, and on p. 41 that they take place at right angles to 

that axis throughout the planes fP^y^ or the planes ^ = 7, ', , -r, 
7v 4 4 4 

ind -J, thi*oughout which they have just been found to be transverse ; 

their direction of oscillation is thus thereby determined uniquely, 



8PHKB1CAI, electroma(;netic waves. 

a» indicated iu figure 5 below. The fosidtaiii nioment of t 
verea oscilliitions is 

(cf. formulae on p. 41), which by formulae (25) can be 



s/r? 



_3sin^dV'. 



that ia, their amplitude inci*eaae8 according to «n 0, as we recede from 
tlie x-axis, where it vanishes, along any circle, intercepted on the planes 
j8*=7* by any sphere with centre at source of disturljance, towards the 
y^-plane, where it reaches a maximum, as indicated iu figure 5. 




I 



The Secondary Oscillations of the yz-Plane ; Botation of their 
Direction of Oscillation through 90°. — ^Ve hace seen on p. 40 that 
the oscillations of the ?;; -plane take place in that plane, and that their 
amplitude and hence intensity remain constant for any given radius- 
vector. Along the lines (vectors) of intersection of this plane and those 
of transverse oscillation (P^ — y^), the given secondary oscillations will 
thus take place in the y^-plane and at right angles to their direction of 
propagation ; that is, their direction of oscillation is determined 
uniquely along those lines of intersection or vectors. Moreover, it 
follows from the expressions for X^ Y^ Z^ along the y- and 2-axes (cf. 
p, 39), as we recede from the y*xis along the circle, intercepted on the 




-ll 
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yi-plane by any sphere with centre at origin, towards the ;-axia, that 
the given secondary oscitlationa are turned through an angle of 90* in 
the yj-plane or 180° with regard to their radiua- vector, their amplitude 
and intensity remaining constant (cf. the above figure). Formula (26a) 
reduces here to 

coa(/,r)=-cos2tf. 
hence (/j,r) = 180*- 3fl; 

that 18, the iui^le {/.,, r) varies as 180° - -20. 

The Secondary Oscillations of the zz-Flane ; Rotation of theiz 
Direction of Oscill&tion through 180°. As we recede from the jvaxis 
along the circle, intercepted on the aa-plane by any sphere with centre 
at origin, towards the ^-axis, the given secondary oscillations are 
turned through an angle of 180' in the z:-plane or 90° with reganl 
to their i-adi us- vector, whereas their amplitude increases as sin f^, from 
at the 2-axis to a maximum at the ;-axia, aa indicated in the above 
figure. This follows from the particular form assumed by formulae 
(17a) and (26a) in the given plane. Formulae (17a) reduce here to 

whiob by formulae (25) can he written 

38in<^sin2^dy y ^^ Z^ 3sin./.cos2j.<;y. 

hence the resultant moment is 

_3yrfy 3^110 (/y 



JX^* + Z 



or the given oscillations take place in the xit-plane, their amplitude 
varying aa sin ^. Formula (26a) assumes here the particular form 

cos(/^r) = Bin^, 
or the given oacillations are turned through an angle of 90° with 
regard to their radiua-vector, aa we pass fi-om the -- to the jvaxia ; that 
is, they either retain one and the same direction in space or they are 
turned through an angle of 180' in the a^r-plauo. To determine the 
direction of oscillation in queation, we seek the valuea of the momenta 
X^ and Z^ at some intermediate point of the given arc, for example, at 
the point x = ; nv <(>= 45°. The above formulae become here 

from which it is evident that the oacillations in question are turned 
through an angle of 180' in the ^r-plane, as we pass from the :- to tha 
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The Secondary Oscillations of tlLC xy-Flane. — Since the given 
secondary oscillations are symmetrical with regard to the xy- and 
/i-planes, except in sign (cf. forniulae (17a)), the oscilliitJous throughout 
the former plane will behave similarly to those of the latter, which 
wc have just examined; namely, as we recede from the x- towards 
the y-axis along the circle, intercepted on the ly-plane by any sphere 
with centre at origin, the given oscillations are turned through an 
jingle of 180° in the r^plane or 90° with regard to their radius- 
Toctor, whereas their amplitude increases as sin 0, from at the 
the y-axis ; these oscillations are also indicated 
in the above figure. 

The Primary Wave. — The primary wave of the given problem 
differs only immaterially from that of the preceding problem. We 
identify it, together with the magnetic wave accompanying the same, as 
the linearly polarized electromagnetic or light-wave, whose oscillations, 
both electric and magnetic, take place at right angles not only to eaeh 
other hut to their direction of propagation ; it is, in fact, only another 
type— another distribution of the oscillations with regard to direction 
of oscillation and to amplitude over any given sphere — of the electro- 
magnetic waves, with which we are already familiar. 

The Secondaiy Wave. — The secondary wave of the given problem 
differs from that of problem 1 chiefly in that its direction of oscillation 
does not remain one and the same at all points — ^parallel the z-axis — 
but varies from point to point ; this demonstrates that other secondary 
waves than those (the secondary Hertzian), whose oscillations retain 
one and the same direction of oscillation throughout the given region, 
are consistent with our differential equations. The given particular 
law of variation of the direction of oscillation is, of course, only one of 
the many possible taws (cf. also p. 63). A peculiarity of the given 
secondary (electric) wave, to which we may call attention, is that it 
is propagated along the y- and r-axes as a longitudinal wave, unaccom- 
panied by either a primary (electric) or magnetic wave (cf. Ex. 12 at 
«nd of chapter). 

FtoUem 3. Let U, V, !f be given by the wave-functions, 

dji dz 

(/^3 




' dx I 



..(27) 



ax dy } 
where ^, ^j, ^ denote purely spherical wave-functions. These values 
ridently satisfy the required condition (4). 
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Since the <f>'8 are functions of r and t only, we can write 

r dr r dr* 

with analogous expressions for V and /F ; or, on replacing the 0's by 

X v z 
the/'s (cf. formulae (31, I)) and -, -, - by the direction-cosines a, (3, y, 

with analogous expressions for F and H^, 

Let us, next, assume that the oscillations represented by the functions 
fv /» /s ^ffer only in amplitude from one another — the more general 
case, where these functions shall represent oscillations of different 
phase, is treated in the following chapter. Moreover, let these 
functions be the simple sinus functions, namely, 



/i = tti sin ~ (vt - r) 



2w 



/> 



(29) 



/2 = a^ sin -J- {vt - r) 

/s •= «3 sin -^ (vt - r) 

where the amplitudes a^, a^ a^ shall be constant — not functions of 

X, y, ^' 

If we replace /j, /g, /g by the functions (29), formulae (28) assume 

the form 

n 1 

^= ,. Kr " ««^)cos 0) + "2 (aj7 - ag/?) sin o) 

n 1 

^= 7 (S* - «iy)cos 0) + ^ (aga - o^y) sin w 

^= - (fli/? - a2a)cos(o -f- "2 O'l/^ - ^2*) ®i" *** 

27r 



> > 



(30) 



where 



w = -r- and (0 = n (vt - r). 



(31) 



The Waye-Length A. — The wave-length X of the waves of light, with 
which wo are familiar, is small in comparison to the radius- vector r, 
except at or near the source of the disturbance itself ; this region, the 
examination of which offers serious difficulties (see Chapter V.), is so 
small — it is of the dimensions of the wave-length — that it is of little 
importance, if, for no other reason, for that that all empirical data 
concerning it are necessarily wanting. Hence, at finite distance from 
the given source the second terms of the above expressions for U, V^ W 
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would, in geneml, ho small in coniparJBon to the first and eouid thus 
be rejected (cf. also p. 32) ; on the other hand, l/, V, W would be 
represented by the former at or near the source of the disturbaiice, 
provided the given expresBJoiis hold there. In genera! we could 
thus put „ 

f/ = ^,.37-fl3/J)co 



I 



..(32) 



jr.!(»,/J-o,.)co 
We, next, replace U, V, W by these functions in formulae (■')), and 



J.^'ta,(.' + r') -/8(«,« + o.r)].iu.+ l/3(2a,/J + .,a + o,,)co.. .(33) 



|-°[«.('''+«'r(»,«+«^)]™"+,Jr(3«.r + 



.^)co.. 



For similar reasons to those just mentioned, the second terms of these 
expressions would, in general, be small in comparison to the first, and 
could thus be rejected. In those regions, however, where the coefficients 
n^ the first terms vanish (see below), the electric component-momente 
Bwould be represented by the terras of the next higher order in - 
(cf. also p. 39, and Ex. 12 at end of chapter) ; but these would not be 
the ones given here, since we have already rejected terras of that order 
in the al>ove development. 

KegionB in which Fiimary Wave disappearB. — The vanishing of 
the given coefficients signifies that certain analytic relations hold 
l)etwceu the amplitudes a-^. i\.^ a^. and the direction-cosines a, ^, y. 
(4inee the amplitudes are entirely arbitrary, but given, and the 
direction-cosines variable, such relations determine given regions 
(cf. also p. 39). The regions in question are evidently determined 
by the four seta of analytic relations 

•,(^ + r')-»(«^+«.y)- 

«.('"'' + n-7(«i'' + »^)- 

«,(^ + r*)-»M+'>,?)- 
s[»!("'+r'>-/5(»,«+«.y)]a[«.("=+«-y(«i«+«98)]3o) 

I two analogous Beta, where firet the second and then the third 




..(34) 



-,..(35) 
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relation of the first set alone holds (cf. also formulae (19)-{22)). We 
observe, as on p. 39, that if any two relations of the first set, formulae 
(34), hold, the third necessarily follows. 

We have just ohserved that formulae (33) do not hold in all regions, 
namely, in those determined by the analytic relations (34), (36), etc. 
To derive the formulae for those regions, we must evidently employ 
formulae (30) instead of the approximate ones (32) in the above 
development; we thus replace U, V, IV by their explicit values (30) 
in formulae (5), and wo lind 

i - ""[•, ((S' + y') - -M + ■w)]«iii - 
B-"'[«,("'+y')-fl<«i-+«.r)]»n» 

+ i[2.,-3«,(a> + y<) + 3/i(«,. + ,.,,)]co,, 

+ 5pa,-3«,(.' + ;ff') + 3y(<.,. + ,.^)](,o. 

whyre we have rejected the terms of the third order of nutgnitude in - ; 
the temia retained, being of the first and second onlers, thus represent 
the primary and secondary ascillations respectively. 

Begion 1 : the Vectors a : /J : y = Oj ; ((^ : Uj. — Formulae (34) can 
evidently be replace<i by 

..«,y, ...n-v; 

;raight line passing through the source of 
L is given by the propoitioii 



(36) 



these equations represent a a 
the disturliance ; its directio 






..(37) 



where 



s/o,*- 



L Formulae (3(i) assume the following simple form uluiig these vectors : 
A' 2n K 2n Z 2« 

-^^-a^cosM, ^=_a^co8Q., ^ = — a,cos<«; 
Ifaat IB, only the secondary oscillation appears here. This and similar 
lines would, therefore, be suited boat for an experimental research of the 
given secondary wave. 
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I B^m 2, a Snr&ce. — The i-cgion determined by the analytic relation 

tU the surface a^{y'- + !:'^)-(a^+a^)x = Q; (38) 

[ it passes throTigh the origin and the line determined by formulae (37). 
I The .t-compoiiont of the electric moment at any point of this surface not 
[ on the line (37) still remains 

^ = ^%.™8a,; (39) 

I Ihe other two components are given by the general formulae (36), 
I whore, however, any two of the variahlea a, jfl, y are to be replaced as 
I functions of the third, after the former have been determined as such 
i from the analytic relations 

"x(^^+y'^)-«(<'./ + "37). 
wid a^ + ytP + y-'==l. 

I Similarly, analogous formulae hold for the two regions or surfaces 
o^ (a^ + J=) -- (u^/ + UjS).* = 0, 
and (ij(j-« + yO-(a,z+fflgy)E = 0. 

I The Magnetic Waves. — By formulae (7) and (33) we find the fol- 
I Jowing approximate vahiea for the component magnetic moments : 

L ..."^'cr-^^jdn.,, i.";;«Ka-„,,).i„. I ^^^^ 

■ c. = — ^ {a^fi - a^a)sin la 

I These formulae are also approximate for the regions detemiined liy 
I tiie four sets of analytic relations 

I «,r-«^ = a,a-a,y = a,^-a„a = 0, (41) 

I a^y-<i^ = Q, a^a~a,y^O, a^/i-a^a^O, (42) 

lt:and the two analogous sets, since the terms of the second order of 
I magnitude in -, which appear in the explicit formulae, contain each the 
I same factor ((i„y - ir^), (n^a - (e,^), or (ii^/3 - Ojo), as the respective term 
|. of the first order. The secondary magnetic wave would, therefore, 
I' always be accompanied by its primary magnetic wave. 
I The first set of analytic relations {-11) is identical to the analogous 
I one (cf. fomtulac (34)) for the electric moments; these relations deter- 
I mine the line a■.^■.y = .l■^■. n.^ : n, (cf. p. 50). 

I The magnetic moments vanish along this line, whereas the electric 
I' <Hies were those of a secondary oscillation only. It thus follows that 
I tiie Mcmdary osdllatimis are not, necessai'ily, always aeciympanteil by 
I'Majmefic ones (cf. also p. 47). 
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The Waye-Len^ X. — On p. 48 we have observed that the wave- 
length X of all light-waves, with which we are familiar, is small in 
comparison to the distance r from source, and we, therefore, rejected 
the second terms of formulae (30) in our derivation of the formulae 
(33) for the electric moments; subsequently, upon the examination 
of those particular regions, in which the coefficients of the first terms 
of the latter formulae vanished, we found it necessary to retain the 
terms we had just rejected. The rejection of the given terms was 
evidently justified, as long as we were dealing with light-waves proper ; 
but just as soon as our investigations are to be applied to electro- 
magnetic waves of long wave-length or electric waves proper -(Hertzian) 
(cf. also next page), those terms must be retained. 

Explicit Formulae for Moments. — Instead of seeking, as above, par- 
ticular formulae for the different kinds of electromagnetic waves, let 
us take the general (explicit) formulae for the electromagnetic waves 
in question and interpret the same according to the different values 
assigned the given quantities and constants. We replace £/, V, JV by 
their explicit values (30) in formulae (5) and (7), and we find 

+ J [2«i - 3^1 (^ + y^) + 3a {a^ + a^y)] sin co 
Y n^ 

+ ^ [2^2 - 3a2(«^ + y^) + ^Pi^l^ + «3r)] cos CO 

-f- [2a2 - 3a2(a2 + y^) + 3fi(a^a + a^y)] sin oi 

Z n^ 

£, = - K(^^ + /^^) - y(«i« + «2/^)] sin CO 

+ ^ [2a^ - 3a3(a2 + f^) + 3y{a^a + aJ3)] cos co 

« = ^® i^y - ^s/^) (^sin ^ - yicoscoj 
* = —^ («3^ - «^ir ) (^ sin CO - -2 cos CO j 



/ 



(43) 



and 



C = ^ K^ - «2«) (^Sin (0 - ^jCOBCoj 



(44) 
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Distinction between Li^t and Electric Waves ; the Qoantit; n. — 

The expressions for the electric moments .Y. ¥, Z are composed each 
of three terms, arranged according to the dift'ereut powers of - or n. 
The order of magnitude of any sueh term evidently depends not oidy 
upon these powers of - and n, but also upon the actual distance r from 
the given source and the value of the quantity n. There arc now two 
classes of electromagnetic waves, cbaracteriKecl by n's of quite <liflfcreut 
orders of magnitude and between which we shall, therefore, have to 
discriminate; these are the light-waves proper and the electric (Hertzian) 
waves. The former have wave-lengths of the dimensions 10"' ram. ; 
by formula (31) n would, therefore, be very large for all light-waves. 
On the other hand, the wave-length A of the electric waies proper is of 
the dimensions of the metre or of the other quantities (r) that appear 
in formulae (43) for the given electric moments ; their ?i would, there- 
fore, be of the same order of magnitude as their A or the other quan- 
tities. It thus follows : For Ught-waves, the second and third terms of 
tiie expressions for the electric moments A', Y, Z of fonnulae (*3) will be 
very (infinitely) small in comparison to the first terms of the same, and 
may, therefore, be rejected not alone «t great or finite distances from 
the source — due to the functions but also in its immediate neigh- 
bourhood — due to the value of n; in other words, the amplitude of 
the secondary wave that accompanies any (primary) lightwave will lie so 
very (infinitely) small in comparison to that of the lightrwave proper, 
that we cannot expect to detect the same except in the source itself. 
Consequently, we may conceive liifht-waves proper as unaceompanied 
by seamdary eleelric ilislurbaae^. For electric waves, the second and 
third terms of the given expressions will vanish, when compared with the 
first terms of the same, only at great«r distances from the source ; the 
primary electric wave will thus be accompanied by a secondary electric 
wave to a considerable distance from its source, the intensity of the latter 
evidently being of the same order of magnitude as that of the former 
in the immediate neighbourhood of the source, but decreasing somewhat 
more rapidly than that of the primary wave, as we recefle from the 
same. On the other hand, the secondary wave will evidently be repre- 
sented by the second terras of the given expressions, except in the 
immediate neighbourhood of the source. 

For one and the same amplitudes a^, a.^, u^ the amplitude of the light- 
wave would be very (infinitely) large in comparison to that of the 
electric wave. To obtain amplitudes of the dimensions of those of the 
light-wave or of the same dimensions as the amplitudes of the elwiW\«i 
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wave for the light-wave, we replace the ijuaiititiua Hj, n^, k^, the mupli- 
tudes of the functions /,, /j, /^ for electric waves, bj- the qiiftntities 

-i, -m — oi respectively for the lieht-waves, where m' shall denote a 
m-' m^ wi^' i^ J 6 ■ 

quantity (number) of the same order of magnitude an n : the secondary 
electric light-wave will then vanish, as almve, whereaa the wave-length 
A. will remain unaltered. 

Electric and Magnetic OgcUlationa at X to each other, — To confii-ni 
the general law that "the electric and magnetic oscillations take 
place at right angles to each other" in the given case, we must 
employ the explicit and not the approximate expressions for the 
moments. Let us denote the quantities of the first and second orders 
of magnitude in - by suffixing the indices 1 and 2 to the same ; we can 
then write 

and rt = (i, -naj,* h = b,+!i^ c = c^ + c^, 

where the quantities or terms of the third order of magnitude in , 
Xg, Vg, Zj, have been rejected (of. p. 52); for the proof of the given 
general law, where the terms of the third order of magnitude in are 
retained, see Ex. 10 at end of chapter. 

The analytic condition that the electric and magnetic oscillations take 
place at right angles to each other, namely, 
Xa+n + Zc^O 
(ef. formula (11)) becomes here 

Since terms of only the same order of magnitude in - can evidently 
be compared with one another, this condition can be replaced hy the 
three, 

-Y,a, + y^h-^ + Z,e, = 0, terms of the secoml onlor, 

(A>j + A>i) + ( IV'2 + I 'ji,) + (ZjC, + Z/^x) = 0, „ thirxi 

and XjHa + K,6j + Z^^ = 0, „ fourth „ 

To ascertain whether these conditions be fulfilled, we replace the 
given moments by their values and evaluate the forms t in question. 
Let us examine here the second condition ; we ha^'e 

Jr,., + X^,.qa,-2«,(P + /) + 2.(.^ + ,,,)](,,,y-a,ft, 

*Ths nicin]eiitaa,uida,arenot to be oonfonndBd with theamplitndeaa,, o„ (a,) 
of th« w«ve-fonotioni/„ /„ /,. 

tSee foatnote on p. i-2. 
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antl, similarly, 

and Z^CJ + Z,c, = C[a^ - 2u^(a^ + /3i) + 2>{«,a + «j/3)](a,/J - ,i,a), 
where C = =5^i ain u coa ui. 

The coefficient of Oj of the form* of the given condition is thus 

- 7[«. - 2«,(«' + y") + 2/3(.,. + o.r)] + 2.X/5 
+ /8[.. - 3<.,(.' + ^) + 2,(«,« + 0^)] - 20,.',), 
which evidently vaniahes. The form itaelf thus reduces to 

C(2.(»^ + o,y)(o,y-„^) + K-2o,(.' + ,») + 2«^,]a,. 

-[«,-2«,(.! + ;fi) + 2o^,]«,a), 

the different terms of which eiidently cancel one another, and the given 

condition is thus fulfilled. The proof of the validity of the other two 

conditions offers no ditli<jn]ties. 

Haesfltic and Primary Electric OscillationB at 1 to Direction of 
fropagation. — From a glance at formulae (ii) for the magnetic 
moments, it is evident that the magnetic oscillations take place at 
light angles to their direction of propagation. 

It is, likewise, easy to show that the primary oscillations Jf„ I',, Z, 
also take place at right angles to their direction of propagation ; this is 
not, however, true of the secondary oscillations JC^ y^ Z^ as the 
ensuing development will show. 

Determination of the Anjile (/j, r).~Let its, next, determine the 
angle of oscillation (/,, 7), which the given secondary oscillations make 
irith their direction of propagation ; we denote their resultant moment 
by /j and the direction-cosines of that moment by Aj, /i,, f^, as <m 
p. 43, and we have 

COS(/j, r) = A^Q + fi^P + v^y 

(cf, formula (23)). Replace here A^, /ij, v.^ by the respective momenta 
■ ipi, p. 43) from formulae (-IS), and we have 

«»(/i.')-ri7,)P<'.-3«,(a' + 7') + 3"W+W)]- 

+ [2<i,-3»,(a< + y!) + 3/J(o,. + o,r)]^ 

+ [2a,-3<,,(.' + /J>) + 3v(«,. + o,/J)]y)co.. 

2»i'/. 

'".|i.-r"j/J-r" 

., p. t>. 
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where /g is to be replaced by 

nD , , 



nD 

- 'IjJs/^}^ + «2^ + ^i^ + 3{a^a + a^p + 037)^008 w. 

We thus have 

This general expression for cos (f^ r) is evidently too complicated to 
admit of a simple analysis. In order to acquire some knowledge of the 
behaviour of these secondary (electric) waves — and among other pro- 
perties one of the most important is the variation of their angle of 
oscillation throughout the given region — we shall undertake to examine 
the expression (45) for some particular case, for example, that, where 

ttj = ttg = ^ = ct» 
The expression for cos(/2, r) then reduces to 

2(a + i8 + y) 



cos (/o, r) = ^. --:-- =n.^ - — ^ / -- . 



(46) 



Since this expression, as also the general one, assumes one and the 
same value along any given vector, it will suffice to examine its 
behaviour over the surface of any given sphere with centre at origin. 
The evaluation of the same at different points on the surface of any 
such sphere will evidently be facilitated by the introduction of the 
polar coordinates r, $, <t> employed in the preceding problem (cf. p. 43). 
By formulae (25) the given expression (46) can then be written 

coa(/o, r)^ 2[co8</)-t-sin <^ (sin 6^ + cos (9)] ^^^^ 

n/6 [1 + sin <^ cos <^(sin + cos 0) + sin'-</) sin cos 0] 

_ 2[cos</> + 8in<^(sin^ + co8^)] W7k\ 

V3[2 + sin 2<^(sin + cos 6) + sin'-'*^ sin 26^] 

To determine the angle (/j, r) at any point, we plot the curves $ = 0°, 
15", 30** ... 180** for different values of <t> between 0* and 360*, choosing 
the angle (/j, r) — its degrees — as onlinate and the angle </> — its degrees 
— as abscissa. To plot these curves, we shall find it sufficient to 
determine the angle (/g, r) for every 15° of <f>y except in the case of the 
curve 6 = 45* between = 45* and 60°. (see below). 
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The Hemispliere i9= 0° to 90°.- 



-It it 



vident tbal the o 



57 



II for 



oxprcssioii 1' 

C0B(/j, r) will remain iiiichauged when we replace hy 90' - fl ; hence 
we need plot only the cnrves 6 = 0°. 15°, 30°, and 45°, the other curves, 
tf=60', 75°, and 90°, being identical lo the curves 0=30', 15°, and 0* 
respectively. 

The formula (47) for coa{/j, r) reduces for the given hemisphere 
to the following : 
'or(l) e = 0' or 90°, 

2(coa0 + ain<^) 



coet/j, r)- 
(!>) e=\5' or 7. 

C08(/r') = 

(3) £'=30" or 61 
cos(/^r) = 
J (4) e = 45°, 

co3{/^r) = 



-J HI - 



sin coe ^) 

2(cQa 'j>+ 1 '2247 sin iji) 



...(48) 



v/6{t + 1-2247 Bi 

(COBI^ 



v/6(l + l-3f 



I cos 4- 0-25 si 
■ 1-366 sin 0) 



•2(coBi^ + s/2s in^) 



v'6(l+^^siii./.c< 



..(51) 



co8<(i + 0-5Bin-<i') 

pon evaluating these expressions for i^ = 0', 15° ... 180*, we find 
the values given in foot-not«* for the angle (/j, r), which evidently 
suffice for the plotting of the curves in question, with the exception of 
the curve fl = 45° between i^ = 45' and 60*. It is now easy to show 
that this curve touches the i^axis between these two values ; in which 
formula (51) would iissuroe the particular form 
, _ 2 (cos 1^ -t-J^si 



v/6(] +v/2aiu*cos* + 0-5 



ji^^) 



,,.(52) 



tf = 0"<ir90°, P = l5''or75°, 
35" 17' 35' 17' 

21° w ir 



72° 14' 
1 00" -28' 
12r-26' 
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This equation must thou serve fur thu li n term iimt ion of •!> or that 
point, at which the given curve touches the t^axis. 

Equation (52) gives 

2 (cos^^ + :2 Va ain <^ cob <^ -(■ 2 mn-4>) = 3( I + ^2 Bin ^ cos -i) + ^ Bin-ijb), 
or 6iriV-2= - 2V2sin ■^cos<(>= - 2%/2aiii</>\/l -fiin'V; 

which squared gives 9 sin**- 12 8in'^0 + 4=O, 

hence 8in*=j| or ./i = r.-lM3' (53) 

which is also iucluderl among the valuoa of <t' in foot-note on p. 57. 

Wo observe that, if the resulting equation for </> had no real rn.it, 
the alwve assumption, that the given curve touch the iji-axis, would 
have to be abandoned (cf. Ex. 7 at end of chapter). Upon including 
this particular value of i^ among those above, we can plot the given 
curves, as in fig. 6 on next page. 

For i^> l80° = lt(0° + </)', the general expression (47) for cos(/j, r) 
remains unchanged, except in sign, since 

sin(180' + *')= -ainf, 
and cos(180' + (/•')= - cos <t>\ 

It thus follows that 

«'s(/^r)«.= -cos(/^,-)* = coa{180°-(/„r)^} 

or (/^'V=180"-{/^r)«, (54) 

where the indices ip and ijt denote that the angle (/„ r) is to be taken 
in the regions * = 0° to 180' and ^' = 180° to 360* (0°^fl^90") 
respectively. 

The values of the angle {/^ r) in the region .^=180'' to 360° 
(0';;S<90") thus follow directly, by formula (54), from the values 
for that angle in the region ^ = 0" to 180" (0°-^tf S90°) (cf. foot-note, 
p. 57). We can evidently obtain the curves represented by these 
values, upon revolving the plane ^^O" to 180° and (/^ r) = 0° to 180°, 
together with its curves 6 = 0', 15", 30°, and 45°, through 180°al)out 
the line (fp r) = 90* in that plane as axis, and then displacing the 
same (plane and curves) the distance 180' along the ^axis. 

The Hemiaphsre t* = 90* to 180°. — Our general formulii (47) reduces 
here lo the following: 
For(l) £'-10.V = 90° + ff and 0= I65'' = 90' + fl', 

cos(/,.r) = -,_ :^(cos*±0-7071sin*)_^ 

^/6{1 ±0-7071 sin ^cos*^- 0-25 sin'.*.) 
where the plus-sign is to lie taken for ^ = 15° and the mimia-sigu 
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(2) fl=l-20°=90° + il' and B=\50' =90° + 0; 
2(coB^±0-3fi6Biusb) 



'' s/6(l±0-3668m./.co8«-0-4338m'*)' 
the plus-sign to be taken for ff = 30° and tlie miiiua-aigii for $' = 60' 



,(56) 




o' is* 30* 



(3) fl=l35' = 90'-i- 
oos(/„ r) 



1^/6(1- 0-5 8in=.^)' 
«nd (4) fl=180° = 90° + ff. 
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f'pi»ri <:valiiating these expressions for the different values of <f> 
l»«twrrn 0* and 180*, we olwen'e that 

where the given indices denote, as alx)ve, that the angles in question 
are to \hs taken in the regions 90" + </>, 90* - ^ and 90* - <^, ^ respec- 
tively, the angles </> and ^ >>eing assigned the values 

</>=ir/, 30^ 45*, 60*, and 75* 

and 6/' =15* and 30*. 

It thus follows that 

(/2»0M+^.w-r=180'-(/,>,rW-^.r (59) 

(cf. formula (54)). 

By this and formulae (55)-(58) we find the values given in foot- 
note* for the angle (/j, r), which give the six curves of fig. 7 on next page. 

As al)ove, the expressions for cos(/2, r) remain unchanged, except in 
sign, when we put </>= 180* + </>'; it thus follows that 

(A,r)^'=1^^0--(/2,;V 

The values of the angle (/j, r) in the region <^=180* to 360* 
(90*:^'^-" 180*) thus follow directly from those in the foot-note* 
below, wherciis we can olitain the curves represented by the same, 
as alK)ve, upon revolving the curves ^=15*, 30*... 90° through 180* 
about the line (/j, r) »■ 90* as axis and then displacing the same the 
distance 90* along the (/>-axis. 

It is evident from the al)ove systems of curves that : 

1. The given (secondary) oscillations are longitudinal along the two 
vectors ^ = 45*, = 54* 43' and 6/ = 45*, </) = i>34* 43'. 

2. The longitudinal oscillations ( 1 ) take place in opposite directions 
with reganl to their vectors or in the same direction in space. 



♦Thecurve8^'=15% 


^' = 30% 


^' = 45*, 


^' = 60*, 


0' = 76* i 


Mid ^' = 90* 


0= 0' 


35" 17' 
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35* 17' 
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I'The Longitndmal Seconduy Electric 'Wavfl.^^^'u have seen on 
pp. 50-51 that the secondary (electric) wave was unaccompanied by either 
a primary (electric) or a magnetic wave along the two vectors 0:^:7 
= a^■.a^:(tg; tbeao were the only vectors, along which the primary 
(electric) or magnetic wave did not appear. From the given formulae 
(/»•■) 
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for the secondary (electric) wave along these veetora it is evident 
that these secondary oscillations take place tdong those vectors, that 
is, that they are longitudinal along the same. It is now easy to show 
that these longitudinal oscillations and those of (1) and (2) above 
are the same, the latter corresponding only to the particular case 
of the former, where ay~a^ = a^ = a. It thus follows that the longi- 
tudinal oscillations of (1) and (2) are unaccompanied b^ eithec & 
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I 



primary (electric) or a magnetic wave ; hence the general law : In 
those regions, where the primary (electric) and magnetic waves fail to 
appear, the seeontiary (electric) wave ie longitudinal and conversely 
the longitudinal secondary (electric) oscillatiiiiiB are thereby charac- 
terized that they are unaccompanied by either a primary (electric) or 
a magnetic wave. 

The Transrerse Secondary Electric Wave. — By formulae (46) the 
secondary (electric) oscillations are transverse throughout the plane 

a + li + y = 0{a, = a., = a,\ (60) 

which passes through the origin. Throughout this i)lane the electric 
moments evidently assume the simpler form 

D D D r ' 

or the moments of the primary (electric) wave are independent of the 
direction-cosines, and 

D~ D D ,.^ •="""■ 

or the moments of the secondary (electric) wave are also independent 
of the direetion-eosines. It is evident that the primary and secondary 
waves, represented by the more general formulae (43), possess this same 
property throughout the plane ll^a + a^+a^y = 0. 

By formulae (44) — o, a a^ = Oj — the resultant moment of the magnetic 
wave ia 






sinw-^cosu 



The secondary (electric) oscillations are transverse throughout the plane 

« + j8 + 7 = 0, that is, here the relation holds a + fi + y^O, which squared 

gives «."- +./?-' -h y- + 2 (a^ + ay + py) = 0, 

or, since a" + fi'' + y-= 1, 

■2(a.^ + ay + liy)=-l (61) 

The analytic relation (60) between the direction-cosines can thus bo 

replaced by this relation (61), and hence the above expression for the 

resultant magnetic moment throughout the plane a -f- ^ -i- y = written 

i^i—n — r, ■JSnp./n . 1 \ 

Va' + b' + c'= ( - sni (u - -^cos (u 1, 

or the resultant moment of the magnetic wave is here independent of the 
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, is also easy to show that the I'esultaiit moment of 
the magnetic wave repreaented by formulae (41)— <tj igo^Siig — ^is 
independent of the direction-cosines throughout the plane a^a + a^ 
+ a^y = (cf. Ex. 16 at end of chapter), 
'Fhe above results can evidently be summed up as follows : 
The transverae aecoudary (electric) wave is thereby characterized 
tliat (1 ) itfi amplitude is independent of the direction-coBines, depending 
only upon r, the distance from the source, and (2) it Is accompanied by 
a primary (electric) and a magnetic wave, whose amplitudes, likewise, 
depend alone upon the distance from the source; and conversely, in 
those regions, the plane aia + a^ + a^y = Q, where the amplitudes of the 
primary (electric) and the magnetic waves are functions only of the 
distance from the source, the secomlary (electric) wave is transverse. 

The Primary Electric WaTes. — The primary wave of this problem 
diH'ers imly immaterially from those of problems 1 and 2 ; it is the 
(primary) electromagnetic or lightwave, with which we are already 
familiar ; it reveals only another law of distribution of the amplitudes 
with regard to magnitude and direction of oscillation (over any given 
sphere). 

The Secondary Electric Waves; the Boentgen (X) Bars. — The 
secondary wave of the given pi-oblem is also similar to those of the 
preceding problems, in that it belongK to one and the same class of 
_ irsve-motion, namely that which is thereby chat'octerized that the 
Bcillations do not, in general, take place at right angles to their 
I'llirection of propagation. Moreover, the secondary waves of all three 
fcproblems display certain properties that are common to all. One of 
) most striking such properties is that there are certain regions, 
Vtbroughout which the secondary (electric) wave is unaccompanied by 
lather a primary (electric) or a magnetic wave, and that in those 
! the secondary wave is longitudinal : in problem 1 the given 
I region was the j:-axia (cf. Ex. 12), in problem 2 the y- and ;-axes 
l'(cf. p. 39) and in problem 3 the vectors a: ^-.y = 11^:0^: u^ (cf. p. 61). 
wJd this respect the longitudinal secondary electric waves would resemble 
I the Roentgen (X) rays, which have not yet been found to be influenced 
rby ma^elic disturbances. Another similarity between these waves 
J laid the Roentgen rays is the empirical conlirmalion* that the latter 
ft-^ivatice with the velocity of light, which is evidently the velocity 
ftd propagation of the former (cf. formulae (43)). As to the law of 
^intensity of the Roentgen rays, the few empirical data ive have would 

*"Sur lV)^lit^ de la vitesie de propagation <!es rayons X et lie la viteMe de I4 
■iwni^re dan* I'tir." Note de M. R. Bloudlot. ComyUn Eaidiu, Tome CXXXV., 
IXfo. 18, Nov., 1902. 
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teiul to show thai it is not ocuoiiling to the inverse ai|uare of the 
distance from source, but that their inteiiBlty diminishea much more 
rapidly, perhaps according to the fourth power of the distance, the law 
of variation of our secondary yleetric waves. 

Summary. — l.aatly, lot us compare the results found on pp. 01-62 
portttitiing to the longitudinal and transverse secondary (electric) waves 
and their respective primary (electric) and magnetic waves of pro- 
blem 3 with the results of Ess. 2, 4 and 12-16 at end of chapter 
pertaining to the respective waves of proltlenis 1 and 2 ; we find the 
following general results : 

1. In those regions, where the primary (electric) and the magnetic 
waves do not appear, the secondary wave is either longitudinal, as in 
problems 1, '1 and 3, or it does not appear at all, us in problem 2 along 
the X-axis. 

2. The longitudinal secondary (electric) wave is unaccompanied hy 
either a primary (electric) or a magnetic wave (problems 1, 2 
and 3). 

3. In those regions, where the secondary (electric) wave is transverse, 
its amplitude is independent of the direction-cosines, that is, one and 
the same for any r = const. ; and, conversely, in those regions, where 
the amplitude of the secondary (electric) wave is independent of the 
diroction-coaines or a function only of r, the same is transverse 
(problems 1 and 3). 

4. The transverse wave is accompanied by a primary (electric) and a 
magnetic wave, whose amplitudes are inde{>endent of the direction- 
cosines, that is, remain the same for any r=eonst. ; and, conversely, in 
those regions, whore the amplitudes of the primary (electric) and 
magnetic waves are independent of the direction-cosines or functions 
only of r, the secondary (electric) wave is transverse (problems 1 and 3). 
3 and 4 do not hold for the waves of problem 2 ; the explanation of 
this is evidently to be sought in the particular form chosen for the 
auxiliary functions U, V, W, which are unsym metrical with regard to 
the coordinate-axes. On the other hand, we call special attention to 
their validity for the waves of problem 3, where the auxiliary functions 
U, V, IV have been chosen symmetrical with regard to the x, y, z axes, 
but as derivatives of three arbitrary wave-functions t^j, >pj, <^, since 
waves of most various types can evidently Iw represented by the 
derivatives of three such arbitrary functions ((iiSajSij). 



EXAMPLES. 
EXAMPLES. 



1. The Hertzian osciltationa are 
tiVM of the functioD 11, which 
f uncCion : ^n 



eiited by Herti liy the following derive- 
iiiinHd to be a. purely sphericiil mn- 

where P, Q, R (A', Y, Z)* and 5, ft 7 (L, if, JV)» denote the electric and mftgnetio 
forces respectively .t 

Show, on uuuming that tho function ft hiu the form 



7 = 0. 



n= 



where El is 1 
eipreraioiia 



and "1 = ^. that P, Q, R and 5, S. 7 »■ 



-■^£/»in».(r-«0. 
fl= -g^iJni'sipni(r-i'f) + ^^^'^'"^^' g/"'coaM(>--rf) 

p £/Binin{r-i«), 

and S = ^ ffim'sin m(r - rt) + ^ £^/ni eosmlr - W), 

^^ - - £7m»ain ni(r -vl)-% JHmcos m(r- »■(), 

(cf. formulae (39), p. 83, of my Theory of Elfctricity aud Ma-putism). where o, p, > 
are the direction'CoBtnea of r. 

These (Hertzian) oaciUationa are evidently those abeady eianiineil in problem 1 
of the text, being referred only to a different Bysteni of uoordinates (cf. formulae 
(10) and (13)). 

2. Show that region 3 of problem 2. determined by the analytic conditions 
a((3'-V)£0, p(a» + 2>'') = 0, y{a'> + 2^)-^U. 
eompriaei the tworagious3 = 0or the irz-plane and a' + 27=^0, holice^ = l or the 
jr-aiis; and that throagbout the former the resaltant electric 

"r dr'' 



■od along the latter 




r dr*' 

3rfy 



"d-^- (^=M 



• Tlje Hertzian n 

tCf. Hertz, UnUraachxmgm mber die AatbreUung dtr delarisehenKrnfl,-p. 150; 
and Carry, Theory 0/ Eltaricity oiid Maitntlvim, formulae (28) and (29), p. 77. 
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Throughout the .cs-plaiia both the primary &ud aeconilary otuilIatioiiB thus lAko 
place in that plane, whereby the intennEty of tba fonner ie a function of the 
direclion-oonnei a and y and that of the latter a function of y alone, whereai 
along the y-axi« the primary wave diaappeaiu entirely and the Bcaotidary one is 
propagated as a longitudbal wave. 

The momenta of ths roagnalic wave that a^jcompaniea the given electric wave are 

throuKhout the a's-plane, and 

along the y-axis. The magnetic oBcilUtiana of the x:-pUne thua take plaoe at 
right anglea to that plane, whereaa no magnetic diaturbanc« whatever appear* 
along the y-axia. 

The only disturbance that appears along the i/-aiiiH is, therefore, a aeoDndwy 
(elcetrio) wave, which is propagated along that axis as a longitudinal wave. The 
appearance of a secondary (electric) wave, unaccompanied by either a primary 
(electric) or magnetiu wave, along one vector, at leMt, is thus consistent with our 
differential equations. 

3. The analytic conditions 

;8(a' + !V} = 0, a(^-7'') = T(a»+2^)50 
(iBtamiine the region a=~y = iJ fi=o or a straight line passing through the 
origin, lying in the x^-ploDe and bisecting the tiuadrant x, -z; the resultant 
moments along this vector are 

4. Examine the electric and magnetic waves in region i of problem 2. 

ijhow that a secondary (electric) wave, unaccompanied by either a primary (elec- 
tric) or a magnetic wave, is propagated in longitudinal obc illations along the t-aiis, 

0, Show, when a,=a, = a„ that no region is detcimined by the following 
particular form of formulae (3A) : 

a' + y'-^{o + 7l=a'' + fl»-7{« + |9}50. 

6. To linil in problem 3 the electric and magnetic momenta in the region deter- 
mined by the analytic conditions 

(cf. formulae (42)), replace jS and y by 

nV + "j' ' ^/a^ + a^ 

in formulae (36) and (40) respectively. 

Also show that no region is defined by the analytic conditions 
'hy-'h^-O, a,a- a,y-a^ - a^^O. 

7. The aur\'eB = 0°, 16°, and 30° of Pig. 6 (p. 69) do not touch the fi-axis. 
For 0=0 our general formula (47) would reduce to the following at any point 



Lliich wou' 



2(coB^-(-Bin*) = iv'6(l-HBin*coB*); 



nee the n'nc of an aagle cannot be greater tbao unity, it fullnwB that there i> 
no vnlae ^ that satislieB the given eqaatioii (n) (asBunied), and hencu that the 
gircQ curve does not touch the *-axia. We find similar etjuatioiis, that cannot 
be Batisfied, for 8 = 15° and 9 = 30°. 

!8. In problem 1 show that the angle of oBcillatiiin of the eecoodary (electric) 
'MCiUations is given by 



»{/„r)-- 



•Jl+Sa''' 



.-.(a) 



moreover, that the angle of oscillation of the (electric) OBciltations repreaented by 
the terms of the third order of magnitude in - is given by the same expression (o) 
with sign reversed, 

I. Show that the electriu oecillatiooii of the third and fourth orders of magni- 
tude in - of problem 2 make one and the same angle of oscillation with their 
direction of propagation, namely 

3(;S'-y|) 3sin«co82# 



.MA., 



\/4|^ + V') + 5{pr'-7')» v'4 + 5sinVooi'-'a 
write the coefficients of the given uomponenC 



To find this expression, 
fa the form 

15a-/(l + tt')(^ + T')--tpV. 33(B«=+lCb^-3), 37(5a'-f-10^-3). 
Show that the oscillations in question, those represented by the 



or longitudinal 
represented by 
i transverse or longitudinal 



re represented by 

iDgle of oacillation 



o( the third and fourth orders of magnitude In -, are tranav 
In the same regions, in which the secondary uticillationa that 
I the Krms of the second order of magnitude 
,Wapectively. 

10. In problem 3 show that the electric oacUlations that 

Uie terms of the third order of magnitude in - make the same 

with their direction of propagation as ihe secondary electric oacitlationa that are 

repreaented by the terms of the aectniil order of magnitude. 

It thus follows that the secoodary electiiu oscillations proper or those represented 

I fcy the terms of all higher orders of magnitude in - than the first are transverse or 

t longitudinal in the same regions, in which the secondary electric oscillations that 

) represented alune by the terms of the second order of magnitude are 

r longitudinal respectively. This law is quite general (cf. Exs. 8 



II. Id problem 3 the electric and magnetic oscillations take place at right 
:h Other — this haa been proved on pp. 54-55 fov only the approximate 
K values of tlie momenta. To coniirm this law for the exact values of S, F, Z and 
K 9, 6, e, we evidently need prove the validity of only the two additional equations 

L p. 54). Since now the moments X„ r„ Z, an<l X„ r„ Z^ have one and the 
le coefficient* in a,, o-j, a, and a. fi.y (cf. formulae (43)), and the moment* n,, 
ind a,, b], c, also (cf. formulae (44)), the validity of these two equations 
• directly from those confirmed on pp, 54-55. 
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Moreox*er, aince both -Y,a, + YJ>^ + Zjf , = 

•nd Jl jO, + r,fe, + J2r,rj =0, 

it follows : The eloctric and magDetic oscillations of not only the same but 

diffsrent orders of magnitude in - take place at right angles to each other. It 

r 

would, therefore, be impossible to separate or pair off the electric and magnetic 
waves of the same order of magnitude by means of the property that they take 
place at right angles to each other. 

12, In problem 1 the only region, in which primary (electric) and magnetic 
wavee do not appear and the secondary (electric) wave becomes longitudinal, is 
thex-axis. 

By the formulae on p. 35, the moments of the given primary wave are 

^^"^~^df^* ^'^="T5i>' '^^'^"Tci> ^^^^^ **^ 

and those of the secondary 

where we hftve rejected the terms of the third order of magnitude in -. 
The resultant moment of the primary wave is thus 

=^^^l% (') 

which can vanish only when /3*+7*=0, hence a'= 1, or the ar-axis. 

Replace X^ Ms« ''s by their values from formulae (6) (cf. p. 43) in formulae (23) 
for co6(/j, r), and we have 

2a - 3a (/3« + 7«) + 3o/5» + 3a7« 



cos(/a,r) = 



V4 - 12 (/3« + V») + 9 (/3« + 7«)« + Oa'i/S* + 9a V 



2a 



That these oscillations be longitudinal, we must evidently have 

2a 

V4^3(pf^72)* 

hence 4-3(/3"+7*)=4a', or a' =1, or the ar-axis. 
The resultant moment of the magnetic wave is 



id) 



^^^■r-^H^-m <« 



(cf. formulae for a, b, c on p. 33) ; that this moment vanish, we must have 

+ 7*=0, or the x-axis, Q.E.D. 



13. In problem 1 the secondary (electric) wave is transverse throughout the 
yz-plane only, throughout which both its resultant moment X^ Y^^ Z^ and 
those of the primary (electric) and the magnetic waves are independent of the 
direction-cosines, that is, are constant for r= const. 

By formula (c<), Ex. 12, the given secondary oscillations are evidently trans« 
verse only, when a=0, that is, throughout the yz-plane» 



EXAMPLES, 
^'%v. 12, the resoltant moment J 



il the y:-p]ane, where the aecondary wave is trauave 



By formuke (r) anil (e), Ex, 12, the reeultant moments -V,, Y,, H, and u, 6, e are 
evidently indepeniletit of the direct! an -cosiDeB (hroDghout the y^-plane. q.e.D. 

14. Id problem 2 show that the secondary (electric) wave Ib longitudinal oloQg 
tlie y- and z-bibh only, whcreaa primary (electric) and msgnetio waves fail to 
Appear along all three courdinate-axeB. 

15. In problem 2 the secondary (electric) wave is tranaverge thronghoat the 
planes ^=y (cf. p. 44) : abow that throughout these planes the resultant moment 
Xj, Y^ Zj and choae of the primary (electric) and magnetic waves are functions 
of the direction .cosines, that is, vary for r=coin(.; moreover, that the only regions, 
where the resultant momenta .V,, 1*,, Z, and a, b, c arc independent of the 
direction -cosinea, ore the y- and :-axea, along which the same vanish entirely. 



18. The amplitude of the magnetic 
direotion- cosines throughout the plane 



E of problen 



s independent of the 



■t- a^ + Uft -I). ... 
omecit of the give 



w - ^ eoa u j •Jla^y - o^)' + (a,a - 0,7)' + [a,3 - a^f 

•Ja,^itS' + i'l + <i.?ia'' + -,''l+a,'{a'-t-li')-2{aia^lii-ii,a^y + a,p^) (&) 

ilition (a) representing the plane, throughout which the given secondary 
•lectric wave ia Iranaverse, can now be replaced by the condition 
(H,a + a,^ + aj7)' = 0, 

hj which the expression (f<] for the resultant moment can l>e written 
\'^ + ti*+<? = — '(-ainiii- jCoaul 






vV-* 



j' + V. 



i« independent of the direction -coainoa. 
17. Examine, in detail, problem 3 for the particular case, where 



cosu; 
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18. Hhow, on roplaoing tho funotions/if/g,/, of formulae (20) by 

2ir 

/,=a,8in-j^ {vl-r), 

2ir 

/a=a,8lny (t^-r), 

2ir 

/,=a,oo8Y (''<-»•). 

that the primary oloctric wave is represented by the moments 

-^1 or /^ . av oi*i»« a COSW 

^» = n«[ai(/ir» + 7«)-a./i/9] -- -w'ojav ^-, 

yy = w'[a,(a«4-7')-aia/3) y -n^t^y-—, 

j/= -n«7(rt,a + rtj/3)-^ + ««a3(o9 + /3«) -- 
the secondary electrio wave by tho moments 

j' ^ - 3»irt,/97 •*","? + n[2a5 - 3a,(a» + r') + 3a,a/9] ^. 

and tho magnetic wave by the moments 

- • (a,/9 cos w - ay7 sin w) + ^(037 COSW + 03/9 sin w) L 

6= I' (a,a cos w - OjV sin w) + , (a,7 cos <«» + a^a sm w) 

f = ^f P^ («i/9 •• tiga) sin w - ^ (a,itf - a^a) cos wj. 

19. Show that for the electromagnetic waves of Ex. 18 the analytic relation 
holds 

or tho resultant electric and magnetic moments are always at right angles to each 
other. 

20. Show that the primary (electric) oscillations of Ex. 18 take place in planes 
that are at right angles to tho direction of propagation, and that the angle 
between the vector y^ of any clement of tho secondary (electric) oscillations of the 
same and tho direction of propagation is for the particular case, where ai = a) = 03, 
determined by tho formula 

,^tif ^. 4[-78inw + (a-li3)co«wp 

V«» ^i ( I + ayi) 8m«j^ ^ x^y sin 0, cos w -H [2 -H tta/:i -H .S (a* + /f»)] cosV 

or in |K)larH 

, . S [ »in »in $ sin w -h (cos 4> -t sin cos 0) cos wp 

cos (/„ •*) - 2a + a sinV ain**') »»"*« + « »>" 2^* sin ^ sin 2w 

+ 2[2 + 3(oosV + "in 20 cos + sinV co8*(^)) cos«w. 



a 
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21. Show that there is no vector, along which the magnetic moments of Ex. 18 
vanish, provided Os^O ; and that for 03=0 they vanish along the vectors 

along which the electric moments assume the form 

cos <a ^ sin u; 



and 



cos it> ^ sin u; 



Z,=0. {D=h) 

22. Ebcamine, in detail, the electromagnetic waves of Ex. IS for the particalar 
case, where 03=0. 





CHAPTER III. 

LINEARLY, CIRCULARLY, Am) ELLIPTICALLY POLARIZED 
OSCILLATIONS; GENERAL PROBLEM OF ELLIPTICALLY 
POLARIZED ELECTROMAGNETIC OSCILLATIONS. 



Different EindB of Light. — In the foregoing chapters wo have 
examined certain periodic: oscillatione of the ether without attempting 
to identify tbem directly with what we call "light"; still, we recog- 
nize, if light is to be regarded as an electromagnetic phenomenon, it 
has already been identified with that periodic stale of the ether, where 
two kinds of transverse oscillations, known as the electric and magnetic, 
which are closely allied to each other (cf. Chapter II.), are taking place 
(at right angles to each other). Whether the light-wave is to be 
regarded as a particular kind* of eUdric or tnagnelk disturbance is a 
matter of little coiiseiiuence. Likewise, no attempt was made in 
Chapters I. and II. to discriminate between the different kinds of 
light. The first distinction to he made is that between ordinary 
and so-called "polarized" light. 

Polarized Light. — A ray of light is termed "polarized" when its 
behaviour is not one and the same round its direction of propagation, 
circularly polarized light excepted t ; the (extraordinary) ray that 
emerges from a plate of tourmaline and passes through a second such 
plate is known to vary in intensity, as we rotate the latter (plate) round 
llio ray (it« direction of propagation) ; the ray emerging from the first 
plate is thus termed " polarizotl." Or, to express ourselves analytically, 
we call a ray " polarized " when its wave-front elements describe similar 
and similarly situated paths (during given finlt* intervals); if the paths 

* OBciUatiom ot very aliort wave-lengtha, thoBe of light waves. 

tAItholigh circuliirly polarized light cxhjliita the same properties round it« 
(lirectioti of propagation, it differs materially from ordinwy light, bs Chapter VIII. 
on the behaviour of light in cryetalg will nhow. 
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■dttcriberl tire parallel straight linos, the ray is termed " linearly " 
i|ioliirizcd ; if the given paths are Bimilar and similarly situated ellipses 
r circles, the ray Je then said to be "elliptically " or "circularly" 
' polarized. 

One of the simplest kinds of linearly polarized oBcitlations or waves 
can be represent«d by equations of the form 






r (•'-■'), ■ 



,.(!) 



which represents an infinite snccession of similar changes or vibrations 
1 given (the fj-) plane. Equations of this form may be used to 
1 represent lineui-ly polarized light 

Ordinary Light. — When the behaviour of a ray is one and the same 

llound its direction of propagation, or, more strictly, v/hen the particles 

K^r elements of iM wave-front describe quite ai'bitrary paths or similar 

kand similarly situated paths for only infinitely short intervals, the ray 

i-i(light) is termer! "ordinary." We ean thus imagine any particle of an 

mtordinary light ray as oscillating for an infinit«ly short time in any 

*-given path, for example, in a straight line, in the next interval in 

another path, a fiat ellipse, then in a circle, and so on, and assume the 

number of such changes in polarization during the (finite) interval 

required for light to impart an impression on the retina of the eye to 

be ao large that the mean of the displacements in any and every 

BCtion (at right angles to the direction of propagation) during that 

bitenal becomes approximately one and the same. This conception of 

dinary light not only explains the empirical fact that a ray of 

inary light shows one and the same behaviour round its direction 

W<t propagation, but it also agrees with the observations made by 

Michelson,* that a change of polanmtion is possible after the elapse of 

540,000 vibrations, which would correspond to thousands of changes in 

polarization during the interval required for an rmpression of light on 

the retina of the eye. Moreover, the given conception will euaTile us 

to explain certain empirical laws on the interference of polarized and 

ordinary light (ef. Chapter IV.). 

Homogeneous waves arc those of one and the same wave-length (colour) 
or period of oscillation and htteroffentovs those of different wave-lengths 
(colours) or periods of oscillation ; when the different wave-lengths are 
equally represented in the given wa\'e8, we have waves of so-called 
"while" light. 

Plane of Polarization.^ The methods for obtaining polarized from 
dinary light are familiar to us all ; of these that by reflection is of 

JniirnaJ of Snraet, vol. xxnW. p.427, 1887. 
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spwial iiuerest on account of the terminology used. We know, 
namely from exporimenl, that there is one angle of incidence, the 
ao-called " angle of polarization " or the " polarizing angle," for which 
ordinary light upon falling on certain bodies, aa a glass minor, is 
reflected as linearly polarized light. If we now let this lineitrly 
polarized light fall at the polarizing angle upon a second mirror, the 
intensity of the reflected light will he found tfj depend upon the angle 
the plane of incidence chosen makes with the first plane of incidence ; 
namely the smaller this atigle the greater the intensity, and the 
nearer this angle approaches a right angle the smaller the intensity. 
That particular plane of incidence, in which the light is most copiously 
reflected, is now known as the " plane of polai-ization " ; this plane 
is evidently the plane of incidence or reflection of the polarizing 
surface or first mirror. Since now the oscillationa reflected from 
the polarizing surface or the first mirror evidently take place in 
some particular plane, as an examination of them hy the polariscope 
will show, it is natural to assume some characteristic plane as plane 
of oscillation ; this would naturally bo either the plane of polarization 
or that at right angles to it. In the elastic theory of light it is a 
pure matter of taste, which of these planes be chosen as plane of 
oscillation ; Presnel assumes that the light oscillations take place 
at right angles to the plane of polarization, and Neumann in 
the plane of polarization. In this respect the electromagnetic 
theory of light diflera materially from the elastic ; the former 
demands two just such characteristic planes (at right angles lo 
each other), the one for the electric and the other for the magnetic 
oscillations ; which one of these, the plane of polarization or that at 
right angles to it, be the plane of (electric) oscillation, is also 
apparently a matter of choice ; this is not, however, the case, as 
the chapter on the behaviour of light in crystals will show ; 
we shall And, namely, that the electric oscillations take place 
at right iiiigles lo and the magnetic ones in the plane of polar- 
ization. 

EllipticaUy Polarized Oscillationa. — We know from experiment that 
it is possible to obtain other kinds of polarized light than the linearly 
polarized, also that the most general form of polarization is the 
elliptic. This suggests the supposition, that an elliptically polarized 
oscillation be identical to two linearly polarized oscillations of the 
same period of oscillation, hut of different amplitudes and phases, 
that are taking place at right angles to each other ; this is only 
another or somewhat more gencml form of the principle of the resolu- 
tion and composition of forees or displacements. Let us examine 
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; the resultant of two such oscillations, for example, the two rectangiili 
* (linearly polarized) periodic oscillatione 

3- = «,sinn[r(-{; + 8,)] _^ "j 

,/ = «,sin»[rf-(. + 5,)] (« = x)j 

their planes of oscillation being the xz- and y^-plaiies, and the direction 
of propagation the i-axia, where Sj - S^ denotes their difference in 
phase. To find the path described by any element under the simul- 
taneous action of these two displacements (oscillations), wc must 
I eliminate the time ( from the two equations (2). For this purpose 
we write the same explicitly 

x=a^ Bin n(vl - 3)co8 nSj - a, cob n(vt - ;) sin v&^ 
y = Uj sin n{vl - z) cos nS^ - a^ cos n{fl - :) sin nS^ ; 
which give 



— cos nS., - 



-oo3n(r(-;)8inn(5i -8^) 



f and — sin 7i5j ^ il sin nS, 

I a, Oj 

and these, squared and added. 



n{vl-z)emn(S^-S^): 



««(S,-S,) = 



h~K).. 



..(3) 



This is the equation of an elliptic cylinder (cf. Ex. 22), whose 
infinitely long axis is the ?-axis. The path of oscillation of any 
particle of the wave represented by formulae (2) is evidently the 
ellipse intersected by this cylinder on the plane : = a, where a denotes 
the distance of that particle from the origin. It thus follows that 
two linearly polarized oscillations of the form (2) compound to an 
elliptically polarized oscillation. 

Hode of Propagation of Elliptic OscillatiouB. — To form a conception 
of an elliptically polarized wave, we choose its direction of propagation 
as axis of an elliptic cylinder, and imagine a wire wound loosely round 
that cylinder; the spiral described by the wire would represent an 
elliptically polarized wave at any given time, and the uniform dis- 

» placement of that spiral along the surface of the cylinder in the 
'direction of its axis, the manner in which that wave were propagated. 
For a circularly polarized wave the elliptic cylinder would have to be 
replaced by a circular one. 

Oircularly Polarized OaciUations. — Let us examine the analytic 
equation (3). That the oscillation (polarization) (3) be circular, the 
[ following conditions must evidently Ikj satisfied : 
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or the amplitudes of the given oseillations (2) are the same, and 
cosn(Sj-Sj) = 0, hence ^(8^-82) = ^ or -jt-, 



or, since 



27r . . A 3A 
n = ^, 5i-62 = 7 or ^, 



or the oscillations differ in phase by quarter of a wave-length. 
We must, however, discriminate here between the two cases 

Sj - So = - and ^1 - ^2 ~ X ' 

in the former the circularly polarized oscillations are evidently repre 
sented by equations of the form 

x — a sin n \yt - (-? + 8^)], 
// = rtsinn vt- (^ + ^1-7) = a cos n [v< - (^ + S^)], 
and in the latter by x = a sin n [vt -{z-^- 8j)], 

j/ = asin7i vt-iz'\-\-~\ = - aco^n\yt - {z^-^^)]. 




Fio. 8. 

Bight and Left-handed Circular (EUiiitic) Oscillations. — The differ- 
ence l)ctween the two al)ove circular oscillations or waves ])ecomes 
apparent upon the determination of their so-called "azimuths"; the 
azimuth is the angle <^ (cf. the above figure), which the vector from 
the position of rest of any given element (particle) to any point of 
the path described by the same makes with any such fixed vector, 
as the //-axis. Let us denote the azimuths of the two oscillations in 
question by 4*\ ^^^ ^2 respectively, measuring the same from the 
y-axis, as indicated in figure 8; we have then 

X 

</>! = arctan - = n\yt-{z-\- 5^)], <f>2= -^ \y^ - (-5 + 5j)]. 

if 
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Aa I increases, i^j iticreaaes and 0^ decreases. For au observer at any 
point on the positive ;-axi8, along which the given waves are advancing, 
^, is thus rotating from right to left and {/tj from left to light ; the 
former is, therefore, known aa a " left-handed " and the latter as a 
" right-handed " circular oscillation. The same distinction is, of course, 
to be made between the elliptic oscillations. 
Lineatly Folaiized OBciUations.— That the resultant of two rect- 



angular linear oscillations remain lin 
must evidently vanish ; that is, 



B formulii (3) reduces t< 



n7i(8,-3j) of formula (3) 



I 



respectively ; which are the equations of straight lines. 

The component rectangular oscillations sought are, therefore, 
^ = fl,sin«H-(. + 5,)], 
!/ = a^nBn[ii-lz + &^)], for S^-Sj-O, 

and x= -((isinn[r(-(:4-4)]. 

y = ttjSin .(. [vl -{z + 6,1], for S, - 3„ = ^ ; 



hence 






or the azimuth is constant, that is, the resultant oscillation is linear 
in both cases, X 

S,-8a = and ^. 

The resultant amplitude is in both cases 

Jx^ ■^f = Jf,;^ ^a,- sin 11 [ft - (-- + S J]. 
The Elliptic Polarization the most general, ^\Ve have seen on 
I pp. 74-75 that two rectangular oscillations of the form (2) compound to 
I an elliptic oscillation. Let us next show that the path described by any 
I particle under the simultaneous action of three rectangular (linear) 
[.periodic oscillations of different amplitudes and phases, but of the 
a period of oscillation, is an ellipse, that is, that the most general 
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form of polarization, obtained from the composition of rectangular 

(linear) oscillations, is the elliptic. Three such rectangular oscillations 

are 

X = a^sin n{vt - S^y 

y = a^6mn{rt - 8^) . (4) 

To determine the path described by any particle under the simul- 
taneous action of these three oscillations, we must eliminate the 
time i from the same. We first \vTite the given expressions (4) 
explicitly, namely, 

a; = ttj sin nvt cos nB^ - a^ cos nvt sin nSj' 

y = agsin nvt cos nS^ - a^cos nt?/ sin n^j "> i^^) 

z = fljsin nvt cos nSj - ajcos nvt sin nS^. 

multiply the first by «^"^(^2-^8\ the second by ^^^^(^g-^i) and the 



a. 



a.. 



;...(5) 



third by ^-i ^, add, and we have 

sin 11(8^-83) ^ , sin 71(83 ~^^) sinn(Si - Sg) 

(Xj flg «g 

= (sin nv/ cos n8j - cos nt;< sin nS^) (sin nS^cos n8g - cos nS^sin n8g) 
+ (sin nvt cos n^S^ - cos nvt sin nSg) (sin nSjCOS nS^ - cos nSjSin n8j) 
+ (sin nvt cos nSj - cos nvt sin 7183) (sin nS^ cos nS^ - cos nSj sin riSj) 
= 

that is, since a linear equation holds between the three variables a;, y, 2r, 
the path of oscillation of the given particle will lie in a plane, the 
one determined by that (linear) equation. 

To determine the path described in the plane of oscillation (5), we 
seek relations between the different pairs of the three variables, x, y, z, 
which will give the projections of the path of oscillation on the 
coordinate-planes. 

The first two equations (4a) give 

sinnSo siuTiS, . . . ,« -, . 
^ X ^ y = - sm nvt sin n(Oj - o^) 



(l^ 



IL 



and 



cos 7185 cos 7^8. . . .-, 5, . 

— ^x ^y= - cos 7it;/sin 71(8^-82); 



and these, squared and added. 



^ + ^, - 2 cos «(«, - 8,) ;^ = 8in^(6, - 8,), 



a^a2 



fith similar equations in x, z, and y, z, which is the equation of an 
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' ellipse (cf. Ex. 23 at end of chapter). The prtiiectiwis of the path of 
oscillation on the coordinate planes nre, therefore, ellipses, that is, the 
path of oscillation itself is an ellipse (in the plane of oscillation (5) ). 
The rectangiilar OBcillatious (-1) thus represent an elliptic oscillation, 
iind hence conversely the elliptic oscillation (polarization) is the 
most general form of oscillation (polarization), as maintained above. 

The Electromi^netic W&Tes of Chapter n.— The oscillations just 
examined represent fimdiiraental types of polarized wave-motion ; they 
are, in the strictest sense, polarized oacillations. Electromagnetic 
waves, like light waves, may be either polarized or not; those 
examined in the preceding chapter are not, strictly speaking, polarized, 
except at infinite distance from their source. At greater distances 
from its som-ce any such electromagnetic wave or ray may now 
be regarded as polarized, since the paths described by the different 
elements of its wave-front remain approximately similar and similarly 
situated (during finite intervals). Although the disturbances treated 

IJD the preceding chapter are not, in the strictest sense, polarized, 
it U, nevertheless, of interest to examine the paths described by the 
vlemente of given rays of the same ; we shall find that they are 
linear. 
The primary (electric) oscillations of Problem 1, Chapter II., are 
represented by the moments 
; 
w 



I 



li--+r't'f y__'J3-t'f i,__'y_'t'f 

T dr"' ' /■ ilr- ' r i/r'^^ 

where D=\. To find the path rfescrilted by any element (at any 
given point), we eliminate the time i or ^~, from these formulae, and 
I ve have 

which is the equation of a straight line ; for different values of a, /J, y, 
the direction of this line evidently changes. 

The secondary (electric) oscillations of Problem t. Chapter II,, are 
y represented by the moments 

[which give X^:Y^:Z^^[2-Mli' + r')'\--3<ifi:3a.y, 

I that is, these oscillations take ploee along the lines determined by 

I this proportion. 

Similarly, we find that the primary and secondary (electric) oscilla- 
1 tions of Problems H and 3, Chapter II., also take place along lines 
kdetermined by similar proportions. 
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We olMerve that the owrillatioiiM examinecl in the piecMylin^ 
chapter all take place along «t might lineH; morefjver, tliat the 
direetioim of these lines of oitcilktion are functiofiM alone of the 
direction-coHines a, /i, y. In any region situated at a distance r fniiu 
the source of the disturJNince, tliat is large in eoiii{jarison to the 
dimensions of that region, the directions of «>scillation of the given 
wavos would, therefore, l>e approximately parallel ; that is, at any 
\^\i\\\ At considemhle distance from the source any lay or |>encil of 
rays oould 1hi regiinhMl as appniximately linearly i>olarize<l. We 
olmorvo, moreover, tluit the direction-cosines ap{)ear in the alxive 
oxpiH^iisions for the determirmtion of the din^^tions of oscilhition^ not 
in tho ttrst, luit in the second and thinl {>owers; this will evidently 
iHirivs|HUid to a more eom|)lete jiolari^ation in distant regions. 

More Oonaral Problem; EUiptically PoUurisad Electromagnetic 
OaoiUAtloili. A most general case of an ele(;tron)agnetic disturliance 
in elliptic |Niths ean lie o)>taine^l, if we somewhat generalize 
IM'ohloiu it of th() preeeiling elmpter ; let the auxiliary functions 
Vx ^\ ^/' Ih^ the same functions of the purely spherical wave- 
fuuotious «/ip (/i^, i/)jj lu in Prohlem .^ hut let the functions /j, /j, /,, 
whiuh dillered there from one anothtir only in amplitude, differ hero 
also in phase ; namely let 

/j = //, sin W| = ^j sin w [vt - (r + 6,) ] j 

/j, « rt.j sin <iijj - a^ sin n[vt - {r -^ fi^)] i (6) 

/y - tt^ sin w., - rtj, sin n [vt - (r + ^3) ]>' 

We n»place /p /y, /, liy these functions in fonnuhie (2K, II) for 
Ut Vi //', HUil we have 

/ ' - (/»yycu)su).j - //.^ieosoig) -H ., (/f.,y sin hk, - nji sin w^), 
V— - (<ijj«eosujj, - « j-ycos Wj) -i- ^ (a^a sin Wy - a^y sin (Uj), 

/r=^ . (<»|/^oos<Uj - (f.jueosui^) -H ^ ((i,/i sin Wj - a,,a sin Wo). 

We then replueo U^ l\ //'by those values in fonnulae (5, II), and 
we find 



•f ^ { |.'«i« I - ^i(/^ + y'*) I i'^^ *»>i + .H(i^a/i COS (o,j + 3<ig(iy ooa w^ } 



(T) 



r 



THK PRIMARY ELECTRIC WAVES. 81 



and aimilar expressions for Y and Z. Tbe different teiTiis of these 
expressions for the moments i-epresent simple waves; these waves 
evidently interfere with one another (cf. Chapter FV.), and may give 
rise to phenomena of interference. But here we are considering only 
the resultjints of those simple waves, the compound waves themselves, 
and not the phenomena due to the interference of the former. 

Electric and Magnetic Moments at j. to each other. — It is easy to 
show that the resultant electric moment -V, Y, Z of formulae (7) and 
the resultant moment u, h, e of the magnetic disturbance accompanying 
the given electric one always stand at right angles to each other (cf. 
Ex. 13). This ia the form which the law for linearly polarized oscilla- 
tions (cf. p. 64) assumes for elliptically polarized ones. 

The Primary Wave. — We conceive the path described by any 
•lement of any given wave-front of the disturbance represented by 
formulae (7) as the resultant of the paths described by that element 
due to the passage of the waves represented by the terms of the 
different orders of magnitude in \jr. We shall, first, examine the 
path described by any element due to the passage of the primary 
vave ; but, beforehand, let us call attention to a property of the 
primary wave that will be of service to us in the examination of the 
path described by any element of the same. 

The Vector X,, r,, Z, at ± to Direction of Propagation. — The 
primary (electric) wave is represented by the moments 

'*'.=7[«i(^ + >')«i"",-''a"^sina,,-a,aysin«,] "l 

^i = 7[''3K + y')«""«-«»^ysin<,-3-'.,a/3smt.,] i (8) 

^1 = 7 ["i.(«' + ^) si'« -a - "i"? sin «, - a^y sin <-,], (/) = 1 )J 
It is now evident from the form of these expressions that the 
resultant moment X,, P",, Z^ always stands at right angles to the 
direction of propagation of the wave represented by the same ; that 
u, the primary oscillations take place in planes at right angles to 
their direction of propagation. For replace A'[, l'„ Z^ by these 
Taluea in formula (23a, II) for the angle (J^*, r), and we find 

cos(/,, r)=0, hence {/,.t) = ^ 
(cf. also Ex. 17 at end of chapter). 

The Path of Oscillation. — To obtain the path described l>y any 
element of the primary wave represented by formulae (8), we must 

♦ This vector (moment) /, ia not to be confounded with the wave. function /, 

formulae (6). 
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eliminate the time ( from those equations (S) ; for this purpose we 
write the sumo in the explicit form 

'-^ — aj{^ + y=) [sin w {et - r) cob nS^ - cos n (vt - r) sin nfii] I 

-ajOj3[flinn(rf-r)ooBii8j-co8n(»/-r)8in7iBJ f' "*'» ' 
- fljay [ain n (irf - r) coa nSg - cob Ji {vt - r) sin nS^]] 
with similar expressions for Yj and ^j, and eliminate first the 
ainn(rf~c) and then the coan (vl-r) from any two of the same; 
the elimination of the former function from the first two equations 
gives 

^,'^J-^, ^=(J,fij-.^aB,)cosT, (10) 

where A^=a■^(^ + y^) cos mB, - a^^ a 

.^., = (l„(a2 + y*)cO8HSj-fljj97C0S w8j- " "HfnuiiR I' 

i/„ = (i,j(a'^ + y«) sin jiS, - ajiy sin nBg - 

and r^n{vl-T); (12) 

and the elimination of ctw«{D(-r) from the same two equations 

■B.^--Bi^'-(-<A--<A)™' (13) 

We, next, eliminate the function t from equations (10) and (13) ; for 
this purpose we square the same, add, and wc have 

(^/+B3=)'^--2(^,^, + £iB3):^!^%(J,2 + B,s)^' 

= (A^}h.-A^B^y (H) 

Upon evaluating the coetficieiita of this equation, wo find 
A^ + Bj* = a,>a»^ + a^^{a^ + yif + a^^fi^ 

- 2<l,(Ija/3(a« + yS)co8 rt(8, - 6j) + 2a^<l^a|i^ cos Ji(3, - fi,) 
-2a2<i3^7(a« + >=)co8n(Sj-Sg) 

- 2airtja/3(jS» + >=)coBn(Si - S^) - 2ttiUB«T(/J' + /0coa«(S, - 8^) 
+ 2afya^fiycosn(S^-$^) 

A^A^ + S^Bj = - o,=a^(^+ 7=) - aj V{»- + v') + "a'-Z^y' 

+ fl,nj(2«»/3' + /)co8n(S,-S,> + o,Oj^y(2a^-i)cos«(3,-3,) 
+ a^^ay{2l3^- I)cosn(Sj- fig) 
nd (A,B, - A,B,r^[ - a,n,r-Bm «(B, - S,) + a,aJ3y sin «(5, - 5,) 
-.VWain«(S,-5,)f J 
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Equation (14) is that of a cylindrical surface parallel to the 2-axi3, 
It will thus suffice to iletermine the curve intersected by the same 
on the xy-plaiie. 

The Oonic (14) an Ellipse. — As equation (14) is of the second degree, 
the corresponding cur\'e will be a conic. To detfirmine the particular 
conic in question, we make use of the well-known properties peculiar 
to the same. The general equation of a conic can be written 

Ax^+2Bxg + Cf + 2I)^ + -2Ei/ + F=0 (16) 

Upon comparing equation (14) with this one, we observe that the 
coefficients j4, B, ... of the former assume hero the particular form 

A^{AJ + B^^)^^, B=-{A.A., + B,S.)-. 
C-(^,' + JJ,2)-;, D = E^O, F^ -{A^B^-A^B^y- 
We, first, evaluate the determinates 
_\AB 



1 



~\BC\ 



\ABl>\ 
'\BCFA 

\def\ 



rf the given conic (14) : we replace here A, B, ... by their values (17), 
and we have 

n = [(A.^-\■B.^^)'--{A^A..-^-B^B^)^']-^^^^B^-A^B^Y-^ 
and A=(AC-B-)F^aF= -iA^B,-A^B^)*^^■, 

hence a>0 and i<0, (18) 

except in the particular case where 

A^B^ = A.B^ (19) 

The conditions (18) do not suffice for the determination of the 
conic in question ; we must also know the value or sign of the quotient 

j--^urBy.' '"" a'"- <™' 

V except where A^Bj^A^Bj. 

Equation (14) is now determined uniquely as that of an ellipse by 
the conditions (18) and (20). 

The Puticnlar Caae A^B^ = A.,B^ ; here the determinates o and A 
vanish, and the conic in question is determined by the values of the 

El A and C and the determinates 
■m 



I 



'Ttilt determinate a is Dot to be ooofounded with the direction-coalne a. 
i Thege detemiiDatea are not to bo coiifoun<led with the direction- c<ia\a« 



hence 
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We replace here Ay By ... by their values (17) and (19), and we 
have 

^=(^2' + A/)g>0, 6' = (^,2 + i^^2)^^>0, 

and /J = y = 0; 

by which conditions equation (14), where A^B^^^A^B^, is determined 

as that of a double straight line. To confirm this, replace A^ by 

A B 
its value ^ ^ from formula (19) in equation (14), and we have 

{b,^-B,^)' = (21) 

It thus follows that the cylinder represented by equation (14) 
intersects the a?y-plane in an ellipse, except, where -^iJ?2 = -^2^i» ^^on 
the given ellipse contracts to a double straight line. 

To interpret the condition (19), we recall the last of formulae (15), 
by which we can write the same in the form 

did^y^ sin n(Sj - Sg) - ^^i^si^y sin n (8j - 83) + a.f>^ay sin 11(62 - 83) = 0. (22) 

This can be replaced by the two conditions 

y = 
or 

a^a^y sin n(8i - So) - a^a^ sin n (Sj - 83) + ag^ga sin n (Sg - 63) = 0. (22a) 

The aiy-plane is defined by the former, and a plane, passing through 
the origin and making angles with the coordinate-axes, that are deter- 
mined as functions of the quantities a^ a^ a^ and 6^, 6^, 63, which are 
given, by the latter condition (cf. Ex. 12). 

Path of Oscillation determined by Intersection of Elliptic Cylinders ; 
Primary Wave Elliptically Polarized. — Equation (14) determines the 
path of any element, set in oscillation by the passage of the given 
primary (electric) wave, with regard to the x and y axes ; that is, the 
path sought lies on the elliptic cylinder defined by this equation. To 
determine the path described on this cylinder (14) by the given 
element, we must evidently seek a second equation, in Xj, Z^ or Fp Zj, 
which represents a surface, upon which the given path also lies. This 
equation is derived in a similar manner to the one above (14) and is 
evidently also similar to it in form. The intersection of the two 
cylinders represented by these equations gives then the path (in space), 
A]ong which the given element is oscillating. 
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Thi! (Kiuation in A'j, 2j Birailur to (14) is evideiitlj' 

= {AjBs-.4tB,)\ (23) 



-■Jj = a^(a.^ + 13'^) COB jii'g - a jay COS nS, - a^fiy cos nfijl 



...(24) 



^s=''3("^ + i^)^'" »Bj - ttjoy sin nSj -<i^ysinn< 
.Surfaces of tho second degree iiilersect, in general, in a curve of 
che fourth degree. We have now seen on p. HI that the given 
oHcillations take place in planes that are at right angles to the 
direction of propagation. The elliptic cylinders represented by 
e<iualion8 (14) and (23) must thus intersect in a curve that lies in a 
plane. A more thorough examination of the form of these elliptic 
cylinders, the relative position of their principal axes to each other 
an<t the lengths of the same (cf. Exs. 20, 31, 23, and 24), shows that 
they intersect in a curve thai lies in two given planes or better in 
two curves, the one lying in the one and the other in the other plane. 
Since now an elliptic cylinder and a plane, for example the plane, in 
which one of these curves hes, intersect in an ellipse (pi'ovideJ, of 
course, they intersect), the given cylinders will evidently also intersect 
in (two) ellipses. Of these two cltipaes that one determines the path 
of oscillation of the given element, which lies in the plane that ia at 
right angles to the direction of propagation ; it can also be determined 
«s follows: the e<|uation in }*„ ^, similar to equations (14) and (23) 
represents an elliptic cylinder parallel to the r-axis, which intersect* 
either of tho other two elliptic cylinders (H) or (23), for example 
the former, in two ellipses, each lying in a plane ; of these two ellipses 
one and only one is identical to one of the above two ellipses, the 
intersections of the elliptic cylinders (14) and (23), and that ellipse is 
evidently the one sought or that of oscillation of the given particle or 
elemciil. The given primary electric wa\e is thus clliptically polarized. 
Tlio Secondary Wave ; Determination of the Angle (y^ r). — Let us, 
nest, determine the path descril>ed by any ether-element upon the 
passago of the secondary electric wave, represented by the momenta 
Aj, Kg, Z^ of formulae (7). For this purpose we, first, determine the 
angle (/j, r), which the vector /„* from tho position of rest of that 
element to its position at any time t makes with the direction of pro- 
pagation of tho wave, to which that element belongs. By formula 
{23a, II) the angle (/^ r) is given by the formula 

* Thi» vector /j if not lo W .onfomiili-il with llio WHve.fimction/. of foiiniiliiB (0), 
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where A'j, i'j, Z^ are to l>o replaced by their viihies 

r^ = ^ { [2a, - 3ffl,(a« + 7»)] cos ojj + Sajja-j- cos wg + .1a,a^ cos o)i j 
Z.. = " ([2as - 3a,(tt« -t- fP)] cos ti, + 3«,ay cob w, + Sa^jSy cos tuj 
(cf. formulae (7)). We thus find 
cos(/„r) = 



r COS [f.2, r, 





2(«,aCOBu^+«,^COfl<., + «,YC0. 


!-,) 


J"r 


■(1 + 3ni')coB^m, + a^'{\ + 3f}i)ooa'i^ 






+ aj'( I + Sy') cos'tu, + 6 {iifU^ali cos lu, cos wj 




+ ((,a3<.y cos u., cos uig + d^-t^y co; 

2(«,aCOSa,,+n.SeOB^, + <7„>CM 




V«r 


cos'w, + a^^cm^'o.j + u,-cob-i«3 





,,.(26) 



, (Ma) 
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The Vector A'^ J'^, Z^ rotates in a Plane. — At any given point 
(a, P, y) cos (/j, r) IB evidently a function of the time I only. Is now 
this expression for cos (/'^ r) such a function of t that as t varies the 
vector /j rotates in one and the same plane, like the vector /, of any 
element of the primary wave represented by formtilao (8) 1 If this 
be the cose, there must then evidently bo a line n passing through 
the position of rest of the given element, for which coh(/j,w) = for 
all values of I. On the other hand, if this condition can be satinfied, 
such a line n must exist and, conversely, the direction of the same 
thereby be determined. 

If the line « exist, then cos (/^, ii) must vanish for ujj values of /. 
We write cos (/j, n) in the familiar form 
COB (J.,, n) - cos (/„, x) COB (h, x) 

+ coB(/j,y)co8(w, j() + cob(/^ z)coB{n, z), 

replace the cosines (^ x), (/^ y), and (/j, :) by ^, ^. and |» 
rsspectively, and wo have •'^ ■'' •'* 

- .Y.coafn, t) + r,cosf», i,) + ^ ^c osfn. .-) 

COS)/,, ,= ^.^ 

That this expression vanish, we must have 

XjC08(»,i)+ }'„cos(n, '/) + 7jCos(7(, r) = 0. 
lieplace here A'^, I'j, Z.^ by their values (35), and we find, upon 
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i functions of the angle ii(i'( -r) and the 
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expanding the cc 

(cf. formulae (6)), 

[A -00, n(vt - r) + B.'sin ,.{vt - r)] co«{«, 4 
+ [A.^KOS n{vt -r) + BjSmH{vt - r)] cos(n, y) 
+ [.^gCOB7i(«(-r) + 5,'«nji(o(-r)]cos(n,;) = 0, 

[2o, - 3a, (P'+y-)] cob nS^ + 3a^;8 cob itSj + Sa^ay cos JiSg"! 
[2a, - 3<i,(^' + y^)] sin j»a, + Srtga^ sin tiS, + Sojoy sin itSj 
[2rtj - 3a2(a= + yS)] cos n5j + 3iig;8y cos «8j + 3(i,o/3 cos «5, 1 
[203 - 3ag(a» + y^)] ain nS^ + Sajiy ain nS, + 3(»,a/3 sin nS, 1 ' ' * * 
[2a, - 3ftj,(a'' + ^)] cos Ji5, + 3i(,a-)' cos nS^ + Mj3y cos wBj 
[2a, - 3a,(o» + jtP)] ain «Sg + Sajoy sin n&^ + 3!ij/3y ain nS^J 
or [^,'coa(«, 3;) + .^j'eo8(n,y) + j^3'eoa{n, s)]co8»(ri-r) 

+ [5i'cos(7i, T) + Bj'coB(n, y) + B^<io»{n, z)] ain w(i»i - r) = 0. 
That this equation hold for all values of t, the coefficients of 
oo8n(rf-r) and ain«(u/-r) must evidently vanish; that is, we must 
have 

.,i,'coa(w, x) + A^cos{n, y) + A^co%(n, z) = 
Kid B,'coa{n, *) + B3'cos{», t/) + B^cot(ii, a) = 

These two equations eaii evidently always be satisfied, provi<led the 
eoaines {n, z), (w, y), and (n, z) be so ohoaen that they ai-o determined 
\ty the Bame and the analytic relation 

cos>,:t) + coa*(«,j/) + cosi'(n,.-} = l (29) 

On the other hand, these three equations suffice for the unique 
determination of the direction of the line n. 

Detflmunation of Normal to Plane of OBCillatioa. — Upon eliminating 
coa(ft,z) and co8(n, y) from equations (2M) and (29), we find the fol- 
lowing expression for eos-'(n, ::) : 
^„^ ^^_ AC-(A^B^-A^B^f 
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To express these direction-cosines in terms of the given quantities 
^i> ^2» ^8 *^^ ^i> ^2> ^8 ^^^ ^^® direction-cosines a, )9, y of the vector r, 
we must, first, evaluate the three expressions 

A{B,' - A,'B,\ A^B; - A^B^ and A^B{ - A{B^ ; 

by formulae (27) we find 

a^b^-a^b; 

= a^a2{2 - Sy^) gin nfijg + ^<^i^ffiy sin nS^g - Sag^s'^y sin n823 

= a2a3(2 - 3a-) sin n^^z ~ So^ajay sin n^^g + Sa^a^a/S sin »6jg V /^^ \ 

= - aia3(2 - 3^2) gjn |^g^^ _ 3a^^a/i sin nSgg - Sa^a^fiy sin nS^^ 
where S^g = Sj - Sj' ^is = ^i " ^8 and 833 = 52-83 

Replace the given expressions by these in formulae (30), and we find 

cos2(w, z) 

_ [^2^8 ('^ " ^^^^ ^^" ^23 " 3a|a2 °^y sin nS^^ + Sa^a^a/3>^ sin n^^^]^ ^ 
" a^^a^^(^ - 3y-2) sin-^ n^^^ + (hW^^ " 3)6r^) sin^nS^g"" 

+ c^2^z(^ - 3a'^) sin^ nSgg -f- 6aja2a3(a|^ysin nSjg sin 718^3 

~ ttgtty sin n8j2 sin 71^23 -f- a3a^ sin n^jj sin 71^23) 

_ [^2^8 (^ " ^**^) ^^^ ^28 ~ Sa^ttgay sin w^^j + Sa^rf^a^ sin wSjg]^ 

- 3(aia2y sin wSjj - o,i(i^ sin n8jg + a2aga sin ri^^zf 
cos2(r?, y) 

_ [ ~ ^1^3(2 - ^P^) sin w5jg - SfTgOsflt^sin 71^28 *" 3rt,rtoiSy8inn5^2P 

"4(a,V + <V + «2V) ^ "~ 

- 3 (aia2y sin w^jg ~ <*i<*8i^ sin nS^g + Ogaga sin nSgj)^ 

cos2(n, 5:) 

_ [01^2(2 - 3y2) sin n\^ + 3a^rtg/?y sin r?8^g - Saga^ay sin n^^ 

"4(^>7+7«;V + a2V) ' " " 

- 3 (ajfltgy sin 7i3j2 - a^a^ sin TiSjg + a,f,^a sin 71^23)2 / 

It thus follows that there is a fixed line n, passing through the 
position of rest of the given oscillating element, and with which the 
vector /j always makes a right angle ; the direction-cosines of that line 
are given by formulae (32). The given secondary (electric) oscillations, 
like the primary ones, which they are accompanying, thus take place 
in planes (cf. also Ex. 16 at end of chapter) ; these planes of oscillation 
do not, however, in general, stand at right angles to the direction of 
propagation of the waves, as was the case with the primary oscillations, 
but they make angles with the same, which vary from point to point 
and for different values of the quantities dj, a^ a^ and 8j, 82, 83. For 



,. ...(32) 
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another proof of the above, namely that the given oaoillariona take 
place in planes, see Ex. 16 at end of chapter, where the equation of 
those planes is deteiitiined. 

Begioiu in which tlie Secondary OBcUI&tions take place at ± to 
Direction of Propagation, —We have just seen that the secondary 
electric oscillations t.akc place in planes that do not, in general, stand 
at right angles to the direction of propagation. Are there now 
vectors n, fi, y, along which the Hecondary wave is propagated in planes, 
that stand at right angles to its direction of propagation I and, if there 
be such vectors, let us determine the same. That the given oacillationa 
take place in planes that stand at right angles to the direction of 
propagation, cos{/j, c) must vanish for ail values of /; that is, the 
following relation must evidently hold between the direction-cosines 
■ought and the given quantities a,, a^ a^ and S,, Sj, S^ for all values of I : 

ll-^a cos ui, + a^ cos g., + ((,> cos u>^ = 
(of. formula 36)), or explicitly 

«,a[coa n(i'( - r) cos «Si + sin n{vl-r) sin nfij] 
+a2j8[coB n{vt - r) cos nS^ + sin n{vt - r) sin nSJ 
+ (igY [cos n{iit-T) cos «(5j + ain n{ri - r) sin nS^] = 0. 
That this equation hold for all values of t, the coefficients of 
coan(ri-r) and 8in?i(ri-r) must evidently vanish; that is, the two 
equations „_„ ^^ „g^ + ^ ^^^ ^^ + „^y ^os nS^ = 

and ll^a sin no, + a^P sin nS, + n^y gin »Sj = 

must be satisfied, and also the analytic condition between the direc- 
tion-cosines a'' + B^ + y'^ = \. 

We have here three equations for the determination of the three 
quantities (a, (i, y) sought; the former can, therefore, be satisfied, 
provided the latter be determined thereby. The first two equations 
P^e „^sinnSi2= -«3ysin«5,g, 

the last two 

(n^ ain nS^ -t- ti^y sin itS^)'^ + .',^(^ + y-) sin'^nfij = -f-,^ sin-' nS„ 
liad the elimination of p from these the following value for y : 

y= ±rt,(ij8inn5,sin7iB|j/'-i 
And hence jS = ± n^a^ sin »i8i sin nS^^F~' 
ud a= ±0jU3sinnS,sinjiSjjf-' 

where f = rij^"!^ Hin*na, + a^^ sin^nS^) 8in%5,2 

+ flsH"!* sin^nS, + a,«8in»nSj) sin^nS,, 
- 2iiJaMn n8„ ain n^, sin nS,, sin n^,. 



..(33) 
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Path of Oscillation. — To obtain the path described by any element 
of the given secondary (electric) wave in its plane of oscillation, which, 
as we have seen above, is thereby determined that its normal (n) is 
given by formulae (32), we must eliminate the time / from formulae (25), 
by which that wave is represented. For this purpose we write these 
formulae explicitly, expanding the cosw's as functions of the angle 
n{vt-r) and the nS's, as on p. 87, and we have 



X T^ 

-^— = A/ cos T + B,' sin t 
n ^ * 

K,r2 



n 



= A J cos T + Bo sin t 



(34) 



Zr2 

-^— = A J cos T + BJ sin t 

where A{, B^\ ... are given by formulae (27) and 

T = n(t;/-r). 
The first two equations (34) give 

71 



X r^ 

MA, 1 



n 



^(A^'B^'-A^'B{)co8T 



and 



r 1-2 Yr2 



n 



A' 



n 



(A^Bi' - A{B^) sin t ; 



and these, squared and added, the following quadratic equation 



in JTj, Fjj : 



(^^'2 + Bi^)^ - (2A{A; + B,'B,')^i^ + {A,'^ + ^/i!) ^ 



= (A,'B,'-A,'B,r 

Upon evaluating the coefficients of this equation, we find 
A^'-' + B^'^ = a^^[2 - 3(a2 + y2)]2 + 9a82^72 + 9aj2tt2^ 
+ 6a2a3[2 - 3(a2 + y2) j ^os n^gj + Qa^a^ap 
X [2 - 3(a2 + y2)] cog 1^^^ + ISai^ga^y COS nS^^ 
A^A^ + B^B^ = 3a,2a/3 [2 - 3(iS2 + ^2)] + 3^^2a^ [-2 - 3(a2 + y2)] 

+ ^oLpy^ - aia2(2 - 372 - 18a2jS2) cos nS^^ 

- 3a^a^y{l - 6a2) cos wS^, 

- Sa^^ay(l - 6/?2) cos nS^^ 

and ^/2 + J5^'2 = rtj2[2 - 3(/^ + 72)]2 4. 9a22a2^ + 9a32a272 

+ 6a^a^a/3[2 - 3{P'^ + 72)] cos nS^^ 
+ Ga^Ogay [2 - 3 (^ + 72) ] cos nS^^ 
+ lSa2a^a^l3y cos nSgg ; 

A^B^ - ^2-^1 ^ given by formulae (31). 



(35) 






...(36) 
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Equation (35) evidently represents a eyliiidrical surface parallel to 
the ^-axis. It is the same equation as that (14-) examined on pp. 
83, 84, differing only in the values of its coetlicionts. The cylindrical 
surfaoe represented by this equation is thus elliptical, except where 

(cf. p. 83) or upon the surface 

fl,ii,j(2-3)^)sinn8,2 + 3'i,a3/?7sin "5,3- 3(ij(ijaysinnS^ = (37) 

(cf. formulae (31)); in which particular case the elliptical cylinder 
contracts to a double piano ; that is, the ellipse, intersected on the 
iy-]>liiiie. fDntnicts t(i ;i (IouMl' Plniight line n|)on the surface (37). 

Path of Oscillation determined by Intersection of Elliptic Oylinden; 
Secondary Wave Elliptically Polarized. — ^E(]uation (35) determines the 
path of the given oscillating element with reganl to the x- and ^-axes 
only. As on pp. 84, 85, we roust also seek the equations in X^ Z^ or 
Ytf Z^ representing surfaces, upon which the given element also lies. 
The intersection of these surfaces will then determine the path 
described. The equations in X^ Z^ and Y^, Z^ are obtained in a 
similar manner to the one above (35) in A'j, i\ and are evidently also 
similar to the saroe in form, representing elliptic cylinders parallel 
to the y- and a'-axes respectively. 

Since now equation (35) and the two analogous ones in Xp Z^ and 
Kg, Z^ are the same equations as those (14), {2$), etc., already ex- 
amined, dift'ering only in the values of their coefficients, the results 
deduced on p. 85 for the latter will also hold here ; namely, since 
the secondary oscillations Xp V„, Z^ take place in planes, as we have 
Been above, the elliptic cylinders (35), etc., will intersect in curves 
that lie in planes, that is, in ellipses, and the oscillations them' 
selves will thus take place in elliptic paths. The primary and 
secondary waves, represented by the momenta ,Y,, Y■^, Z, of formulae 
(8) and X^ Y^ Z^ of formulae (25) respectively, and belonging to 
any given pencil, will thus be elliptically polarized : the only material 
difference between the paths of these two waves' is that the planes 
of oscillation of the former are always at right angles to the direction 
of propagation, whereas those of the latter make variable angleji with 

Confirmation that the Elliptic Cylinders intersect in Plane Closed 
Corves. — The conclusions drawn ou p. 85 and applied above to the 
secondary oscillations also, namely that tlie elliptic cylinders (14) 
and (23) and (35) and the analogous one in A',, Z^ intersect in plane 
ellipses, were founded on the fact that by the formula on p. 81 for 
cos {/j, r) and formnia (26) for coa (/j, r) the vectors /, and /.-, of any 
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oscillating element always made right angles either with the direction 
of propagation of the wave or with some fixed line n in space (cf. also 
Ex. 16 at end of chapter). That now the two elliptic cylinders (14) 
and (23) or (35) and the analogous one in JTj* ^2 ^^ ^2» ^2 intersect 
in two plane dosed curves — only closed curves would come into con- 
sideration as paths of oscillation — the cylinders themselves must 
evidently be of such dimensions that their breadths with regard to 
that coordinate axis, which stands at right angles to the plane passing 
through the two infinitely long axes of the given cylinders, be the 




Fig. 9. 



same ; for example, the breadth of the cylinder (35) with regard to 
the o^axis, which breadth we denote, as indicated in the annexed figure, 
by the distance a;/-x/, must be the same as that of the analogous 
cylinder in -^2^2 ^^^^ regard to the same axis (x), denoted by the 
distance «/ - xj, as in figure. Let us now confirm this proposition for 
the two cylinders X^V^ ^^^ X^^ whose intersection determines the 
path of the oscillating element of the given secondary wave at any 
point a, )8, 7, the origin of our coordinates JTo, Y^ Z^ X^ = Fj = Zg = 
being the position of rest of that element. For the proof of this pro- 
position for the cylinders (14) and (23), whose intersection determines 
\d path of any oscillating element of the primary wave, see Ex. 29. 
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To detennine the points -t,' and x,", where the tangents to the 
ellipse (35) that are parallel U) the y-axia intersect the x-axis (cf. the 
above figure), we first seek those values of 1\ of the given equation 
(35), for which A', ie a maxiinum and rainimuiu. For this purpose 
we first express X, as function of }\ -. we write the given equation 

<tXs^+hXJ'^ + cl\' + i! = (38) 

putting fl = (A'^ + £;«)^, b= -2{AjA^ + B,'B^')'^] 

" ■'" (39) 

<; = M,'^ + V)!-, <i= ~{A;B.:-A.:B^f J 

kmI we have 

-Y^^ -^±^J(ffl^iac)Yj^iad=J{i\) (40) 

The equation A^f{Y^) = fi (41) 

determines now, as we know, those values of Y., of the curve (38), for 
which A'j becomes a maximum and minintum. 

By formula (40) this equation (41) can be written 

which gives the following equation for the detenninatioD of Y^ : 

{b - iacyr^^ = js[(i* - 4rw) Kj^ - 4ad], 

hence } ,^ = .,.,- - , . . 

that is, the two values 

which of these values ia that, for which -Yj becomes a maximum or 
is evidently immaterial. 
We then determine those values of A'j, to which these values (42) 
jU r, belong, upon replacing Y^ by those values (42) in equation (38) 
Br better (40) ; we evidently have 

» 2ttVc(fc»-4M)~2uV c 

\\ (43) 

V *^ I ^ 1 /(6«-4rtc)rf 
^^ ~+2^Vc(6^-4«c)*3^V r^j 

that^is, two values for AV and two for A"^'. Of the two values for 
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X^ the one is evidently the minimum (of. figure 9) sought, whereas 
the other is that other or smaller value of Xg', which belongs to 
the same value Y^ of Y^ and together with the latter determines that 
point of the given ellipse, which we have marked in the above figure 
with a cross ( x ). To determine which of these two values for X^ 
is the value (minimum) sought, we must evidently compare the same 
with regard to their absolute values and choose the larger of the 
two. 
We have 






and 



'•{b^ - iac) 

Z 
1(6^ - iac) 



^2- 2ay c{b^ - iac) 2a V 
b^-'2ac [ 

= — ;^V( 



- iac)(l 



...(44) 



c(b^-iac) 

Let us now assume that the former of these expressions be the 
larger (in absolute value) of the two. The following inequality must 
then hold : 






J 



c{b^ - 4ac) 

— we take the squares of the given expressions, since we are 
comparing their absolute values — hence 

(62 - 2ac)2 



4c> 



d^c 



or 



4a2c2 > 6* - Ab^ac + 4a2c2 



or > b^b^ - iac). 

Replace here a, 6, c by their values (39), and we have 



.16 



> l6(A,'A^+B,'B^n{A,'A^ + B{B'f - {A,'^ + B,'-^){A^^+Bp)] L- 



n 



8 



.16 



or 



> - 16{A,'A,' + B-B'f{A^B' - A'B'f '-, ■ 



rv 



which is evidently always the case. 

The above assumption, namely that the minimum value of X2 be 
given by the former of the above expressions (44), namely 



^^-'4^ae (^^> 



is thus correct. 
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Similarly, we can show that the maximum value of A'^" ia given by 
I tilt expression 

3 "2a'V<!(i''-tac}'"2a'V c "Sib'-iac '' ' 

The breadth of the cylinder .VoKj with regard to the x-axie is now 
evidently determined by the absolute value of the difference between 
the maximum and minimum values of A'j, which ai'e gi^en by these 
formulae (45) and (46) ; we thus have 

l<-'.-|-*V»^s <") 

where the vertical lines denote that the absolute value of the given 
expression is to be taken. 

Similarly, we evidently find the following analogous expression for 
the breadth of the cylinder X^^ with regard to the i^axis : 

K-'-'l-Wr^f (") 

where a'.(^,'' + ^,")_'^„ I.'- - 3(,J,'^,' + i),'i,')pl 

r< " 1 (49) 

R«place abrd and a'b'c'd' by their values (39) and (49) in formulae 
(47) and (48), and wo find 

i'."-'.-|- V — ;» 

V 4 [(.<,■.•(,■ + B^B.y- - (,•/,'= + «,-')(^,'" + -S,'')] ~, 

• -'iJ'n- J'B'l / -(^/'t-B,'') ~ 

.y,i.A,B,-A,B,) ^J ,^.^.j,.j,. _ ■ ^ ,j^, _ j.,js, 

= ^V-^7*4-ifi'', (50) 

and similarly 

IV-VI- 5V"^,'' + -B,'>i (61) 

' that is, one and the same expression for the breadths of the given 
I cylinders with regard to the /-axis. 

The proposition stated on p. 92 is thus confirmed, and hence the 
conclusions drawn therefrom, which were founded on the same. 

For a further examination of the ellipses (14), (23), (35), etc., the 
determination of the angles, which their principal axes make ivith the 
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coordinate-axes, and of thu lengths of tliose {major ; 
see Exfl. 30-21 mid 25-25 (it und of diaptui-. 

The Magnetic Waves EUipticallsr Polarized in Planes at j. to 
Direction of Propagation. — The paths of oscillation of thu magnetiL' 
(primary and Bocondary) oacillalioiia are likewise determined by the inter- 
sections of elliptic cylinders (cf. Rxa. 10 and 1 1 at end of chupter). It is 
easy to show that those cylinders intersect in plant eUipses, and that the 
plaiies of oscillation of hoth the primary and the secondary oscillations 
stand at right angles to the direction of propagation. In this respect 
the secondary electric and the secondary magnetic oscillations differ 
from each other, the former taking place in pianos that make variable 
angles, not always 90°, with the direction of propagation, whereas the 
planes of oscillation of the latter always stand at right angles to the 
same. On the other hand, the vector A'j, Kj, Z^ always stands at 
right angles to both magnetic vectors, a„ 6„ Cj and a^ 6j, c^ whereas 
the vector A',, i'^, Z, stands at right angles to tho former magnetic 
vector (((,, bp C|) Imt not to the latter (cf. Ex. 14 at end of chapter). 



1. Show, wbeD the r 



BcUlaiiunB |2| differ in phase by ~, ihat the 



2. Show that Bin nfS,-«,) and cosnia.-S,) of tormuUe (3) 
eometTicaUy ob fallowi : 

. .. ,^ OC VD 


sn be intei-preted 


,. ,. JtE BF 




hora E and F denote the pointii of i^ontact of the lanaentB to the given ellipse 



I 




parallel to the y- and j:-axes respectively, P the point of intersection of those 
laogente, A aud B the pointt, Id which the aune intersect the x- and y-axe« 





EXAMPLES. 

respectively, and C «nd D the points at interaaclion of the given ellipse and the 
X' and y-aXBB rcapectively, aa indicated iu the annexed figure. 

3. Show that the directions of the principal asea of the ellipse deacrihed hy the 
elliptic oacilltttion j^osin uf u — hs\ii{uil + S\ 



regiv 



nby 



2ab 



aS' 



where ip denotes the angle these aJies make with the x-, j^-axes. 
4. The velocity of oscillation of a circular oacitiation is uniform. 
Take the circular oaciUatiou 

^ = a™n{rt-(i + S,)J. 
y=O0OBn[u(-(i + 8i)]; 






.have 



— "VCs)'-ri)" 



which ia conitant with regard to I. 

&. The circalar oscillatiou is the only one, whose vtlucity of osciilation ii 

The velocity of oscillation V of the elliptic oscillation 
a; = o,SLn»[7.<-(: + i,)] = a,Mn«„ 
y = a, COB n[ti( - (i + &,)] = Oj cos iii, 
is r= nn V tt]' cos' 10, + aj'Biu''w5. 

That this velocity remain uniform, we must evidently have 
-"' J «]' cos M l si n ail - 11,° sin u, cos IB, _ ^ 



■yoi'cos'ui + oj' 

a,'ain2uii -a,'Biii2iii, — 0, 



or explicitly 

[Oi' cos anil - iij' cos STiiJ aio 2ri ( K( - 1) - [o,' 
That this equation hold for all valuet of C, 
that is, the relations must hold 

ai* cos 2«3| - a,' cos 2na, = 0, 
and a," sin InS, - a^ sin '2n J, — 0. 

Show that these relations lietween the a's and t'a can be aatisfiod only when 
a, =0, and n(3, -&j) = —, that is, when the given oscillation is circular. 

6. Forii, = a, = a,- 1 the coefficients in formulae (14) and (S 
ing form throughout the ^- plane : 

A ,> + B,' = J? - ■2aff' COS ni,,, 
.<1,' + B,'=B» - -Za'^ COS n3,5, 
A j'+ £," = !, 
A,A3 + B,B^= -a^ + -2a'^cosn5,3, 
.<4,ils + B,flj = )9'co8na,3-a(9cos»a(Ji,-aK), 
.i,B,-^,fi,=0, 

^,B,-^B,= -,3'8inHSu + =^8in»{i,.-8B), 
8ia = 8,-ij and a,,, = 3, -J,. 

• Cf. Preston's Thtmy of Light (second e<lilionl, Ex. 5, y. aft. 



in2nS, -n,>gin3«Jj]cos2n(W-i)=0. 
it evidently vanish, 



e the follow- 
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The given formulae thus assume here the form 
«(1 -2a/3co8n«„) ^^ + 2afi{l -2a/3co8ii«i,)^^i^+/S«(l - 2o/9 cos ii«i,) ^^=0 

(•^■+40'="' <"> 



or 



a double plane passing through the origin and the s-axis — observe that the 
angles this plane makes with the x- and y-axes are functions of a and p only and 
not of the 9*8 — and 

-^ - ^ [/S cos w«i8 - a cos w («„ - «ia)] -^i^- 

+/3>(1 - 2o/3 cos n«ia) ^^=/S«[/S sin n«,8 - a sin w(«i, - «ia) P 

Confirm that this equation is that of an elliptic cylinder parallel to the y-axis 
or an ellipse in the arz-plane (cf. p. 86). The familiar conditions 

a>0, Ago, and ^^^ (cf. p. 83) 
must then hold. We have here 

♦a=^(7-^=^^/3"[l-2o/3cosn3ij-/5«cos»w«j8 

a' cos' n ( 3j, - djj) + 2a/3 cos ndijcos n{8^- djj) ], 
or, since here a' 4-/3*= 1, 

a=^'i3«{a«sin«n(«i,-«i2) + /32 8in«n«,8 

+ 2a/3[co8 7)d]3 (cos nS^^ cos n8i^ + sin nd]3 sin wdjg) - cos ndja] } 

= —^^[a^ sin' w ( dj J - 5,a) + /S* sin' nd,, - 2a/3 sin wSj, sin n (^js - ^u) ] 
/• 

r' 
= -ii8'[asinn(«,8-«j3)-/3sinn«j8]'>0; (c) 

moreover, since A = aF (cf. p. 83) 

and here F= - ^[§ sin 71^13 - a sin w (3,8 - ^12) ]S 

by formula (c) 

r' 
A = - -4 i8*[a sin n(«i8 - dja) - /3 sin w«i3]'[/3 sin nJ^ - a sin n(3i8 - ^i,)]' < ; 

and lastly, since ^ = 1, 

.=A<(). Q.E.D. 

A 

Equations (a) and {h) thus intersect in an ellipse, that is, the given oscillations 
are elliptic throughout the a::y-plane (cf. p. 85). 

7. Show that the vectors (in the xy-plane), along which the oscillations of 

Ex. 6 become linear, are 

a'=l, /9' = 0. (7=0) 
and 



a' = 



8in'w3j8_ sin'n(3,3-g,2) 

8in'n(5j8-«i2) + 8in'wV '^ ~8in2n(3„-«i3) + 8in'n3i3' ^^ '' 



* This determinate a is not to be confounded with the direction cosine a. 
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a the coeHicleut* (36) in eijiiaciou (35) ai 
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B the following 



B. For a, = a,=a, 
form in the xy-pUnc 

J a'' + Ba'^ = 4 - 3a' + 6a,8 (2 - 3a=) eoB ni,.j, 
.4,',4,' + Bj'Bj' = 3a|S -2(1- 9tt5j9") cob ii J,„ 

.*,■'+ B, ■'=■!- 3(3' + 6b|3(2 - 3(f) coa 'li, J, 
-■l,'iij'-vlj'B,' = 2BmM»,j, 
where Jn = 'i-*]- 

Confirm that the given equation (35) in X^Y.^ a that of a.n ellipse, ehowing that 
.4C-B'=[4-3a> + ea;9(2-3a')eoaHa,a][(4-3;9=) + 6flj9(2-3^)co8nS„] 
-[3iifl-2(l -9a'j!f)ooBHS|,I' 
= 4»ini^!|.j>0, etc. 
The ooafficienti in the equution iu .Y, and Z. similar to (35) aseuine here the 
'""^ AP + B{'=\, Ji'> + B,'^MnieBiialK>ve, 

A ^^A^ + B,'B,'- - (2 - 3^) eoBnB,j, - 3afl oo8ii(8„ - 3,^), 
A,-B,' - .4/B|' = (2 - 3^) sin nJi, - 3«jSBin n(B„ - S„), 
where 8u = *i-3, and i,,-S,-S,. 

To confirm thnt the equation m A'„ Z, ia here that of an ellipse, we tirat 
replace the A''b, B"a, C'b by these valuaa in the determinate a, uid we have 
A0-B*=i'3^ + 6a^c2 - 3^) cob hS,^ 

-[(2-3j3')=eoB'ii8„ + Bo';3'ooB^H(«„-3|,) + 6a(J(2 -3^) COB bJijCob «(«,,-»„)]; 
which we can urite 

=4 - S/S^ - [2 - Stf'j'll - aiu%ai,) - 9^(1 - ^) [1 - un'^MSa - la)] 

-t-6afii2-3/:r')[cu«ii!„-coBnSu(GOBnJi,cOBiifu,+«nn9M«inn9u]] 

•t-Sa^(2 - 3^) (co8n0„Bin^3[, - sin nSi^Bin na„coa »«„) 
= (2-3;8»)'Bin'<ia,5 + Ba'^Bin»ii(3„-a,3) 
- 6a^C2 - 3^) sin H3„ain n(B,^ ~ i„) 
= [(2-3^)8ini<J„-3aj9sinn(8,;-3„)p>0,etc. 
We observe that the equation (35) in .V„ >'j ooBtainH here 3,5 only ; for Si, = N it 
evidently reduces to thut of a plane. It is thus evident that the path of oacilla- 
tiOD of the given Beuondary wave (n, = ii, = a,=a) will be that of on elUpae 
throughout tiiH z'^-plane, when B„ = J, - 3,-0. 
Ill the 7y-plane the equation In A'g, Z, reduces to tliat of a plulte, when 

(2-3|J')8inil*,j = 3s;j8inji(a„-a|,) (a) 

Along the vectors a und ^ determined by tliis equation the given elliptic cylinder 
wilt thus contract to u plane, and hence the given secondary oscillations lake 
pUce in ellipBes. 

Lastly, show, when the relation (a) holds and 8ia = 0, that the given seconilary 
oscillations become linear along the four vectors. 



1 




„ = ^t^.0-271, ft.-V— itf^""'*"' '■»■ 



.h,= -0-271, 


;3„=-0'(«27, (7 = 0) 


..=-V^^-.« 


-• A.^V^^""'^^'*' '■*'^"* 


a„=lJ-e72, 


iS„=-i)-+S98. (7 = 0) 
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9. Show that along those vectors, for which the secondary oscillations of Ex. 8 
become linear, the same do not take place at right angles to their direction of 
propagation. 

10. Show that the moments a^, Aj, C| of the primary mekgnetic oscillations that 
accompany the electric oscillations represented by formulae (7) are determined 
by the formulae 

a/ = -4 1 sin r - 5j cos r \ 

6i' = ^jSinr-5,cosr J-, (a) 

f ,' = A^ sin r - 5, cos r) 

where Oj = iO., 6i= sOj, Ci =- --Cj, 

A 1 = a^y cos ^idj - a^ cos n^j, ^i = a^y sin nSj - a^ sin nSj, 
^ « = asa cos nS^ - 0^7 cos ndj, ^^ = o^a sin n6^ - ai7 sin ndj, 
A^ = Oj/S cos n^i - a^ cos ndg, ^^ = a^p sin nSj ~ rija sin nS^^ 

and r = n(i'^-r); 

moreover, that these oscillations take place in elliptic paths, which lie in planes 
that are at right angles to the direction of propagation and are determined by 
the intersection of the elliptic cylinders 

{Aj' + Bj^)ai'^-2(A^A^ + BiBi)a,\' + {Ai^ + B,^)bi'^ = {A^B^-A^Bir 
and (^3« + ^3«)a/2-2U,^3 + Bi5,)ai'ci' + Mi« + A«)c/2=(^j53-^,Bi)« ;....{b) 
or (^,2 + 5,«)V"-2Uji4, + ^253)6iV + Ma' + A')Ci'»=U2B,-^fi2)«, 
and, lastly, that these cylinders contract to double planes along the planes 

7=0, /3=0 and a =0 respectively, (c) 

and all three (cylinders) along the plane 

aia^y sin n(8i - S^) - OiOj/^ sin n(5j - ^3) + 0^30 sin ?i(52 - 5j) =0 {d) 

(cf. also p. 84), throughout which {d) the given oscillations thus become linear. 

11. Show that the moments a^ &,, c.^ of the secondary magnetic oscillations that 
accompany the electric oscillations represented by formulae (7) are determined by 
the formulae 

a^' = A^' sin r - Bi cos t\ 

6a' = -42'8inr- /Jj'cosr J-, (a) 

c,2 = ^3' sin r - B^' cos rj 

where a,'= - Oj, V= " „ ,, ^2» ^2 = "- - <^j» 

Vq n Vq ll Vq 11 

Ay— a^y sin w^j - Oj/9 sin nSj, B^' = 047 cos nSj - a^ cos riSg, 
^ 2' = Oja sin n^^ - aj7 sin nSj, ^2' = *^* cos n^^ - a^y cos n^j, 
A^'= a J3 sin n^j - cufl sin n^j, ^3' = ^2/3 cos nhi-a^ cos ndj, 
and T = n(i'<-r); 

moreover, that these oscillations, like the primary magnetic, also take place in 
ellipses, which lie in planes that make right angles with the direction of propaga- 
tion and are determined by the intersection of the elliptic cylinders 

(^a'a + B^'^)a^'^ - 2(A,'A^' + B^B.;)a^%^ + (^ /« + B,'^)b^'^=(A,'B^' - A^B.'f 
and 

(^,'2 + 58'2)a,'« - 2{A,'A^ + B,'B^)a^c,' + (A^'^-¥B,'^)c^'^=(A,'B^ - A.^B^f \ ; (6> 
or 

(^,'3+ ^3'') 63"^ - 2(^2'^,' + B^B^) h;<^ + (^2'' + B^^)c^^={AiBi - ^,'53')' j 
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bhesa ojlindera contract to ilonble planes throughout the game 
planes (i^l ami (rf), Ex, 10, oa tho cUiptit cylindera (i|. E<, 1(1, for the primary 
magnetic cacillationB. 

12. Sbow that the plane determined by fonniiU (22a) or formula (d), Ex. 10, 
passes through the origin uiil that the direction- cosines of its norron] are 

ooa(.i. .r)-a^»m«(*-j-U 
oo9(«, y)=-a,n,ainn(a|-a^). 

13. Show ihnt the total resultant eleetrk moment A', Y, Z of formulae (7) and 
the total resultant magnetic moment a. h, c of the magnetic wave that accom- 
panies the given electric wave always stand — their respective vectors — at right 
angles to each other. 

14. Show, for the general problem treatc<l in the text, that the resultwiC 
electric moment X^, Y^, Z^ formulae <25), always stands at right angles to the 
resultant (magnetic) moments Hi, 6,, Ci and a,, h^, fj of the magnetic wave that is 
accompanying the given electric wave, formulae (7) ; moreover, that the resultant 
electric moment .V,, l'„ Z^. formulae |8), and the resultant magnetic moment 
a,, A[, Ci also always stand at right angles to each other ; and, lastly, that the 
resultant electric and magnetic moments A",, y,, iT, and a^, ii^ c^ make right 
angles with each other only throughout the plane 

a,a]7 sin nS,., - 0,03^ sin aS,, -^ djnja ain " (f n - ^u) = 0. 

15. Show that the magnetic wave that accompanies the electric wave repre- 
sented by formulae (T) can vanish only when ^ — Jg=^fl, and then only along the 
vectors a:P:y = ii,:a^:as (cf. also p. ol). 

16. The following linear equation holds between the component- moments Aj, 
r„ Zt of formulae ('25) : 

We write formulae (25) in the form (34), namely 
^^=J.'cosT-f-fl,-sinr. ^ = J^-oost-^ B/sinr, ^=A,- co,r+ B,' mar, 
multiply the first of these eqimtions by A,', the second by -Ai', add, and we 
'''*''' (^,'Jf, - Ai' r,) -^{A^'B,' - A ,-B.;) sin r, 

and similarly. {Aj'Y^^A^^'Z^) - =(J,'B..' - .i-,'fl3')ain r : 

U)d these equaCions, the first multiplied by [As'B.,' - A^'Bj) anil the Hevoml by 
-{A^Bt'-AyB.;i and added, give 

iA^'B^; - A./Bi-^A.^X^- A,- r.i)'^ - {A.J a,' - A,'B^')iA,' r^- A.:Z.i)- =0 
Ai'lA,'Bf''A^Bt)X., + A.:{A,-B,--A,-B,')r.t-TA.:iA.:Bi--A{Bj')Z..=Q: 

I, the path described by any particle A'^, Y,^ Z^ lies in a plane, tluit det£r- 
I mined by this equation. 

J that the following linear efjuation holds between the oomponent- 
I moments A,, Y„ Z, of formulae <S) : 

(^,B,-.42S,)A'i + (.4,B,-.d,B,)^i + M;Bi-^ifii!)-Zi = 0i 
I, the primary (electric) oscillations (S) take place in planes. 
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18. Show, when Si = S.2=S^^0t that the secondary electric oscillations repre- 
sented by formulae (25) take place in planes that are at right angles to the 
respective directions of propagation throughout the plane 

a,a* + CLj/ + a,j = 0. 

19. The secondary electric oscillations represented by formulae (25) become 
(elliptically) longitudinal, that is, they take place in planes, wiiose normals make 
right angles with the respective directions of propagation, throughout the plane 

OjOj sin ndi27 - OiO^d sin nSi^ + a,/i^ sin nS^fi = 0. 

That the normal n to any plane of oscillation make a right angle with the 
direction of propagation, the analytic relation must hold 

co8(r, n) = cos(r, ar)cos(7i, a:)-f-cos(r, y)co8(n, y)-f-cos(r, z)co8(n, 2) = 

acos(7i, a:) + /3cos(n, y) + 7COs(», 2) = 0. 

Replace here cos (n, ar), cos (n, y) and cos (n, z) by their values from formulae 
(32), and we have 

(Lfl^(2 - 3a^) sin nd^^ - 3'/]0./i^ sin nb^i + 3a]a,a^/3 sin nb^^ 
- aia^{2 - 3/3*) sin nJjj, - 3a./i^^ sin ndg, - 3a, 0,^8*7 sin wd,.^ 
+ 0,027 (2 - 37^) sin nd,^ + ^lO^^y^ sin wJ,, - Sa^a-^ sin w&js = ^ 

or - <^i<hy Bin ndj2 + OiO,/? sin n9,3 - ou/i^a sin ndjs = 

(cf. also formula (22a) and Exs. 10 and 11). 

20. Equation (14) is that of an ellipse, whose principal axes make the angle 

a, = iarctan 2(^,^, + 5,A,) 

with the coordinate-axes A", and }\. 
We write equation (14) 

aAV + ^>X,r, + r)V-f-rf = 0, (a) 

putting a = {Aj'+B./)''], b= -2(A,A^ + BiB^)'']] 

" '' \ W 

c = {A,^ + B,^)% d=-{A,B.,-A.,B,)^ 

To transform this equation to its principal axes, which we shall denote by u 
and V, wo make use of the following familiar relations between the given (A',}',) 
and the new coordinates nv : 

A, = MC08w-?'sin w) , . 

J . , } ic) 

i , = w sm w -h r cos (u J 

where w, which denotes the angle between the two systems of rectangular co- 
ordinates, shall be determined thereby, that the term nr of the equation of the 
ellipse in u and v sought vanish, that is, that u and v be the principal axes. 
Replace A, and Fj by their values {c) in n and v in equation (a), and we have 

a{u cos u>-v sin w)' -I- b(u cos w - v sin w) (« sin u> + v cos (t)) + c (u sin w -i- f cos w)* -H rf = 



or 



(a cos*« -h 6 sin w cos w + c sin^w)«' - [2 (a - c) sin ta cos w - 6 (cos'w - sin^u)] uv'l .,. 

+ {a sin'w - 6 sin u; cos w -i- r cos'^w) ?'^ -f- rf = / 
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Tbat tlie term in tiv viuiiBh, its coefficient mil 
following equation for the ileterminatioa of ui ; 

or (ra ~ c) sin 2u; - '. ooa 2« 



i tliUH have the 






(acoB'u-t-baiuuooBu + eBiii<u)U' + {a«iti*u-bsinuco«w + ecoi^)i^ + ri-0 
(cf. fonnala (d), Ei. 20), where u ia to be replaced by its vnlue (/I. Ex. 20. 
EqaUion <«) or (/), Ex. 20, evidently givea 

^.^, ^1 I o^r 

, . _ 1 _h_ 

by which the equation in uv can be written 

[^ T J s^SThT:^ ] «» + [^' ± i v'6N>^» ] # + rf = 



icipal &xe« of thii 



The lengths of the principal &xe« of thii ellipse are thus given by the e 
prmsion 



by formulae (f^), Ex. 20, 




2'J2 h3 ( A, Bj-A^Bj) 



where the plus sign U to be t&kea for the minor axis and the minua aign for the 

that eqnatioQ (3), 

^+^j-2co«n(S,-i,t '"^- = iIo'n(B,-a,J. 



s that of an ellipse, whoae principo! B.xei make the angle 
_1 2a,a, CDS n ( S, - (If I 
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with the coordinate-axes ar, y, and the lengths of whose major and minor axes 
are given by the expression 

2n/20|C4 si n n(g| - gg ) 

where the plus sign is to be taken for the minor and the minus sign for the major 
axis. 

23. Show that the angle w, which the principal axes of the ellipse (23) make 
with the coordinate-axes Xj, Z^ is given by 

24. Show that the lengths of the major and minor axes of the ellipse (23) are 
given by the expression 

2sPinHA^B^- A^B^) 

rjA^^ + B^^'¥A^^-^B^^±'j4kJA';A^^-B^B^)^ + {A^'¥B^^-A^^-B^^f 

where the plus sign is to be taken for the minor and the minus sign for the major 
axis. 

25. Show that the angle, which the principal axes of the ellipse (35) make with 
the coordinate-axes X,, F,, is given by a similar expression to that (/), Ex. 20, 
for the angle, which the principal axes of the ellipse (14) make with the co- 
ordinate-axes Xit Yi (X^ Kg). 

26. Show that the lengths of the major and minor axes of the ellipse (35) are 
given by the expression 

2^n{Ai'B^'-A^'B,') ^^^^^^^^^^^ 

where the plus sign is to be taken for the minor and the minus sign for the 
major axis. 

27. Determine the angle, which the major and minor axes of the elliptic 
cylinders (&) of Ex. 10, whose intersections determine the path of oscillation of 
the primary magnetic wave that accompanies the electric wave represented by 
formulae (7), make with the coordinate-axes, and also the lengths of those axes. 

28. Determine the angle, which the major and minor axes of the elliptic 
cylinders (6), Ex. 11, make with the coordinate-axes, and also the lengths of those 
axes. 

29. Show that the breadths of the cylinders (14) and (23) with regard to the 
X-axis are given by one and the same expression 





CHAPTER IV. 



INTERFERENCE; INTERFERENCE PHENOMENA OF THE 
PRIMARY AND SECONDARY (ELECTROMAGNETIC) 
WAVES. 



Doctrine of Interference — The doctrine of interference ia only 
another form or eonseiiuence of the principle of auperpoaition, a, 
superposition not of the intensities but of the displacements (ampli- 
tudes) of the given single oscillations. The phenomena of interference 
embrace those cases, where the resultant intensity of two or more 
oecillations ia not the sum of the single inUimties,* which is the case 
when the given oscillations are taking place at right angles to each 
other (cf. Chapter III.), and include the particular case, where the 
resultant intensity entirely vanishes. The doctrine of interference 
does not require ua to make any new hypotheses, it is a direct 
consequence of the undulatory theory of light and can readily be 
deduced from the properties peculiar to the same : For lake two 
systems of waves, represented by the moments -Y', J", 2" and X", Y", Z°, 
and both particular integrals of our fundamental differential equations 
of wave-motion (cf. formulae (16, I)); since now these equations are 
linear and homogeneous, it follows that the system of waves repre- 

I eented by the siuns of their respective component-moments, 
A'=.r + A"' Y=T + Y" z=z+r, 

I will also be particular integrals of these equations. The system of 
waves represented by the moments X, Y, Z is now the sum of the 
two given single systems, X', T, Z and A"", Y\ r, that is, the 
resultant component-momenta of the given single waves are found 
by the superposition of their respective component-moments or 

'Strictly Bpeuking, we niiist exclude here the particular case, where the given 
icillfttioQB differ in phase by qunrter of u, wnvciengtli (cf. p, 107 niirt Ex. 4). 




^ 
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displacements. The doctrine of interference thus teaches that the 
intensity of two or more oscillations is not given by the sum of the 
intensities of the given single oscillations, but that it is the intensity 
of the (resultant) oscillation represented by the sums of the respective 
component moments of the given single oscillations; for the actual 
determination of this resultant intensity see below. 

Interference of Plane- Waves. — Let us first examine the interference 
of two similarly linearly polarized plane-waves of the same period of 
oscillation or wave-length (colour) A. but of different amplitude and 
phase, for example the two waves 

y' = a2 sin n{vt-7f) ' 
/ = a2''sinn(r/-ar)J 

where ^ = V (cf. formulae (31, n.)) and x' and x" denote given distances 

on the a;-axis. 

The resultant displacement y at any time t is now according to the 
principle of superposition 

y=iy' ^if ^ a^ sin n (vt - x') -H a^' sin n{vt - x") 
— a sin n{vt-x), 

where a and x are to be determined as functions of flg', ag", x', 7f and n. 
To find these quantities, we write this equation between the same 
and the five given quantities explicitly, as follows : 

(a./ cos Tia;' + a^ cos nx") sin mvt - {a^ sin nsi + ag" sin wx") cos nvt 

= a sin nvt cos 7i:r - o cos nvt sin nx ; 

from which evidently follow, since this equation must hold for all 

values of /, 

a cos nx = rtg' cos nx! + a^' cos nx\ 

a sin nx = a.^ sin nx' -»- a^' sin nx!' ; 

and these equations give 

rT2 = rt2"2 + a2"2 + 2a/a/cos7i(a;'-x''), (2) 



t' ' ^ ^" 



, an smnx -\-ao smnx >o\ 

and tan nx = -^, -, "r, -„ \^) 

«2 cos nx -I- rt^ cos ux 

The resultant amplitude a is thus a function of the two given 
amplitudes, a^' and a^', and the quantity nix'—x") ; the latter is known 
as the difference in phase of the two oscillations. The resultant phase 
is a function of the amplitudes and phases of the given oscillations. 
For a geometrical interpretation of these formulae see Ex. 1 at end 
of chapter. 
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\\'hen / - ji' = 0, A, 3A, ..., that is, when the given oaoillations have 
the same phase (or differ in phase l\v whole wave-lengtha), then 

that is, the resultant amplitude (intensity) becomes a maximum. 

When the given oscillationa differ in phase by half a wave-length, 
that is, when 

, . \ 3A. 5A 



then 



-{"i-Kf. 



and the reaultant amplitude (intensity) becomes a minimum. For 
aj' = flj', a. then vanishes, and we have total (destructive) interference. 
Lastly, when the given oscillations differ in phase by quarter of a 
wave-length, that is, when 

. , X 3A 5A 



' then fl« = aj'- + n,"^ (+) 

or the intensity of the resultant oscillation is given by the sum of 
the intensities of the given oscillations. In this particular case the 
given oscillations would appear to advance quite independently of each 
other, that is, not to irjterfero the one with the other, like two linearly 
polarized oscillations, whose planes of oscillation stand at right angles 
to each other, and which compound, as we have seen in Chapter III,, 
to an etliptically polarized oscillation. Two similarly linearly polarized 
oscillations that differ in phase by quarter of a wave-length would 
thus produce the same effect (intensity) as two similar linearly 
polarized oscillations, whose planes of oscillations stand at right angles 
to each other (cf. Ex. 4). 

Two linear oscillations of the same wave-length and plane of 
oscillation (polarization) do not therefore, in general, advance in- 
dependently of each other, like oscillations, whose planes of oscillation 
are at right angles, but they interfere with each other, compounding 
to a linear oscillation, whose amplitude (intensity) increases or 
decreases, or even vanishes (a^' — ii^), iiccordiug to the difference iu 
pbaee between the given oscillations (cf, formula (3)) and whose 
phase is determined as a finiction of the given amplitudes and phases 
by formula (3). 

Phenomena of Interference: Bright and Dark Bands. — ^^'l.' have 
just seen that two oscillations (1) that differ only in amplitude and 
phase co-operate or (partially) neutralize each other according to 
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their ditterence in phase. The amplitudes of waves from one and 
the same source are now, in general, the same, whereas the waves 
themselves ditfer in phase according to the distances they traverse. 
The resultant amplitude of two waves from one and the same source 
would, therefore, he double and hence their intensity four times that 
of cither wave singly, when their phases were the same, aud vanish 
entirely, when they dilTerod in phase by half a wave-length. Let ub 
now consider the effect produced on a screen that is illuminated by 
similar waves from two sources that are close together — to obtain two 
systems of similar waves (beams of light), we let the waves from any 
given source pass through a very narrow slit and then through two 
apertures (sources) that are close together (cf. pp. U'J-llS). Let the 
screen of observation A£ he placed at right angles to the mean direction 




of propagation of the waves or Co the perpendicular 01' to the line 
(plane) CD joining the two apertures (sources) C and D at its mifldle 
point 0, where P is a point of the screen (cf. Fig. II). The waves 
fmm C and D will now co-operate at P, since the distances CP and 
DP traversetl by the same are equal, and wo shall have a bright 
spot of four times the intensity of that produced at that point by 
either wave singly. As we recede along the screen from the central 
piiint P upwards towards .4, the distance to the one source C will 
decrease and that to the other D increase, until we arrive at a point i*,, 
where the difference in these distances becomes half a wave-length ; 
at that point the given waves differ in phase by half a wave-length 
hikI thus neutralize each other, that is, the illumination will be zero. 
Similarly, as we recede downwards towards B, the distance to C 
will increase and that to D decrease, until we arrive at a point /*,', 
where the difi'ereiice in these distances becomes half a wave-length and 
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hence no iiliimination. The loeua of the point /", or P^ is eridently 
in the plane of the paper an hyperbola and in space an hyper- 
boloid of revolution, that generated by the revolution of the given 
hyperbola round the line CD as axis. The loeua of P^ on the screen 
is the line (curve) intersected on the same by that hyperboloid ; this 
line will appear on the screen as a dark line or band. As we continue 
to recede from the central point P, the distance to the one source 
will increase or decrease and that to the other decrease or increase 
respectively, until we arrive at a point P^ {Po')i where the difference 
in those distances becomes a whole wave-length ; here the given waves 
coKjperate again and we have a bright spot similar to that at P ; 
similarly, the locus of P^ is a hyperboloid of revolution, whose inter- 
section on the screen detenainea the position of » (the first) bright 



1 



I 



line or band. Similarly, as we continue to recede from the central 
point P, we obtain alternately dark and bright lines or bands, 
determined by the intersections of hyperboloids of revolution on 
the screen. 

Distance of an^ Band tiom Central Point. — Let us detei-mine the 
distance of any liand P„ from the central point P in terms of the 
given quantities. The baud P, evidently corresponds to a difference 
in the distances traversed by the two waves or to a retardation of the 
one over the other of n half wave-lengths. We denote the distance 
of the baud P, from P by 3; the distance of the screen AB from the 
floureea C and D (the distance OP) by c and the "distance CD between 
the sources by h (cf. Fig. 12). With P„ as centre describe an arc of 
radius P,C from C to the point E of the line DP, and draw the 
straight line CE, as in figiu-e. The line CE is now perpendicular to 
OP, and CD to OP, therefore the angle DC£ will be equal to the 

igle P,OP and hence the right-angle triangle DCE* similar to the 
* The angle DEC ie only appro xitnutelj- 11 right uigU, 
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right-angle triangle PjOP. The similarity of these triangles gives 
now the following proportion between their sides: 

PP,:OP = DE:CE. (5) 

nA. 

or x:c = -^ : CE approximately,* 

which for small values of the angle DCE, corresponding to small values 
of ar, may evidently be written approximately 



X 



:c=.^ :aZ>=^ :h, 



^n 



nk c, ,/jv 

^=y5+ (^) 

The given band will, therefore, be bright or dark according as n is 
even or odd, whereas its distance from the central point will vary 
directly as the wave-length (colour) of the waves employed. 

Width of Band. — By fornfula (6) the width of any band, from 
darkness to darkness, is evidently 

_ [n\ (7i -2)A l c_ c, .^. 

that is, it is directly proportional to the wave-length (colour) of the 
waves employed. Since now this width and the distances h and c 
can be ascertained by measurement, we can employ this formula for 
the determination of the wave-length of different kinds (colours) of 
light. If the light-waves employed could be procured absolutely 
homogeneous, that is, waves of exactly one and the same wave-length 
(colour) A, then the screen would be covered entirely with similar X 
bright and dark bands ; but neither is the former possible nor is the 
latter confirmed by experiment (see below). 

Coloured Bands or Fringes. — If the light waves employed are 
heterogeneous or those of ordinary (white) light, we evidently get a 
system of coloured bands or fringes : for, each wave-length or colour 
represented in the given waves will give rise to a system of bands 
of given (but different for different colours) width, the violet bands 
being the narrowest and the red the broadest. Near the central 
point or band, which will be brightly illuminated but not coloured, the 

* The angle DEC is only approximately a right angle. 

t This formula holds only for small values of x ; for large values of a; see Ex. 12 
at end of chapter. 

^Provided the screen be small, that is, formula (7) hold (cf. Ex. 12 at end of 
chapter). 
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resultant (coloured) interference bande will he very diatincl, but, aa we 
recede from the same, there will be an overlapping of these numerous 
systems of coloured bands, and this overlapping will not only increase 
more and more but it will become more and more irregular, until 
finally, at a comparatively short distance from the central band, the 
total interference will become approximately one and the same at all 
points in regard not only to (resultant) intensity but to colour ; this 
accounts for the rapid disappearance of the coloured interference bands 
as we recede from the central point and their entire obliteration at 
a comparatively short distance from the same. For similar reasons, 
together with the fact that it is quite impossible to procure absolutely 
homogeneous light, the interference bands of "homogeneous" waves 
will extend to no great distance from the central band, although, of 
course, to a much greater distance than the coloured bands obtained 
from heterogeneous or white light; this explains the empirical fact 
that only a small portion of the screen can be covered with inter- 
ference bands in spite of the most skilful contrivances for procuring 
homogeneous light. 

ConditionB for the Interference of Polarized Waves. — We have 
assumed above given paths of oscilhition for the waves treated, that is, 
we have examined polarized oscillations, whose amplitudes have been 
assumed to remain the same for finite intervals. This assumption 
holds now only for polarized waves that are obtained from me and 
the name pnhirixed wave. Two polarized waves obtjiined from an 
ordinary (homogeneous) wave, for example, the ortiinary and extra- 
ordinary waves (rays) that emerge from a doubly refi-acting crystal, 
upon the surface of which a ray of ordinary (nonpolarized) light is 
incident, will each be linearly polarized and at right angles to each 
other (cf. Chapter VIII.), and each will retain its character, the same 
amplitude, etc., as long as the vibration in the incident wave remains one 
and the same. During this interval the two waves upon being brought 
into the same plane of polarization would interfere like the ordinary 
and extraordinary waves that are obtained from one and the same 
pdarizfd wave by double refraction (see below) ; this interference is a 
consequence of the ditTerence in phase between the two waves, due 
to a relative retanlation of the one with respect to the other in their 
passage through the crystal and to the different paths traversed by 
the same. The interval, during which the refracted waves retain the 
raplitudes or the incident wave the same direction of vibration, 
is now infinitely short, since the direction of oscillation in an ordinary 
e changes, as we have observed on p, 72, thousands of times per 
second. During the succeeding interval of one and the same direction 
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of vibriitioti in incident w&ve each refracted (component) wave would 
retain one and the same amplitude, but these (component) amplitudes 
would differ from those, which the refracted waves had in the first 
interval, and hence also the intorferencea and resultant intensities 
during those two intervals. It is now the mean of thousands of such 
different intensities that is received as total effect by the retina of the 
eye, and that mean would evidently be approximately one and the 
same at every point of the field, quite regardless of the variation 
of the difference in phase between the two (refracted) waves from 
point to point, due to any difl'erence in the distances tra^'ersed by 
the two waves. The field or screen would thus be uniformly illumin- 
ated, that is, there would be no perceptible or peiinanent interference, 
in which case the wa\'e8 are said not to interfere permanently. 

If the incident wave is polarized, the refracted waves will retain 
the same character or amplitudes for Jiniie intervals and thus interfere 
permanently when brought into the same plane of polarization ; for at 
those points of the field, where the refracted waves have the same 
phase, there will he permanent coHDperation or maxima of intensity, 
and at those, where they differ in phase by half a wave-length, per- 
manent (partial) ueutralizatiou or minima of intensity; that is, we 
shall have phenomena of permanent interference, and the given waves 
are said to interfere. 

Oonditions for tlie Interference of Ordinary Homogeneons Waves. — 
Two waves of ordinary homogeneous light fium different sources or 
from different piirta of the same soui-ce (Hame) do not iiiterfere (when 
brought to overlap). This is evident from the following : the character, 
both direction of oscillation and phase, of the wave from the one source 
will change irregularly and, as we have already observed, thousands 
of times per second, with regard to the character (direction of oscillation 
and phase) of the wave from the other source, and we shall thus 
have co-oporation and neutralization in such rapid succession that only 
the mean of the same over the (finite) interval required for an im- 
pression on the retina of the eye can come into consideration; and this 
mean will be approximately the same at all points of the field, since 
any difference in phase, due to difference in the paths traversed by 
the two waves, can evidently be entirely neglected, From considera- 
tions similar to those on the interference of polarized wares obtained 
by double refraction from (me and the same polari::ed wave, it is 
evident that two ordinary homogeneous waves can interfere only 
when they are exactly alike. To obtain two such similar waves, wo 
let a lioam of ordinary light fall on a norrow slit (in a screen), placed 
symmetrically near two apertures and with its length at right augloa 
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lo the line joining thu same ; the slit miist be made so narrow thai it 
admits only a line of light. Each point of the alJt being symmetrical 
with regard to the two apertures will now send waves to each aperture 
that ure alike, so that the resultant wave emitted by the one will be 
similar to that emitted by the other. At any point of the region 
(screen), where the waves from these two apertures overlap, the only 
difference between them will be one in phase, due to the diflorent 
distances traversed ; and this difference in phase will be one and the 
same for the thousands of oscillations of different direction of oscilla- 
tion arriving at the given point during the interval necessary for an 
impression on the retina of the eye. At those points of the field, 
where there is no difference in phase between the waves emitted by 
the two apertures, we shall have co-operation or maxima of intensity, 
at those points, where the difference in phase is half u wave-length, 
neutralization or mininw of intensity, and at al! intermediate points 
intensities that correspond to the position of the sonie with respect to 
the points of maximum and minimum intensities ; that is, we shall 
have a (permanent) system of bright and dark bands ; and the given 
waves are said to interfere permanently. 

Conditions for Interference of HeterogeneooB Waves. — For reasons 
similar to those on the preceding page, it is evident that two waves 
of white or heterogeneous light (ct. p. 72) can interfere only when 
they arc exactly alike ; such waves may be produced in a similar 
manner to that suggested above for the generation of similar waves 
of homogeneous light. 

Frennel's and Arago's Laws on Interference. —The above results on 
the conditions for interference can evidently bo summariaed in the 
following laws, which were first stated and empirically established by 
Fresnol* and Arago : 

(1) Two waves (rays of light) polarissed at right angles do not 
interfere under the same circumstances as two waves (rays) of ordinary 

light. 

(2) Two waves (mys) of light polarized in the same plane interfere 
like two waves (rays) of ordinary light. 

(3) Two waves (rays of light) polarized at right angles may be 
brought to the same plane of polarization without thereby acquiring 
the quality of being able to interfere (permanently) with each other. 

(4) Two waves (rays of light) polarized at right angles and after 
wards brought to the same plane of polarization interfere (permanently) 
like waves (rays) of ordinary light, if they originally belonged to the 
same wave (beam) of polarized light. 

•Ct. OeiiiTe^. torn. 1. p. 521. 



1 



I 



lU KLECTROMAONETIC THEORY OK I.IOHT. 

Conditions for Interfennc* of EllipticaUy Polarised Waves.— We 
have lieen considoriiig alwve only the linearly polarized oscillatioiia 
and the phenomena of interference to which they give riae. Let us 
now examine the interference of elliptically polarized oscillations and 
waves. Sinae now an elliptically polarized nacillatinu can bo reBolvod 
into two rectangular linearly polariaed ones, the interference of two 
elliptically polarized oscillations could be determined as follows : we 
resolve each elliptically polarized oscillation into any two rectangular 
component linearly polarized ones, that is, we resolve each along any 
two rectangular axes, as the y and 2 coordinate-axes, the x-axis being 
chosen as direction of propagation ; the two component oscillations 
along cither axis would now behave like two linearly polarized 
oscillations, that ia, they would interfere permanently, if they belonged 
originally to one and the same pohrkeil wave, producing a systeni of 
interference bands on a screen placed in the field, where they overlapped ; 
but the two component oscillations along the one axis would, in 
general, differ from the two along the other axis not only in amplitude 
but also in phaAe, so that the system of interference bands prwluced 
by the one pair of component linear oscillations would diRer both in 
intensity and position of the bands from that pnxJuced by the other 
pair ; the resultant effect produced on the screen would be that due 
to the mutual action of those two systems of bands, which would 
also be a system of lunds. The resultant system of iunds would 
evidently be more or less distinct according as the given oscillationa 
were loss or more elliptically polarizeil respectively, the bands 
disappearing entirely, when the given polarization wore circular, and 
becoming most distinct, when it approached the linear polarization. 

Beioltant of two EUiptically Polarized (Plane) Waves. — Let us 
determine the reaultant of two elliptically polarized plane-waves of 
the same period of oscillation ; let the given waves be represented 
by the analytical expressions 

^ = u-.urn(^-^-^) 

and f = i'.;amn(vt-i^) ^ ' 

I* = ttg' sin n(vl -x" - S") J 
where 3^ and z" denote given distances on the a-axis, the direction 
of propagation, and S" and S" small augmentations of those distances. 

By the principle of superposition the resultant of the waves (8) 
will be that wave, whose two components are 
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or, expanded, 

g = (Oj' cos nz' + flj' cos nxT) sin nvt - (o,' ein «/ + u.^" sin ju;"^ 
z = [tfj' COB n (t' + S') + u,' cos B (x" + B')] sin ml 

or y = ..,aii.«(i:i^j-), z = a^sin7i{vt-x-S}, 

where a^ flj, j; and ^ are determined by the equations 
a.J coa nx' + ti/ cos iw' = a^ cos ftr, 
(ij sin Bi* + a," sin n-c" = a, sin nx, 
Oj' cos »(i + ff) +03' coa « (i" + 5') = (ig coa n{x + 5), 
aj'sin»(j' + 5') + aj'Binn(j;' + 8") = ff3sin»(3;+5), 
as follows : 



..(10) 



tann(x + S). 



= Uj'2 + flg"" + 2a,' a{ cos n («■ + S' - 1" ~ S") 
Og' cos «(/ + £') + a^' coa n (x" + S") 



..(11) 



n«(,c' + S') + ffs'8in«(^ + ff') 
The resultant oscillation will, therefore, be elliptic, that one, whose 
rectangular linear component osciUations (9), their amplitudes and 
phases, are determined by these formulae (10) and (11). Two elliptic 
oscillations (S) will thus compound to an elliptic oscillation. 

Spherical Wavea. — We have examined above waves, whose wave- 
fronta have been asaume<l to be plane ; that is, either their source 
must be at infinite distance (the sun) or the waves themselves, upon 
l>cing emitted from a source at finite distance, must be brought by 
means of a lens to advance along parallel lines. Strictly speaking, 
such waves do not exist in nature, so that the analytic expressions 
for the same would have no real meaning; they constitute only a 
particular or limiting (theoretical) case of the general one, where the 
aonrce is at finite distance and the waves themselves are propagated 
radially or in spherical shells or wave fronts from the same, their 
auplitudoa decreasing as their distance from the source increases ; 
hence the termination " spherical " waves. These more general 
spherical waves open up a much broader and more interesting field 
for research than the (theoretical) ones examined above, since they 
behave quit« differently at diflerent points of any region of finit« 
dimensionB (cf. below). 
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Besultant of two Linearly Polarized Spherical Waves.— Let us first 
determine the resultant of two similarly linearly polarized spherical 
waves, for example those represented by the analytic expressions 



a 



y' ^-, sin n(vt-sf) 



a 



n 



v» 



%f = -r,^\T\n{yt-7^) 



(12) 



X 

where a/ and x^ denote the distances of the waves from their respective 
sources. 

By the principle of superposition the resultant of the waves (12) 
will be the wave 

y = y' 4- y" = - sin n{^t - a/) + -t? sin n (yi - af ) = a sin n(v^ - «), 

X X 

where a and nx, are to be determined from the equations 

a , a J, 

-, cos wx + —/ COS na; = a cos nx, 

X X ' 



which give 



a 


sin na;' + -s sin «x' = a sin na; ; 


a« = 


a'2 a"2 2a'a- ,, 


■^) 


tannx = 


aV 


sin w£ + aV sin nic" 




aV 


cos w£ + a V cos ivl" 



.(13) 



and 



These expressions differ from those already found for plane-waves 
(cf. formulae (2) and (3)) therein only, that they contain the distances 
x' and x" of the given waves from their sources ; otherwise the results 
obtained and the conclusions to be drawn therefrom are similar to 
those already stated on pp. 106-110. 

Besultant of two Elliptically Polarized Spherical Waves. — Similarly^ 
we can determine the resultant of two elliptically polarized spherical 
waves of the same period of oscillation, for example those represented 
by the expressions 

y' = -? 8inn(r/-x') 



2?^ = ^ sin n(yi - x' - 5') 



>> 



and 



jf = -\ sin n{vt - x") 



.(U) 
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where x* and x" denote the diatances of the waves from their reepec- 
live sources. We find, namely, that the resultant wave is also 
an elliptically polarized spherical wave, that, to which the two rect- 
angular linearly polarized spherical waves 

y = fljsinn(ri-x) and .7 = ",8in n(rf - j:-5},« 
whose amplitudes and phases are determined by the following formulae, 
compound : 



I 



-^" 



^jT 



eosii(ir'- 



n(x + fi). 



i' + (tjV cos wi" 



a^if- Bin 11(3; + S-)+a^"j!mnii{^- + S-) 



n^'j" COB « (^ + ff ) + (ig'V cos » (x" + S") 

Lastly, we observe that the resultant intensity of superposed oscillations, 
as (14), is determined not alone by the squares of the amplitudes of the 
given single oscillations but also by the interference-term or terms, to 
which the superposition of the similar displacements (moments) in 
question give rise (cf. Exs. 5, 6, 10 and 11 at end of chapter). 

The Electromagnetic Waves ; those of Problem 3, Chapter II. — We 
have considered above single waves, that is, waves propagated in a 
given direction or along a given vector without any reference to 
possible disturbances along other vectors. Such waves caiuiot a priori 
be identical to electromagnetic waves, since the latter are, In general, 
propagated from their source in all directions or along ail vectors. 
At the same time, we have made no attempt to identify the waves 
treateii above with the electromagnetic waves, having taken quite 
arbitrary solutions of the general equation of wave-motion without 
any reference to the relations that must hold between such solutions, 
if the same are to represent electromagnetic waves. 

The electromagnetic waves examined in Chapter II. are all linearly 
polarized t spherical waves. As those of problem 3 are the most 
general, let us employ the same for an examination of the field 
traversed by two systems of linearly polarizedt electromagnetic 
waves, that are similar with regard to their radial distribution of 
energy from source into spiace (see below). 

*■ sua z". 

+ Cf. p. 78. 
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Conditions for Interference of EUiptically Polarized Waves. —We 
have been considering above only the linearly polariaed oacillationB 
and the phenomena of interference to which they give rise. Let ub 
now examine the interference of elliptically polarized oscillatioua and 
waves. Since now an elliptically polarized oscillation can be resolved 
into two rectangular linearly polarized ones, the interference of two 
elliptically polarized oscillations could be determined as follows : we 
resolve each elliptically polarized oscilliition into any two rectangular 
component linearly polarized ones, that is, we resolve each along any 
two rectangular axes, as the y and z coordinat«-axea, the x-axis being 
chosen as direction of propagation ; the two component oscillations 
along either axis would now behave like two linearly polarized 
oscillations, that is, they would interfere permanently, if they belonged 
originally to onr and the same polarisad wave, producing a system of 
interference bands on a screen placed in the field, where they overlapped ; 
but the two component oscillations along the one axis would, in 
general, differ from the two along the other axis not only in amplitude 
but also in phase, so that the system of interierence bands produced 
by the one pair of component linear oscillations would differ both in 
intensity and position of the bands from that produced by the other 
pair ; the resultant effect produced on the screen would be that due 
to the mutual action of these two systems of bands, which would 
also bo a system of bands. The resultant system of bands would 
e\'idently be more or less distinct according as the given oscillations 
were less or more elliptically polarized respectively, the bands 
disappearing entirely, when the gi^'en polarization were circular, and 
becoming most distinct, wheij it approached the linear polarization. 

Besnltant of two Elliptically Polarized (Plane) Wares. — Let us 
determine the resultant of two elliptically polarized plane-waves of 
the same period of oscillation ; let the given waves be represented 
by the analytical expressions 

y = ffl3'sin»(rf-a;'-S') I „, 

and y'=.<Bin«(rf-z-) P ^ ^ 

!r = a^'Bmn(vl-x'-S")] 
where x* and z" denote given distances on the x-axis, the direction 
of propagation, and S" and 5" small augmentations of those distances. 

By the principle of superposition the resultant of the waves (8) 
will be that wave, whose two components are 

y = 3^ + / = «;8in «(«■'- ^■) + <sin«(t,Y -a:-), 

J ^ !■ + ;- = flg' sin n ()•/ - I- - S') + a/ sin n(i4 -x' - S"). 
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The Besultcint Primary Wave; ita Amplitude ajid Phase. — The 

resultant action of the two waves repreaetited by formulae (16) at 
any point P of the field (cf. formulae (17)) is now given by the 
componen t-mome n ta 

A',=X,' + X,- = ^;-sin<u- + -!r3in<u" 

= ^r[8innirfcoflH('-' + 5')-™sni>(3inn{/ + 8')] 
+ ^r[ainnp/oos?!{r' + 8')-coH»i'/siiin(r" + S")] 
= n* -,eo8»{K + S') + ~ieo8»(»-'+S') ain mi 

- n= [[. sin >i (r + «■) + p ain n(r- + S")] cos ml, 

which can be written in the form 

.y,=.((,rin»[t;/-(r + Sj)] = ai8innric08n(r + S,)-a,cosni;(sinn(r + ^,), (19) 

where a, and n(r + 5,) are determined by the equations 

n'[^cos«()-' + 8') + pC08«(.^ + S-)]=a,cMn(r-t-8,) 

and n2Kgm;i(,'' + S') + psinn<r' + S")1 = »,sinn(r + S,) 



and tan 
and similarly, 



-"'[S+P.+^^'»"C-'+^-«-)] 

.,. , ,, f r-.in«(r' + 8') + lV.m..(r- + r) 



»[rf-(r+S,)] and Z,.«,im«[Bl- (f+S,)], ...(20) 



"i " L r'^ "*" r-2 "*" - r'T 



co3n(r'-)' + S'-S') 



n»(r + S,): 



»i'r'«icn(r' + 5') + mV»m»(r'<-8-) 
m'r"co8n(t' + 6') + TOVcoBn(»^ + fi") 



'"■ ■' ">r CM (.(r- )- S') +pV COS »('■■ + «■) 



■ (2»i) 
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The resultant oscillation vrill, therefora, lie that, whose rectangular 

linear oomponent-uBcillatioiiB are 

.Y,=<,,sinn[r(-(r + i5,)], 

r, = flj 8111 n[t^-(r ■!-«,)], 

^, =«„ Bin n[«i-{r + ;,)], 

where a^, a^ a, and S,, Sj, Sg (r + S,, r + 8j, '" + 4,) are iletcmiined by 

formulae (19a) and (20a). Since these component-OBcillatioiis differ 

not only in amplitude but also in phase from one another, the 

reeultant oscillation will bo elliptic, that is, the resultant of the two 

primary waves (16) will be an elliplically jHilarized spherical wave 

(cf. Ex. U). 

Examination of Ezpressloa for Amplitude.— The amplitude of the 

resullAnt primary wave (19) and (20) will evidently lie given by the 

expression 

, , , „ SP + m'^+p'^ 
a* - fl," + a,* + rt,« - n* I ^q— ^ 



+ ■- y - j - ^ - +2 pp— ^^coan(f -r +5 -S )J.. 



-(21) 



\ 



The first term of the expression in the larger brackets, times n*, is the 
amplitude squared of the wave X(, Y(, Z(, were it advancing alone 
through the medium, and the second term, times n<, that of the wave 
.Y|', K,", Z(', wore it alone in the medium. The third term arises 
fiyim the simultaneous presence or action of both waves at any 
[Kiirit /'; it represents the interference of those waves at that 
)>oint. The quantities H and 6' of this interference term can bo 
regarded as given, they express given differences of phase in the 
two sources. The h in either source has also been assumed 
(cf. formulae (16) and (18)} to have one and the same value along 
all vectors from that source, that is, to remain constant throughout 
the medium. 

Resultant Primary Wave EUiptically Polarized; Conditions for 
Linear Polarization of Besultant Wave. — We have nbservcd that the 
resultant uHLiilaliouH A',, )'„ Z^ of fonnulae (19) and ("'O) take pliice 
in elliptic paths. If now the sources of the two linearly polarized 
waves (16) are near together and the point of observation P is at 
considerable distance from those sources, the two oscillations (16) 
will take pkce along approximately the same lines (see below), 
provided the proportion 

hold between the amplitudes ",', a„', n^ and «,", <i.^, "," (ef, formulae 
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(6, in.))- Bh'', if these umplitudea are entirely arbitrary, the litieB 
of oHcillation of the two systems of waves will, in general, make 
fitiite angles with each other and the resultant ost-illations A',, 
I'l, Zj thus he highly elliptlcally polarized. This general case, 
where no relation exist between the amplittides «,', Bj', a^ and 
a,", fij", dj" would, therefore, be of little interest, since, aa we have 
Been in Chapter III , two linearly polarized waves, whose planea of 
oscillation are not the same, interfere less and less, as the angle 
between the same approaches more and more 90'. 

In the following wo shall thus assume the relation {22). As 
the distance between the two sources decreases and the point of 
observation P recedes from those sources, the angle between the planea 
of oscillation of the two oscillations (16) will become smaller and 
smaller, that is, the eccentricity of the elliptic path of oscillation 
of the resultant oscillation A'j, i\, Z^ will become greater and greater 
and hence also the interference between the two given oscillations 
(16); for, the nearer the sources are together and the further the 
point of observation is removed from the same, the more the angles, 
which the vectors i' and r" make with their respective coordinate-axes, 
and hence the direction -cosines of those vectors, a', /i', •/ and a", jQ*, y", 
approach one and the same values. On the other hand, if the 
distance between the aourees 0' and 0" of the two waves (16) is of 
the same ciimensions as the distances of the point of observation P from 
those sources, then the angle between the planes of oscillation of the 
given oscillations will lie of finite dimensions and hence the resultant 
oscillation A',, I'l, Z^ more or less highly elliptically polarized. This 
general case is evidently of no particular interest aa far a^ the 
phenomena of interference are concerned, whereas, its examination 
would otfer ditKculties, which we do not encounter, when the given 
sources are very (infinitely) near together and the point of observa- 
tion P is at considerable (finite) distance from the same ; in the 
general case all distances would namely be of the same dimensions, 
BO that the expressions in question could not be replaced by first 
approximations, obtained on their expansion according to any small 
quantity or distance (cf. below). 

It should now be possible to deduce the conclusions just drawn 
directly from the expression (21) for the resultant amplitude ; let us 
examine the same. The first and secontl terms of the given expression 
cannot vanish, but they will assume given (positive) values at any 
given point ; the third term contains the two factors, I'l' + m'm'+p'p', 
which we shall call the coefficient of that term, and coBn(r' - r" + fi" - fi") ; 
the latter, which gives rise to the phenomena of interference, will 
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vary peri oil ically throughout any region of vary (infinitely) Bmall 
ilimorisionB, but it is not a function of the relative position of that 
region with regard to the coordiniite-axes ; in this rospoct it differs 
from the other factoi' or its coefficient, which, like the first and second 
tomiH of the given expression, will evidently retain approximately one 
and the same value throughout any Riioh region. The mean value 
assumed by the third term of the exprBssion (21) in any auch region will 
thus depend alone on the value of the coefficient of that term in that 
region. This coefficient can now evidently vanish ; its vanishing would 
determine given regions (cf. Exs. 15, 16 and 18), within which there 
would he NO interference of the given waves (16); the vanishing of 
this cuolticieut would thus correspond to the particular case, where the 
planes of oscillation of the two waves (16) make right angles with 
each other. On the other hand, maximum values of the given 
coefficient would correspond to the particular case, where the two 
oscilbtions (16) are taking place along one and the same lines. On 
the assumption that relation (22) hold and the two sources ff and (7 
he very (infinitely) near together, the lines of oscillation of the two 
waves (16) will he, as we have seen on p. 121, approximately one and 
the same at any distant point, that is, the given waves will interfere 
throughout all distant regions; in formula ('21) this would evidently 
correspond to that particular form of the same, wliere the coefficient 

does not vanish (cf. below). 

The Sourcei of Diatarbance near together ajid the Point of Obser- 
vation at Great Distance. — On the assumptioti of relation (32) and 
that the soun'es 0' and ff" l>e very (infinitely) near together and the 
point of ohsorvation P at considerable (finite) distance from the same, 
u', jfl", y and a", jfl', y' respectively will differ only infinitcsimally from 
one another ; that is, we can put 

a- = a' = a, ir = ^ = li. y- = i = y.. 
and hence /' ; m" : p" " i' ; m' ; /i'. 

Formulae (17) then assume the particular foi-m 

«.■- a,' („« + /)- ^(«,-a + <v) - '^', 

/-„,'(a^ + /J')-7(a,-a + a,'/3)-?J. 
where k denotes the factor of proportionality between the ii"s and ii"'«. 
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Replace /', ni', p' and /," m", p" by these values in formula (21), and 
we have 

= n*[a;'' + 0,'= + Oa'» - (0,'a + flj'j8+ a^'y)"^] 

or, most approximately, 

= y- ["i'' + H^ + <^ - ("i'" + "2^ + "s't)'] 

x[I + «3 + 2«eos«(r'-r' + S'-r)], (23) 

where r denotes the mean distance of the point of obsen'atioii from the 
given sources. 

Exunination of Expreseion for Resultant Amplitade ; its Behavionr 
for Xiight Waves,— The expression in the iirat pair of large brackets 
of the expression (23) for the reaultatit amplitude is a function 
only of the direct! on -cosines a, /3, y and the o's ; it can thus be 
regarded as constant in any region, whose dimensions are ^'ery 
(infinitely) small in comparison to the distance of that region from 
the given sources. A region of such dimensions is now one of the 
dimensions of the wave-length \ of light waves. In such a region 
the factor in the second or last pair of large brackets of the ex- 
pression (23) will not, however, remain constant, since its last or 
interference-term will evidently vary rapidly, as r'-r' increases or 
decreases by a quantity of the dimensions of that wave-length ; the 
first two terms of this factor are constants. The behaviour of the 
resultant amplitude or intensity throughout the given region will 
thus depend alone on that of the interference-tenn. The value 
assumed by the interference- term will now vary as that of its factor 
cos n(r' -r" + S' - S°), which oscillates between the values + 1 and - 1 ; 
for the former value the resultant amplitude becomes a maximum 
and for the latter a minimum. For light waves or electromagnetic 
waves of very short wave-leugth, these maxima and minima will 
succeed one another rapidly, as we recede from any point ; the 
breadth and distribution of these maxima and minima of intensity or 
bright and dark banrla will evidently be determined by formulae 
similar to those of (6) and (7) above (cf. also below). 

BebaTiooT of Expression for Besultant Amplitude for Electro- 
magnetic Waves Proper. — If we employ the Hertzian or electro- 
magnetic waves of wave-length of the dimensions of the meter, the 
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interference-banda will be very far apart (cf. formulae (7) and (26)), 
in fact, their width could be of greater dimensions than thoae of 
the region, where the resultant amplitude (31) may be determined 
alone by the value of the interference-term ; this would evidently 
correspond to a greater irregularity not only in the distribution but 
also in the intensity of the bands. The detection of the interference- 
bands of electromagnetic waves proper, at least their laws of distribu- 
tion and intensity, would thus be more difficult than that of those of 
light-waves. 

The Inteif eieactt-Tenn ; Evaluation of same for given caae. — Let 
us, next, examine the interference-bands of electromagnetic lightr 
waves, whose intensity at any point is determined by formula (23), 
in any region P of the dimensions of the wave-length X of thoae 




waves. We choose the line, on which the two sources ff and 0" lie, 
as X-axis and the point half-way between the same as origin of 
a system of rectangular coordinates x, y, z, denoting the distance 
between the sources by 2(, as indicated in the annexed figure. 

The distances r' and r" of any point P of the given region from 
the sources 0" and 0' will then be given by the expressions 

/^ = {x + iy' + f + z'', r"2=!(3;-,)^ + y2 + i2. 
Since now, by assumption, t is very small in comparison to x, y, z, we 
can thus write 



^2 = 



2 4.j,S+,S 






;^ + / + W 



r 



I 
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ir, by the l>iiiomial theorem, as first appi'oxiination 



r-../?+7T?(i--,-f^,)^ 



I 



■ • -jrTT^' '"' 

The factor coBn(r'-r" + (i' - f) of our int«rferencfl-term will tlma 
isaume here the form 

cosn(r-r- + 5'-6") = co8«r^=i^^ +S'-5"1; (25) 

l-Jx^ + f + s' J 

;hat is, maximn of intendty will appear, where 



s/.' 


' + y» + 2« 


I, where 






2er 


^ 


■ + I/- + Z- 



Breadtll of Interference-BandB. — Let now the point P move parallel 
to the ar-axia and let iis ilcnote any two such points, whose distance 
apart is of the dimensions of the quantity f, by P^ and P.^ ; the 
factors coBm{r,'-r|" + a'-5') and cos ft(r»'- rj' + ff - JT) of the inter- 
ference-terms at these two points can then, by fonnula (25), be written 
in the form 

eos»(r.--r.--Hfi--r) = coan ( -'^' ) 

and COB «(r; - r/ + &' - ff") = cos » ( , ,'"l—. \ 

Since now x^ and x^ differ from j: by a quantity of the dimensions 
of c and the latter baa been aasmned to be very (infinitely) small 
in comparison to x, y, z, we may evidently interchange x^ and x^ with 
X in the expressions x^ + y^ + z"^ and z^^ + y^ + ;^ without altering 
except infinitesimally the values of the expressions for the given inter- 
fereace-terms ; we can thus write the given factors 

cos nir' - r " + ff - 5") = cos n ( , ." ■'■- =) 
^ ' ' \Jx-' + y'+:'J 

and COB n (r ,' + r' + S - fi") = cos n ( -j— " -'- -- ). 
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Two such potnta P^ and P^ will evidently determine coneecutive 
bands of one and the aurae intensity, when 

s/i- + y' + cs 



(cf, also formula (7)) ; that is, when the two points f , and P^ are eo 
chosen that their diatanco apart is given by this expression (26), 
they will be points of equal intensity (maxima, minima, etc.). 

Snmtnarr : Laws of Interference. — From formula (26) follow : (1) The 
further the region /' is from the sources 0' and 0" and the nearer 
these eoiirce« are to each other, the broader are the interference-bands ; 
by a suitable choice of the former we could, therefore, always obtain 
a measurable distance for the latter (x, - x^). 

(2) The longer the wave-length A. of the waves employed, the 
broader the interference-bands ; for example, the bands obtained from 
the red rays would he broa<ler than those produced by the blue ones, 
whereas for electromagnetic disturbances proper, as the Hertzian 
waves, the distance between consecutive bands would be of quite 
different dimensions from those for light waves (see above). 

(3) Conversely, wo can determine by formula (26) the wave- 
length A of the waves employed, on measuring the distance between 
consectittvo bands. 

Those results are similar to those already deduced above (cf. 
p. 110). 

Buperpoaltlon of two Secondary Waves. — Let us next examine the 
resultant action of the two seci)ndnry waves that accompany the 
primary waves repl-escnted by formulae (16) at any point /' of 
the field ; these waves are represented by the moments 



■- ~, I' cos u 



y,'-S 



^ r cos ui 



r.2.,' -3«,'(^' + y) + 3a'{»,';8' + «,>') 
fit' = 2as' - 3(1,' (a- + 7'«) + 3/J'(a,'o' + /i^y} 
p . -lai - 3«,' (a'" + ^S-") + 3y'(<., V + aifl), 
I- . 2.,- - 3o,-(/r" + /■) + 3«- (,.,-;8- + 0,-/) 
m" - 20," - 3o,"(a-! + /•) + 3^(ri, V + «,Y) 
/ . 2,.,- - 3.:.-(.-> + /?■') + 3/{»,-,.- + ™,-/J-), 
»'-»[ri-{r' + «•)], „-.»[rf-(r + S-)] 
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(cf. formulae (36, II.)); the syfltoms of coordinates /, y, z' and a", ;/', i" 
are those employed above, on p. 118 (cf. also figure 13). 

The reHidtant nction of the two waves (27) at any point F of the 
field (cf. figure 13) will now, by the principle of superposition, be given 
by the component-moments 

A'j = X.l+ X^ = -^ /' cos <u' + -ij r cos lu" 

= ii i' [cos mi cos n ( (■' + 8') + si ri ni-i sin H (/ + ff )] 

+ 4j i"[cos Ml cos 7((j-" + K-) + sin mi sin n If + 8")] 
= n||^^3sinn(r' + ff)+^8inn(r" + S-)l8in™rf 

+ r^,cos«(j' + ff) + ^co8n(r- + S")lco8Wi}, 

which can be written in the form 
A's = <i,cos«[rf~(r+B,)] 

= aj[coBiii-(co8n(r+S,) + ainni'(Binn(r+S,)], (29) 

where o, and (r + S,) are evidently determined by the equations 
fl,cosn(r + S,) = 7i[^?J^cosn(r'+.ff) + ^'^„cosn(r- + 5-)J 

and „, sin ii(T-¥l^ = nf^.sin n(r +«■) + ^i^ sin n (r" + 3')"| 

as follows: 



1 



[^;+^!+,^'»«"(^-''+«'-«'>] 



, , ... rf^'iiDn(r' + 8') + <V'.m.(f'H.8-) 
"«' '"'('■ ^■^- fr-.eo..(r'4-f)-HVc....(r- + S-) J 

and similarly, 

r,-ajC0B»i[i';-(r + 8,)]and Z^ = a^m%ii\jit-{T-YZ^, (30) 

where o^ n(r + B,) and a,, m(r + 8g) are determined by similar formulae 
to (29a). 
The Beaultant Secondary Wave EUipticolly Polarized. — The rt»- 

sultant oscillation A'^, Y.., Z., represented by formulae (2JI) and (30) 
is eviileiitly elliptically polarized (cf. Ex. 20) tike the primary oscilla- 
tion, which it is accompanying. 
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The amplitude of the resultant oscillation al any point P ia 
ideiitly 

~ ' * ' * • ~ L •" r" 

±£i-'co..(r--r- + S-fll (31) 



I 



Sources of Distarbance noar togsther and Point of ObBerration at 
Great Distance. ^The nxpresHion (.11) is similar to the one (21) found 
for iho jimplitude of the primury waves; the same conclusions as 
those drawn from the Utter (cf. pp. 120-122) will, therefore, hold 
for the given expression. For similar reasons to those set forth 
above we shall also restrict ourselves here to an examination of the 
particular case, where the relation (22) holds between the given 
amplitudes, the sources 0' and Cf are very (infinitely) near 
together and the point of observation P Is at considerable (finite) 
distance from the same ; in which case a', ^, y° and a', (i, y' re- 
spectively will difi'er only iniJnitcHinially from one another and may 
thus V)o interchanged. 

ExpresBion for Eesultant Amplitude. — In the given particular case 
formula (31) can evidently be written 

aS = 5:(/a + „,!+^a)j-l^.«3 + 2^coan(r-r"-(-S'-3')], 
where 1" = kI' = kI m' = Km' = Km p" = Kp' = i^ 

(tf. p. 122); or, if we replace here l,m,p(l', vi',}>) by their values (28), 

-(-6(«,Va;8-(-rl,'rt„'ay-f-«/3y)} 
x[l-)-»:-J + 2«cosn{r'-r"-f5' - S*)] 
= %<- + <' + "a'*) + 3 (" ,■" + <^ + Hyf] 

x[I + «''+-2«co8»(f' I'-JrS-S-)] (32) 

This expression is similar to that (23) already found for the 
amplitude of the primary wave, being composed of two factors, the 
one a function of the direction-cosines u', fi, y' and the ii"s and the 
other a function of the distances / and r°. The int«rferenc6-term has 
the same form in both expressions, so that the results obtained al>ovc 
for the interference-term of the primary wave wiil hold here for 
that of the secondary wave (cf. pp. 124-126); we cannot, however, 
conclude that the phenomena of interference, to which the secondary 
waves may give rise, will bo the same as those produced by the 
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primary waves, as an examination of the exprcBsions (23) and (33) 
and the relative behaviour of the two syBtems of waves will show. 

Behaviour of Resultant Amplitude for Light- Waves. ^ For ligh^ 
waves the factor - j of formula (23) for the amplitude aijuared of the 
primary waves will be very (infiiiitely) large compared with the corre- 
sponding factor -^ of formula (32) for the amplitude squared of the 

secondary waves except in the neighbourhood of the origin ; at 
considerable (finite) distance from the same the phenomena of 
interference, to which the latter waves might give rise, would thus 
vanish, when compared with those produced by the former. We 
have now seen above, unless the point of observation /" be removed 
to considerable distance from the sources, that the oscillations to be 
superposed will not take place in the same planes, and hence that 
the interference-formulae established will not hold even approximately; 
this would correspond, on the one hand, to a less marked interfer- 
ence between the secondary waves and, on the other hand, to a certain 
irregularity in the resultant intensity and distribution of the same 
throughout any region that is not at considerable distance from the 
sources. The detection of phenomena of interference between two 
systems of secondary waves of light would thus be difficult not only 
at considerable distance from the sources but in theii' neighbourhood. 

Behaviour of Besultant Amplitude for Electromagnetic Waves 
Proper. — For electromagnetic waves proper (the Hertzian) the quan- 
tities n* of formula (23) and »^ of formula (32) are of the same 
dimensions, and hence the detection of the secondary waves not only in 
the neighbourhood of the sources hut at considerable (finite) distance 
from the same possible (cf. p. 63) ; but at such distances the above 
interference-formulae will hold for regions of the dimensions of the 
wave-length of light-waves, but only approximately for those of the 
dimensions of the wave-length of the waves in question. Since now 
the interference-phenomena sought could be observed only in regions 
of the latter dimensions (cf. p. 124) and throughout such regions not 
only the two systems of waves would be only approximately similarly 
polarized but also the formulae in question only approximately hold, 
all observations on interference-phenomena between the two systems 
of secondary w.iies vv.juM he iiccompiinicd hy difficulties. 

Interference -PlienomeDa of the Primary ajid the Secondary Waves ; 
those in Eegions, where the latter alone appear, — The mowt distinct 
phenomena of interfei'cnce would evidently be the familiar ones 
produced by the primary waves (of light) at considerable distance from 
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their sources, whereas those to which the aecondary wiivos might 
give rise would have to be sought uiider considorabie difficulties in the 
neighbourhood of the aoiirces. The detection of the latter would 
evidently be facilitated greatly by the entire disappearance of the 
former. This would be the aise only when tho primary waveH them- 
selves disappeared entirely ; that now the primary waves, those repre- 
sented by formulae (IG) to (18), disappear, the first factor in the 
larger brackets of the oKpression (23) for the resultant intensity must 
vanish ; * this will be the case in those regions, where 
(«,;= +.a,'* + a,'^) - {a 'a + a'ji + a'yf ~ 0, 
that ia, along the surface 

(«,■■ + a''y + («,•>+ <<)j> + (V + a,ty 

-1a^a^xy-2a^ii^xz-1a^ii^yz = G,* (33) 

which is the equation of a cone with apex at origin (cf. also Ex. 15). 

Along this surface (the vector a:^:y = a^:a^:a^)* the formula 
(32) for the amplitude squared of the resultant aecondary wave will 
evidently assume the foi-m 

»^ = ^%(a;»-Ha„''-hO[l + .^-t-2«co8«(r'-r--(.fi'-S")] (.^4) 

■Since this expression docs not contain the direction-cosines, tho 
resultant amplitude will have one and the same value at all points 
ou the surface (33) (the vector «■ : (i : y = n^ : n^ : a^)* that are 
equidistant from the given source. The entire disappearance of tho 
primary waves along this surface (33) (the vector a : fi ; y = a^ : a^ : "„')* 
would facilitate the detection of the interference -phenomena, to which 
the secondary waves might give rise, along the same. Wo recall 
hero the important property of the secondary waves in those regions, 
where tho primary waves disappear, namely their longitudinaUty 
(cf. p. fil). 

Point of Observation near Sources of Disturbaiice ; Expression for 
Amplitude of Resultant Secondary Wave. — Liistty, let us examine the 
ciiae, where the distance between tho sources 0' and 0" is of tho 

< On the BaBumption tlint the amplitudes V, m', ft' anil r, m", p* of furniulae ( IT) 
be reol aud not imaguiary quantitiei, not only the given factor, Z' + jn'+p', but 
ajio the diSerent tornu at the Buoie must vauish ; tbia ia, for reo/ valuca of the 
iiDplitudeB of tho ooniponenl-oacillalions (IG) — only lucb valuea wonld evidently 
come into considoration here ^thc relations 

muit aln hold. These relations detenniue the vector a : ^ : > — a,' : a./ : a,' (of. 
p. 01)— one solntion of cijuatioii (33) — which will Bvidently lie on tho ooue repre' 
aentnl by that equation. The vanishing of the two primary waves along other 
vectora of the cone (33) wonld evidently correapoad to ymnginary values of the 
amplitudes V, iti, p', and T, m", p" of the oomponent-osoilklions of thoaa waves. 
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same dimensions as the distances of the point of obacrvation P &oni 
the same, and, for simplicity, when a^' -^n.,' = a^' = a^" = a^" = a^~ =1, 
that is, the two sources shall emit similar waves. This particular 
case is of importance, since, as we have just seen, the marked 
phenomena of interference of the secondary waves must be sought 
in the neighbourhood of the given sources, that is, the point of observa- 
tion P must be taken at a distance from the sources, that is, of the 
some dimensions as the distance between the sources themselves. For 
the given case (region) the genei'at formula (31) for the resultant 
amplitude of the secondary wave will evidently assume the form 

-f3(.' + /? + y)(»--n3'4-r'l'''""<-gi9' + yY)] f <"'' 



,.»(r- 



tr-in 



..(36) 



The Sonrces of DistHTbiuice on x-Axis ; Coefficient of Interference 
Tetm. — Let us, next, assume that the sources (/ and 0" lie on one and 
the same axis x at the distance b apart ; the following relations will 
then hold between the coordinates x', ij, z' and x", y", z" of any point P : 

x--x! + ll ./.y !-.:. 
hence r'^ = (i' + ft)i+y2 + 3'« 

For the given particular case (36) we can evidently write the 
eoetScient of the interference-tenn of the above expression (35) as 
follows ; 

fr+ 



I +PP • 



3{,_(':±^;_(e^±i±i^)" 
+ 3 (i±i±i) (' ''+'V+A w»'+t)+/'+'" ii 

(cf. formula (31)) 

-(i' + y'+/)>K«' + 6)' + j'' + !?>]-(«' + 4+y + .-T(i!'' + !/' + .-'') 

+3(«'+y +!■)(/ +s+y+.i-)[i'(it'+J)+y'+s'']) 
-,;.|'r,((/'+»''+='')(2(i"+!(''+.-~+iy + i'--'+y/) I 

+4(3^'+y+.--)] f '^'* 

+ 4(i' + l,' + j'l[r'(i:' + j+!') + S(2i--j'-!')]) J 
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Coefficient of Interference- Term on Screen || yz-Plame. — On a Bcreen 

placed parallel to the y^plane at the distance c from tlio source O the 
coefficient (3T) of the given interference-term will asaume the form 
/r + m'm' + py . I 

=^'^!(('^+y''+«'")[2(<^+y'"'+-''+'T''-<-«'+/--'>+*(3c+y+^>]!-.(37A) 

+ 6(c + y' + /)[c(e + y + s') + A(2e-y'-2')]} J 

It is now evident that the interference-bands will vanish in those 
regions on the given screen, for which this coefficient' vanishes, that 
is, along and in the neighbourhood of the curve 

+ h(c. + ,/ + y)[r{c + y +.-') + ft (ac - y - s')] = 0* ] 

Regions of greatest Interference. — On the other hand, the inter- 
ference will evidently be greatest at those points on the given 
screen, where the coefficient (37a) of the interference- term becomes a 
maximuni ; and this mil evidently be the cose in those regions, 
where the value of this coefficient approaches the particular values 
assumed by the coefficients of the first two terms of the expression 
(35) for the resultant amplitude. Let us now determine the 
region, in which the coefficient of the interference-tenn and that 
of the first term of expression (35) are the same for the given par- 
ticular case ; the region sought will evidently be that determined by 
the relation 

p4-,{(c'+y'=+0[2(<:^+y''-t-^=+'^y+«'+y'^')+M3c+y'+s')] 

+6(c+y+^')Wc+y'+^')+6(2c-y'-o]}=i+('''+^+yr 

(ef. formulae (35) and (37a)), or, if we replace here a', ^\ y' by their 
particular values (cf. formula (36)), 

^ / i + y'"- + i;^^.(r-i-y' + s'f ^ 

which relation is evidently satisfied, when ^ = ^ = 0,1 the point in 
which the /-axis meets the given screen ; a result which we might 
have anticipated. 

Similarly, it is easy to show that for ^ = 2' = the coefficient of 
the second term of expression (35) assumes here the same value as 
that of the third or interference term (cf. Ex. 21), 

The neighbourhood of the point ij =^ = Q on the given screen woulil 
thus be suited beat for an ol>servation of the interfere nce-ph en omen a 
produced by the given secondary waves. 

♦ Cf. foot-uote to p, 130. tTheji i^ = l,c + b)^ (of. formulae (36)), 
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Expression for BesultAut Amplitude on Scieen ; approximate Ex- 
pressions for same in Region of greatest Interference. — Tiie resultant 
auiplitiiiie of the given seCDiidary waves at any [loiiit on the screen 
x = c will evidently be given by the expression 



t'+S'' + s'" + (y + K'+yV) + i(3e + y + :')) 



x^ap,eo.»<r'-r- + S'-8-)j 

which in the neighboiirhoo<l of the point '/' = ;' =^ i 
approximate value 



+ 4 



2t(c + t) + (2c + t)y + »'l 1 



.. (39a) 



(cf. Ex. 22) ; or, if we replace V and 
■1-.!' 



cosn(r'-r- + S'-S-)l 



xcoan(r'- 






■" by their approximate values, 

<"(« + »)■ I. (39b) 



Fonniila (39) holds for both light-waves and the electromagnetic 
waves proper ; formula (39a) would hold also for both types of waves, 
whereas formula (39b) would hold for the former most approximately 
but for the latter only approximately. We obtain a more approximate 
expression for the electromagnetic waves proper on replacing i'*, r"* 
and /-r^' of formula (39a) by their more approximate values 

r-* = (r + 6)* + -2(<T + /0^(!/''+-2), 
an<l '■ ■' + r-- = '■''{f + h)^ + [c'-' + {( + ft )^](y = + -■■^). 

The Electromaenetic Waves of the General Problem of Chapter III. 
and Phenomena of Interference. — The electromagnetic waves treated 
in the more general problem of Chapter lil, and represented by 
formulae (7, in.) would be of little interest for us here, since they 
are more or less highly elliptically polarized and would thus give 
rise only to very small and irregular variations of intensity when 
superposed (cf. p. 114). 
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EXAMPLES. 

I. Show that the equations 

a^=a'^-{-a'^ + 2a V cos n (x' - jf*) 



and 



a' sin nx' + a" sin nor" 
•*""*=«' CO. nx' + a» CO. ny" 




which may also be written in the form 

a'slnn(a?-x') + a"sinn(a;-a?") = 

(of. formulae (2) and (3)), can be represented graphically as follows : 
Take any fixed line OX and draw OP equal to a\ and making the angle nx' 

p with OXt similarly draw OQ equal to a", and 

making the angle 7i3^= QOX, then, if we com- 
plete the parallelogram OPRQ, its diagonal 
OR will be equal to a and the angle ROX 
which it makes with OX will be equal to tut, 
while POQ will be equal to the difference 
in phase n(x'-x^) (cf. the annexed figure). 
1*he amplitudes a' and a" will, therefore, com- 
Fio. 15. pound like forces.'*' 

2. Show that a right-handed circular oscillation, for example 

y' = Oj' sin n(ri - a:'), 

z'= - o,/ sin nlvt-x^-'r)—^ ^®* '*^*'^ " ^')' 

and a similar left-handed circular one, namely 

y"=a,'sinn(tV-x'), 

2"= + Oj' sin n ( f< - a:' - - j = - a,' cos w (i'^ - a:'), 

compound to a linear oscillation, namely 

y = 2a./ sin n ( r/ - a:'). 

3. Show that the elliptic oscillation 

y=02sinn(r/-x), s= -ajsinn| v^-a;- . )=a3C0sn(W-a:) 

may bo regarded as the resultant of the two oppositely directed circular 
oscillations 

y' '- ^(^J + aj)sin n{vt - x), 2' =2(«a + «s) cos n{vl - ar), 

and y" = ,- (Oj - a,) sin n(r/- a;), 2"= -^r (03-03)008 w(t'^- a*). 

4. The intensity of two similarly linearly polarized oscillations that differ in 
phase by quarter of a wave length is the same as that of two similar linearly 
polarized oscillations, whose planes of oscillation are at right angles to each other. 

Two such pairs of oscillations are 

y' = a'sinn(r^-a-')'j 

y"=a"sinii(i'(-a?")j'' 



(A) 



*Cf. Preston, Theory 0/ Liyht, pp. 48, 4». 
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where ii{a!'-a:") = s. "ud 

y.aUi.n(,.-.')| 

where r' and iT are entirely arbitrary. 

The reaultatit (oacillation) of the fonuer pair (a) ib, by the principle of super- 
position (cf. p. 13), 



the pBrtioiilar form assunied by formulae (2) and (3) reepactively, when 



■'^|''+i""*""'-«|.'-->'^' 



r, by foniiulB(D),; 






^1»>^ 



The inteusity of the elliptic osoillution (b) (cf. formulae (2) and (3), ill.) is now, 
since its component-OBcillationa take place entirely independently of each other, 
given by the sum of the intensities of those component-oaciUations, that is, 



'='..A=;.f';(*>4/'l(f)'- 

- I 008'™!!"-!^)* + 2T~ I ^*'''**~ 






5. The resultant intensity of the two sitiiilaily linearly polarized oscillatio. 
j,' = o'ainn(M-j-'), 

(cf. formulae (I)) is given by the expression 



-[«■"- 



Hi^ + 2a'a" COB n(i' - jr")], 



where m denotes the mass of the oscillating element. 
The intensity 1 of any linear oscillation y is given by the integral 



'=^/'l{2)'- 



\ 
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Here y = y' + y"= a' sin n{vt -x') + a" sin n (vt - a?*) ; 

hence -'^=071/ nV[a' cos n(r^-x') + a" cos n(irt-a/')pcfo 


= ^^{ «'' ro(MH{vt - x')dt + a*^ rcotflnivt - a:*)d^ 
+ 2a'a'' I c(mn{vt-'X')coBn{vt-3^)cU\ 

"0 

= ^-y |y/ [l+co82»(v^-a:')]d< + ^/ [I + cos2n(v<-x^)]d/ 

' fr 

+ 2a'a'' / [cos nx^ cos 7ia/'cos%v^ + sin nx' sin Tto^sin'nt^ 

+ sin n{x' + a/')cos nv^ sin nv<](i/ > 
_winVfa'M. 8in2njt^a?') I ' a*^ L 8in2n(w^--«^) I ' 

+ a' a" cos na/ cos naf I ( 1 + cos 2nr^) dt 

+ a Vsin fix' sin ru;^ / ( 1 - cos 2nv0 cf^ 

+ aVsin n(x' + a/*) | %in 2nff d<| 



sin 2nvt I ' 
2nv 1 



_mnVra'2 a*« I sin 

= 27* "q" ^ '*'"2~ "^""^ cosna; cosnar I r + — ^. 

/ « . ^ . _^L 8in2M»n' , „ , i^ . ^A cos2nv<|*n 
+ aVsm«a:'smna/'|<--^^|^+aVsinn(a/+a^)|--^^|J 

^ mn V ro^+o^ ^ ^ ^,^,, ^^ ^^ ^^ ^^ 

= ^^ [a'3 + a'^ + 2aV cos n(ar'- a/')]. Q.B-d. 

Derive this expression also directly from the resultant oscillation 

y=asinn(v^-x), 
where a and x are determined by fonnulae (2) and (3). 

6. Show that the resultant intensity of the two elliptic oscillations represented 
by formulae (8) is given by the expression 

/= ^j^[aa'« + oa'^ + 03'* + 03*^ + 202 V c<>« w (^ - a?*) 
+ 203 V cos n (ar' + «' - a:" - 6")l 

where m denotes the mass of the oscillating particle. 

7. Determine the difference in phase n8 between the components (0) of the 
resultant elliptically polarized plane- wave examined on p. 1 15. 

The formula (11) for tann(a; + d) can be written 

. »x_ tan na? -H tan ng _ . 
1 - tannxtanwd" * 



EXAMPLES. 

Hj coBn(j +3') + B, t:osTi(jr" + ir) 
which gives the following value for tan nS : 

Replace here A by iU value [a) and tan nx I 
anil we haie 

[o,' Bin n(a:'-f a-) + < sin n(ar- + n][a.; cos .«:■ 

"K " " "" ■ 




'alne from formulae (10), 



«^] 



a') + aj'='*"(>^ + '")X'^'™B»^' + "-j" costal] 
+ [oj' ain n(i' + !') + Oj" Bin «(■=• + «")][ii' "in Bi' + Dt," Bin na^ 
a,'Q,'Mnn(2^' + 8') + a.j"as'«nB(x' + 3:' + J') 

+ o,'a,"Binn(j;' + j^+8-| + tt,Vmiim(2j;'-l-y i 
Oj'o,' COB nC + Oj'oj' cos n ( j' - a:" + !'| + <i]'fij" cob ii (i' - a'' - B") + o-j'tij' ooa « J^ 

S. Determine the reaultant of the two elliptically polarited Bpherical waves 



-S-(— -^)-^» 



iid y.'_J.li,n(|.l^j'|, 

The componenlB of Che resoltant wave are 

where a, and nx are given by formulae (13), and 

E=x'+t'=-^ooiii(Bl-i')-^ci>Bn{iK-ar)= -cijc. 
where a, and n[i + B) are determined by the equations 



^.in,^ + ^Bi 



in(x+a), 



2'^^^C0Bn(r'-a:'). 



n(x + Jt) = 



_ n,*!* HJq ng* + 03*1' ajn 713: ' 
~ a^xf cos 113;' + a^x' cob nz" 
(cf. formulae (15||. 

Show, when og'-a^' aad □./ — n,', that is, when tbe given OBcillationa are 
circnlarly polarized and Bimilarly directed, that 3 — 0, that is, that the com. 
poneotB of Che resultant oacillatlon have the mme phase. 

•Cf. footnote to p. 117- 

"t This i is evidently not identical to the t of fonnulae (15). 
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9. Show that the difference in phase n6 between the componente of tho 
resultant elUptically polarized spherical wave represented by formulae (14) is 
given by the expression 

a3V*^»ln»(2a?' + «') + Va,Va/'sinn(a:' + ir" + a') 

4- ajaiTfTr sin n(ar^ + a:" -f- r) -f- a^a^Tf^ sin n {"bd' -f- r ) 

"" **^ " Oa'o, V cos »«' + <o,'jr V cos n (x' - a:'' + «') 

+ aia^x'Tr cos n (ar' - a/' - r ) + ^ajV" <»« «^ 

10. Determine the resultant intensity of the two similarly linearly polarized 
spherical waves represented by formulae (12). 

The intensity / in question is given by the integral 

'4/'-®'* 

where y=asinn(o^ -a;), and a and wk are determined by formulae (13). 
We thus have 

/= '^ / cos*»(t;/-a:)rfe 

='";^'r[i+co.2»(.^-x)]*==i!^'. 

i 

or, on replacing a' by its value, 






11. Show that the intensity of the resultant elliptioally polarized spherical 
wave represented by formulae (14) is given by the expression 

* I * *^^ ^*^ +a,Vcosn(a:' + 3'-a:"-n]/ 

12. The distance a; of a dark or bright point or band at considerable distance 
from the central band is given by the expression 

rOsa , , 

^ — -c — = ar (A) 

Yqt large values of ar, that is, large values of the angle DCE of Fig. 12, the 

distance CK cannot evidently be replaced by the distance CD between the sources. 

We must, therefore, employ the following proportion instead of that (5) chosen 

on p. 110: 

PPn.OPn^DE.CD, 

or a: : Va* + ar* = -2 : &f 

which gives ^^= „ - q.e.d. 

4 
This expression shows that the number of bands cannot exceed — . 

A 

13. The width of a bright band at considerable distance from the central 
band is given (approximately) by the expression 

2 \a _ . . 

. — '— a*- •" a^a—*). ' A) 



By example 19 (cf. formnia (a)) the i 
two consecutive (dark) bands that ar 
bandifl 



vW-(«--2|"X» 



Since now ily' a large in oomparison to nV even at conBJderable distance from 
the central band and n* is very Urge compured with n — interference haa b«en 
obwrved with retnrdatinlia of over 200,000, even 500.000, wave - length b— the terms 
4iiX° And -i\' under the sqnare-root'aigii of the second term of thifl expression 
for the width of baod may evidently be neglected in comparison to the two other 
terms, 41/' and -n^', and thus rejected. The given expreaaion can thus be 
written most appronimately 

_ nXtt _ (ii-2)\g 2Xq 

Olnerve that this expression reduces to that of formula (T), the one in general 
nse, for small values of m. 

A comparison of the expression (a) for the width of any distant interference 
band with thut (T), which holds only for bands ntax the centre, shows that 
the bands do not retain one ami the samo width, as we recede from the centre, 
but that they increase tu width, Take, for example, the IO,<K)Oth interference 
band of waves of wave-length 3000x10-' mm., that is, ii = 10* and \ = 2x 10-». 



By formula (a) the width of this baoc 



Xn 



Show then that for 



,,'&»- (1(1 

b- 10 cm. the I0,OO0th band would be al>out 54 % broader than those near the 
centre, and that fur b = 10 mm. the 10,0(.>0th band could not appear. 

14. Show that the resultant oscillations JT,. }',, Z, represented by formulae (Ifl) 
and (20) take place in plane elliptic paths (cF. p. 1-2III. 

15. Show, when the sources O'and (/"of the waves repreaented by formnlae (10) 
are very (infinitely) near together and the point of observation P is at consider- 
able [finite) distanue from the same, that the coelBcient fT + m'm' + p'/i" of the 
interference term of the expression (21) for the amptiCude of the resultant 
(primary) wave assumes the form 

where a=«' = a', fi=p' = ^, •, = y'--f; 

that is, the given coefficient vanishes along tbe surface 
(a,V+'HV)^+'''iV+'«3'Os''+(''i'«i"+»,V)r' 

the equation of a cone with apex at origin. 

16. On a screen placed parallel to the i^.plane at the dista: 
formula (A) of Ex. 16 aoaninai the form 



(o,'o,'+o,'a,-)j(=4 
the equation of a co 



V + '';'''r)fy-(<»i ■'»)'' + f>s'ii''}' 
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«h'=V=^» ^^^ *^h« cocflBcicnt lT-¥m'm''-^j/ff ci the given 
▼mnishet at the points 






«■ die girea tcreen (jr=c), whereas the coefficients /''+m''+jy and r'+m*'+|J^ 
«f die fint and secood terms of the given expression for the resultant amplitude 
raiish at those points. 



IT. Shov, when the distance between the sources C/ and O* is of the same 
as the distances of the point of observation P from the same, that the 
of the different terms of the expression (21) for the amplitude of 
the resultant (primary) wave assume the form 

n + m** +/>'' = 3 - (a + ^' -f y )«, 

r»-i-wr»+//^=3-(o''+^+y')», 

+ (a' +/r + y^){a'' + /T' + y)(aV + /T/Tyy). 

On the assumption that the sources C/ and O* lie on one and the same axis x 
(d. formulae (36)), these coefficients assume the form 

/ +i» +/> -3 ^^ / ; - x^+s^+z' 

m^^t^r^^'H /?:±&±yjti'V 2[(a:-4-6)g + y^ + 2-'-(ar--f6)/-(a:^ + 6)a^-y^2^] 
r»+« +;/^-3-^ ^,, j= (:r' + 6)*+>;z'« ' 

-(a/+y' + 27[(ar' + 6)«+y''+zT-(ar' + 6+y' + 2')«(a?^+y^ + *'') 
+ (ar' + y' + 2')(ar' + 6 + y'-fz')[x'(x' + ft) + y'«+2'«]| 

+ 6(5ar'-y'-2') + 262]-(x' + y' + 2T[6(x' + 6)]+(a:'+y'+2')6v|. 

18. Oo a screen placed parallel to the y2-plane at the distance c from the 
•ooree (/ the expression for the coefficient IT-'tm'vC -k-p'p" of Ex. 17 assumes the 
fonn 

/r+m'm*+/?y=^ [(c« + y'' + 2'«)[2(c« + j^ + 2'«-cy'-C2'-yV) "j 

+ 6(/Kr-y'-2') + 26»]-(c + y' + 2T[ft(c + 6)] + (c + y' + 2')62c|j 

The interference-bands will thus vanish at those points on the given screen, 
wb«re this expression for the coefficient vanishes. 

The interference-bands will be most distinct at those points on the given 
fereen, where the coefficient (a) becomes a maximum, that is, where the value 
of this coefficient approaches those assumed by the coefficients of the first 
Mid second terms of the given expression for the resultant amplitude. 

^Ibow that the coefficients of the different terms of the given expression for the 
taut amplitude all assume the same value at the point y'=2'=0 on the 



.(A) 




10. Show that the amplitude of the reeultAnt primsr}' w»ve of Ex. IT ia 
ffiven approximately by tbe following eKpregsioD iu the aeighbourhood of the 
point y' = i' = on the screeo x = c: 



SO. Show that the resultant sacondaiy o 
and (30) take plaue in plane elliptic paths. 



II repreBeiited by formulae (29) 



■21, Show [hat for 2" = 
coefficient of the aecood tt 
of the inlerferenco-term. 



, x'^i, y-=y'=^=s' = (of. (onnuhw (36}) the 
of exprewioii (3S) auumea the same value as that 



22. Determine the appro::iuiate value of tlie expression ('M) in tlie iieiglibuiir- 
hoodof the point y' = :' = 0. 

In the ueighbonrhood of the given point y" and z"^ will be very imal! in 
eompari«on to y', z' and the given quantities e and b, and they may thus bo rejected 
in the determination of tlie coetficieuta of the different tenna of the given 
e>:preagion ; we tlius liave 

_ 3[c' + c' + 2r(y' + s-)] _ 6(e+y' + i' ) 



,'+p^= 



and l'f+m'm°+p'p" 

_ 3f'[2e° + gc(y' + i')4- 



_ 3[(c + h|'+('--^6)'+2(g+M(y'+^')] _6(r+fc+y'+t') 
(-■+;.)' -" c+V "' 



3[c'(2r'-t-4i^6 + gMl + c(2c'4-3f& + ft')(y' + i!')] 

_ 3[Bc'(f-»-hl' + g(a; + hl(t + SKy' + i')] _ 3[2f(c4 

^(f + fc)^ 

The given eiproBsion can thus be written 



2c[s' + ^)] + b[2c'4-ciy- + 2'm 



-r^+s--n\ 



23. Determine and examine, as In text, the eipressioriH for tlie amplitudes of 
the resultant prinmry and sEcoodary waves obtained by the superposition of two 
(similu'} electron I aguetic (Hertiion) waves of the type represented by formulae (9) 
of Chapter U. 

24. Determine and examine the expresaiona for the amplitudes of the magnetic 
waves Chat accompany the resultant (electric) primary and secondary waves 
examined in the text, those represented by (ormnlae (19) and (20), and (29) and 
(30) respectively. 



J 



CHAPTER V. 

HUYGENS'S PRINCIPLE 

Rectilinear Propagation of Light. — In Chapter I. we have observed 
that the wave-theory, as first postulated by Fresnel, accounts for the 
rectilinear propagation of light and thus furnishes another argument 
for its universal acceptance. At first sight a rectilinear propagation 
would appear to be explained better by the emission than by the 
wave-theory, which would argue in favour of the former. On the 
other hand, a closer examination of light phenomena shows that 
light is propagated only approximately in straight lines and that, like 
sound, although in a much less degree, it bends round the edges 
of obstacles placed in its course; for example, the actual shadow 
cast by a small body that is illuminated through a narrow slit is 
smaller than the geometrical shadow. The rectilinear propagation of 
light is, therefore, only an apparently or approximately rectilinear 
one. It is evident that the emission theory would fail to account for 
any but a strictly rectilinear propagation, whereas, as wo have main- 
tained a))ove and shall confirm below, the approximately rectilinear 
propagation of light in an homogeneous medium and the bending of 
its rays round the edges of obstacles placed in its course are direct 
consequences of the wave-theory. 

Huygens's Principle. — Huygens's attempt to explain the rectilinear 
propagation of light was founded on his so-called "principle," which 
can be stated as follows : Every point of any wave-front of a system 
of light waves is conceived as the source of a system of elementary 
or secondary* waves that are propagated radially from that point 
with the same velocity as that of the light waves themselves. The 
envelope of the elementary waves emitted from the various points or 
sources on any given wave-front will, after the elapse of any given 
* Not to be confounded with the secondary waves of Chapters II. and III. 
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time, evidently coincide with the wave-front of the given WEve at 
that time. Huygeua now assumfs that the effective parts of these 
elementary wavea in generating the new wave-front are confined alone 
to those portions of them that touch the given envelope. In this 
manner any and all subsequent wavo-front« are eiippoeed to be gene- 
rated and the ivave itaelf thus propagated. 

We may illustrate Huygens's principle as follows : Let be the 
source of a system of (spherical) waves, AB a screen with aperture 
CD plaoed In their course, and EF, an arc of radius r, any given 
wave-front of the pencil of waves, that are passing through the given 
aperture, at any time tg, as indicated in the annexed figure. According 
U) Huygens's principle every point of the wave-front EF is to be 




conceived as a source of elementary (spherical) waves, after the lapse 
of any time /, each source will have emitted a (spherical) wave, all 
the wave-front elements of which have advanced to one and the same 
distance, l^v, from that source, where v is the velocity of propagation 
of light. The wavo-fronta of the elementary waves, emitted from 
the various points or sources on the given wave-front EF, at the 
time I, will thus be spheres of one and the same radius, C^v, described 
about those points as centres, as indicated in the above figure. The 
envelope of these spheres is now the two arcs E^F^ and E^^ of radii 
r-(,v and r-H(,r respectively, and not, as Huygens assumes, the 
latter alone, which evidently represents the wave-front of the given 
wave at the time (|. The arc E^F^ would correspond to a wave 
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that is propagated backwards from the given wiive -front EF towards 
the centre of disturbance U ; the presence of such reHected waves in an 
homogeneous medium k not, however, confirmed by facts. 

Difflctaties e&coimtered is Huygens's Principle. — Apart from the 
difficulty encountered in ridding Huygens's principle of the reflected 
waves, juBt mentioned, it is evident, if we assume, aa Huygens doea, 
that the effective parts of the elementary waves be only those portions 
of them that touch the envelope of the waves, that the wave-front £F 
would be propagated radially from (and towartta) the centre of dis- 
turbance 0, that is, light would be propagated according to Huygens'a 
principle always in straight lines ; thia would now exclude the possi- 
bility of accounting for the slight bending of light rays (waves) round 
edges, as those Cand Z? of Figure 16, or upon their passage thi-ough 

Huygens's Principle ajid the Laws of Ke&action and Bellectlon. — 

It is easy ta show that the lawa of reflection and refraction of rays 
(waves) on their passage from one medium into another can be explained 
on the assumption of Huygens's principle ; * but this argues little in 
favour of the above form of presentation of the same, since these laws 
are only direct consequences of the airaplcst assumptions.t 

Fresnel's Modlflcations of Huygens's Principle. ^Fresnel rejected 
Huygens's purely arbitrary asaumption that the efl'ective parts of the 
elementary waves be only these portions of them that touch the 
envelopes of their wave-fronts and attempted to calculate on the theory 
of interference the oscillatory state due to the resultant action of those 
waves at any point. These calculations not only give only an approxi- 
mately rectilinear propagation of light-waves through an homogeneous 
medium and a slight bending of the same round edges, but they also— 
on the assumption of a suitable law for the action of the elementary 
wave with regard to its obliquity (cf. below) — rid Huygens's principle 
of the reflected waves mentioned above. 

Detennination of Light- Vector by Freanel'B Method. — Let us next 
calculate I>y Fresnel's methorl the oscillatory state at any point due 
to the TL'sultant action of the elementary waves omitted from any 
given (spherical) wave-front. Let be the source of disturbance, 
ABCP, a sphere of radiua r, with ceiitro at 0, the wave-front of 
any given wave emitted from that source, and Q a point outside 
the given sphere, the point, at which the oscillatory state due to 
the resultant action of the elementary waves, emitt«d from the 
numerous (elementary) sources on the given wave-front, at that point, 
is sought (cf. Figure 17). 

* Cf. Prflstoii, Theonj of Liyhl, %GH. t Cf. !bid. , §§ 3M aud fib. 
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The oscillatory state or light-vector* at any point or source M 
on the given wave front can now evidently be represented by the 

quantity (moment) ^ a , 2w , , ^ 

r sm -jj- (t^ - r^) ; (1) 

for the primary waves treated in Chapters II.-IV. this vector or moment 
would always lie in the given wave-front. 




3 

U4 



*Cf. Drude, Lehrbwh der Optik, p. 118. 
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DlTision of Wave-Front into Zones or Half-Period Elementa. — 

Prcanel now dividea the surface of tbt given Bphero or wave-front 
lip into zoiics refoiTed to their so-culled "pole" P or thttt point on 
the surface of the sphere that is nearest to the point of observation 
Q (cf. Figure 17), The region (on the surface of the given sphere) 
round this polo extending as far as the circle, whose diatanLie 

from the point Q is r^-r^ + q, where r„ denotes the distance of that 

point from the source (cf. Figure 17), ia termed the first "zone" or 
"half period element"; let us denote the circle bounding this region by 
it/,. The second zone extends from the circle jl/j to that circle M^ on 
the surface of the given sphere, whose distance from Q is >■„ - rj + X. 
Similarly, by describing on the surface of the given sphere circles 

Afj, M^, etc., whose distances from the point Q, are Tj - 1', -I- -^, 

i,-r,-l-2A, etc., we obtain the 3rrf, 4(A, etc., zones or half-period 
elementa. These zones are evidently not of the same width, but 
they decrease in width, as we recede from the pole P towards the 
circle j4C (cf. Figure 17), from which circle they increase in width, 
as we approach the point B; AC is here that circle on the surface 
of the given sphere, for which the vectors from the point Q are 
tangents to the same, and B the point diametrically opposite the 
pole P. 

Determination of Area of xaj Zone. — I^et us now consider the 
action of the elementary waves emitted from any zone, for example 
the second, at the point Q. For this purpose we divide the given 
zone up into an infinite number of concentric circular zones or zonal 
elements of infinil«simal width ; let this width be so chosen that, 
if p denote the distance from the point Q to any circle M' forming 
the boundary Iwtweeii any two such zonal elements, the next such 
Ijounding circle M" be taken at the distance p + dp from Q; let D 
denote the angle the vector OM' makes with the vector OP at 
and 6 + d6 the angle between the vectors OM' and OP (cf. Figure 17). 
The area do of the zonal element MM" is evidently 

rfo = 27rrj8inflrjrf« = 2jrriSBinfl<ifl (2) 

The following analytic relation now holds between the qiiantities 
/S r„ T.jf and fl : 

p* = ri'--t-r„*-27-ir-jC09^; (3) 

which differentiated gives the following relation between the differ- 
entials dp and do : 

p.lp = r^T.^s\n8de (4) 
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By this formula we ran write the expressiou (2) for the area d 

r^ = 2ir ^ pdp (5) 

Expression for the Light-Vector. — We have seen above that the 
light-vector s at any point M can be represented by the expression 

The lightvector s' at an external point Q due to the action nf the 
elementary wave emitted from any auch source M on the given wave- 
front would now be inversely propoi'lional to the ilistance of the point 
Q from that source; it would also he a function of the obliquity 
or the angle •)> between the normal to the given wave-front at the 
point M and the vector from that element to the point Q (cf. 
Figure 17). The light-vector s' at the external point Q due to the 
action of the elementary wave emitted from the source M could, 
therefore, be represented by the expression 

••-°/-7-'»'T['«-<'.+f)l. W 

where /(4<) expresses the law of variation of s' with regard to the 
obliquity <ft. 

Lisht-Vector produced bjr Elementajy Waves of any Zonal Element. — 
The lightrvector at Q due to the action of the waves emitted from 
all the points or elementary aoureea on any zonal element, for example 
M'M", is now assumed (cf. p. 1(54) to be proportional to the number 
of those sources, that is, to the area do of that zonal element ; if 
we denote that vector by rfA', we should thus have 

dS = 3'do='^-'-^ sin ''J-\yt-{i\^-p)\do (7) 

or, on replacing do by its value (6), 

dS = -l^J^ sin '^l[vt-(T,^p)\dp (7a) 

Laws of ObliqoJty; Natural Law.—The light-vector s' at an 
external point evidently depends upon the law of variation of the 
light-vector over the wave-front of the elementary wave, that ia, 
its law of variation with regard to the angle the vector from the 
source {M) of the elementary wave to any wave-front element of 
the same makes with the normal to the wave-front proper at that 
source. It is now natural to assume that this light-vector vanishes at 
all points behind the wave-front proper ; that is, we suppose each 
elementary source {M) to emit only a hemispherical wave, that in 
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front of the wave-front proper (cf. Figure 17), arnl we thus exclude all 
reflectod waves (cf. p. 14-4) from the medium. Moreover, it ia natural 
to assume that the law of variation of the lightrvector over this hemi- 
sphere he according to the cosine of the obliquity or the angle ii 
between the vector from the source (M) to the given element and 
the normal to the wave-front proper at that source, the vector thus 
varying from zero at the base of the hemisphere or equator to a 
maximum at its pole. Since now the lightrvector .v' at an external 
point Q is determined by the action of that wave-element of the 
elementary wave in question that passes through that point, it would 
thus be proportional to the cosine of the obhquity ^ of the given 
element. Let ua express this law, which we shall designate as the 
" Natural Law of Obliquity," in the form 

s' proportional to coa'^=/(<(i) (8) 

Btokes's IdW of Oblliliiitj. — Sir ti. U. Stokes* has now found 
that the light-vector s' at an external point varies as l+cos^; let 
us express this law in the form 

»' proportional to (1 + cos <^) =/{<^) (9) 

/i<i>) becomes a maximum, 3, for the elementary wave omitted from 
the pole P and decreases in value, as we recede from the pole, aasuroing 
the value unity for the waves emitted from the circle (.-/t*), for which 
the vectors from the external point (Q) are tangent to the wave-front 
proper (ABCP), towards the point B diametrically opposite the pole P, 
at which point /(^) vanishee (cf. also p. 175). According to this law 
of Stokes the wave-front of the elementary wave roust evidently bo 
regarded as a complete sphere and not as an hemisphere, as assumed 
above, and hence the presence of reflected waves granted. 

Laws of ObliqtiitT in Terms of p. — The oblii]uity <i> can now be 
expressed as a function of the given quantities r, and r^ and the 
variable p (cf, Ex. 1). We could thus express the law of variation 
of the light-vector a' with regard tii ^ in the form 
s proportional to F{i\, t^, p), 
or, for given r, and r.^ 

s' proportional to F{p) (10) 

Thi-oughout any given zone M„ - M^^j p increases from 

Pn = ^-i-^i + -^ for the circle M, 

to />,+, = r-i - 1\ -t- —^f- A for the circle -^.+i, 

♦■■On the Djtiamical Thiwy of Diffriiction," -Uu/A. and PKyn. Pai,r.r», vol. ii„ 
p. 243. 
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that is, it increases by the quantity ^. For lightwavea A ia now so 
small compared with Tj ami r^ that the function F{p) could be regardeil 
as approximately constant throughout any zone. In determining the 
light-vector S,' at au external point Q, due to the action of the waves 
emitted from any zone M,~M,^.^ or n, we could, therefore, set f'{p) 
before the sign of integi-atioii. 

Detennination of Light-Vector produced by Elementarr WaTes 
of any Zone. — Foi' lightwaves the vector i'_' due to the action of 
thi.^ elcmipntury waves emitted from any zone » would, therefore, by 
formula (7a), bo given by the integral 

^V = 2^"^l si J^[H-{r,^p)]dp 

- rt\ .^> joos 'J (fi - r,) cos «jr - COS ^ (i-i - r.j) COS (n -K 1 > Trj 

= (-l)"2a\^c08^{W-,-„) (11) 

Ligbt-VectoT produced by Elementary Wares of two ConsecutiTe 
Zones. ^Let ua now considei- the light-vector at an externa! point Q 
due to the mutual action of the elementary waves emitted from two 
consecutive Kones. It ia evident from formula (11) (cf. also formula 
(5)) that the waves emitted from the one zone, being opposite in 
phase to those emitted from the other, would neutralize each other,* 
provided their variation in obliii«ity could Ije entirely neglected (cf, 
also p, 164). The only effect that could be produced at an external 

* Tlie wavei emitud from the kodkJ element included between the veotora 
P^Tj-Ti + Y and p + dp-r.j~r, + -^ + dp 

pliiue from those emitted front the zonal element 

" + ', J J « + K , 

p = Tj - ri + -^— \ and p + ap = r, - r, + ■ ^ \ + ap 

of the other zone by half a, wave-length ; since uow the elements of sreit ilioluded 
between these two pnira of vectors aii; the same (cf. foniiiilae (5) and (11)), the 
waves from tlie one zone would neutralize those from the other. Similarly, the 
waves from the next and all following consecutive zonal elements of the one 
lone would neutralize those from the correaponding element* of the other Kone. 
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point woiilil, therefore, be that tlue tt) ihe variation in the (mean) 
obliquity between the waves emitted from the one zone and those 
emitted from the other (cf. also p. 165). The total resultant effect or 
lightvector at an external point would thus be given by a sum of 
such effects -HS\ + S\+^) arising from the variations in obliquity 
between the waves emitted from consecutive zones. Let us deter- 
mine the expression for such an effect. 

For two consecutive zones, n and n+ 1, the law of variation of s' 
with regard to obliquity could be expressed by the functions 

. «^\ .„j vL _ .«+l .\ 



F'(,.,^..,+^^) and F{r, 



(cf. formula (10)) or for light-waves, since A is then infinitely small 
compared with r^ - r,, approximately by the functions 

P{r,-r, + '^) .nd ^(,,-,, + l^) + ^ir (r,-,, +^). (12) 

where F' denotes the derivative of F with regard to K 

By formula (11), the resultant effect or light-vector, S'^ + S'^^.f, dua 
to the mutual action of the elementary waves emitted from any two 
consecutive zones n and n-t- 1 could thus be written 

.(-ir'"*-V(,-.,-r,+!^)™-^(rf-r,) (13) 

Expression for Total Effect or Light-Vector.— The resultant effect 
or light-vector (13) is now small, proportional to X, compared with 
that (U) produced by the waves emitted from either zone. It 
follows, moreover, from formula (11) that the light-vector S, due 
to the action of the elementary waves omitted from any zone differs 
in sign from that S',„i due to the action of the waves from the 
adjacent zone. If wo denote the absolute value of any light-vector 
^»' by S„, the total resultant effect or light-vector S at an external 
point Q due to the mutual action at that point of uU the elementary 
waves emitted from any (spherical) wave-front ABCP (cf. Figure 17) 
will, by the principle of superposition, be given by the series 

6'=S„-5',+5,--Sa-l--..,(-l)-5„ (14) 

(cf. formula (11)), where ni-t-I Js the number of nones, into which 
the given wave-front can he divided. 
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Whatever law of vnriatiou of lightvector with regard to obliquity 
be aaHumed, it miist evidently be auch that the greater the obliquity 
the smaller the light-vector ; since now the variation of S, is alone 
due to it variation of the obliquity (cf. p. 150), it would follow 
that, as n increased, •$_ would decrease in value ; that is 

For m even, m = 2K, where k is an integer, the above series fl4) for 5 
can evidently be written 



-(¥--.4-)4- 



Belation between the Light-Vectors of Consecutive Zones. — Let 

as no\v- examine any bracket term 



C^ 



of the aeries (15) ; here n must evidently be taken odd. 
By formula (13), we have 

which for n odd becomes 



ir'fF(r, 



and similarly, 






+(-1)- 



■-.L 



which for n odd becomes 

Add these two expreasions, and we have 

'S'n-i-2S', + S,_, = (16) 

In obtaining this relation between the S's, we have rejected only 
terms of the third and higher orders of magnitude in A, those arising 
from the development of the function F with regard to that quantity 
(cf. formula (12)) ; the given expression between the S's can, there- 
fore, differ from zero by a quantity of only the third or higher orders 
of magnitude in X, that is, by a quantity, whose order of magnitude 
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in X is at least two higher than that of the expression (11) for S^, 
It is evident that such quantities can be rejected, when compared 
with S„ (5q), even when the number of terms of the given series 

is of the same order of magnitude as y. The series (15) thus 
reduces to the simple expression 

Similarly, it is easy to show, when m is odd, that the series (14) 
for S reduces to 

(cf. Ex. 2 at end of chapter). 

The light- vector S at an external point (Q) would thus be given 
by the expression 

5f=|±|^.* (17) 

Keplace here Sq and S^ by their values from formula (11), and 
we have 

S=f^ [F(r, - r,) ± F(r, -r, + '^)] cos \'(t,< - r,), (1 7a) 

where rw + 1 is the number of zones that contribute to the total effect 
at the given point. 

Laws of Obliquity. — To evaluate the expression (17a) for 5, we 
must now know the law of variation of the light- vector s' with regard 
to the obliquity <^, that is, the function F{p) (cf. formula (10)). For 
Stokes's law (cf . formula (9) ), we find (cf . Ex. 1 at end of chapter) 

P(p)-''-'t'?^^ (18) 

We have seen on p. 148 that this law gives reflected waves. That 

no reflected waves may appear, it is evident that the law of variation 

of the light-vector s' with regard to the obliquity <^ must be such 

that the elementary waves emitted from the zones, for which <f> is 

greater than 90°, will have no effect at the point in question. On the 

other hand, the law sought must evidently express the empirical fact 

that the larger <f>, between 0' and 90", the smaller the light- vector s'. 

The simplest such law is now the natural law proposed on p. 148, 

namely, 

s' proportional to cos <^ {0^<f>tj 90**) 

* For another proof of this formula see : A. Schuster, Philosophical Magazine ^ 
vol. 31, p. 86. 
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{cf. formula (8)); which gives the following value for the fuuction f'ip): 

^w^'TiF-''' <"^)- 

(cf. Ex. 1 at end of chapter). 

Total Light-Vector for Natural Lav. — On the assumption of the 
natural law (18a) the last t«riii of the expression (17a) for S evidently 
vanishes, and S is then given by the expression 

S.'\o.'^i,l-,;) (19) 

Total Light-Vector for Stokes's Law. — On the assumption of 
Stokes's law (18) S is evidently given by the expression 

,s' = =^coB^_^V-'-,) CJO) 

Approximately Rectilinear Propagation of Light-Waves. Effect of 
Small Circular Screen at Pole: Bending of Waves— On the assumption 
of cither of the almve laws (18) or (ISA) the following relation 
evidently holds betvieen the total light^vector S and the light-vector ^o 
due to the action of the elementary waves emitted from the central 
zone only : 

6-=^'J (21) 

(cf. formula (17)); that is, the total light-vector S at an external 
point Q could be conceived as produced alone by the action of the 
elementary waves emitted from the first half of the central zone, or 
the effective portion of the given wave-front could be regarded as 
confined to a very small area (of the dimensions of the wave-length A) 
around the pole P ; in other words, the light received at Q could be 
conceived as propagated from the source in approximately straight 
lines. This approximately rectilinear propagation of light is eWdently 
a consequence of the extremely short wave-length of the light waves ; 
for waves of long wave-length, as the electromagnetic waves proper 
(Hertzian) or those of sound, the propagation would deviate con- 
siderably from the rectilinear. If the first half of the centra) zone 
be intercepted at the pole P hy an opaque screen, the elementjiry 
waves emitted from the other portions of the given wave-front would 
have apparently no effect at the point Q, thfit is, that point would 
receive no light. This conclusion is now neither correct noi' is it 
confirmed by experiment. If we screen off the first half of the central 
3 by means of a small circular screen placed at /', the fiist zone 
will then extend from the edge of that screen to the circle on the 
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given wave-front, whoae clistanoo from the point Q is r, - r, + '^ i 
the second zone from this circle to that whose distance from Q is 
fj - Tj + — , etc. ; the total effect at the point Q, therefore, would not 
he zero, as concluded above, but ic would be given by a series similar 
to that (U) already foimd, which, like the latter, would assume most 
approximately the value -^, where S, denotes the light-vector produced 
by the elementary waves emitted from the (first) zone bounded by the 
edge of the screen and the circle on the given wave-front, whoso 
distance from the point Q is r^ - fj + -r- The point Q or the line PQ 
would, therefore, be not dark but illuminated, and evidently (cf. for- 
mulae (11) and (IHa)) only to an infinitesimally less degree than in the 
case, where no olwtacle wore placed in the course of the waves ; this 
would l>e interpreted according to the Emission Theory as a bending of 
the waves around the edge of the screen or obstacles placed in their 
course, a result that is confirmed by experiment. If the screen l>s 
large, of dimensions not of the wave-length hut of the distance of the 
point Q from the screen, then the effect at that point would be small 
compared with that, where no olistacle were plucud in the course of 
the waves (cf. formula (IfA)). 

Effect of Small Scthh of Irresolar Oontonr : Great Diminutloii in 
Intessitr. — A case, where the total effect or light-vector at the point 
Q will be found to be sniall compared with that where no obstacle 
is placed in the course of the waves, is that where the screen is 
comparatively large — large comiiared with X." — and either not exactly 
circular or not placed with il« centre at the pole P ; these conditions 
would evidently correspond somewhat better to the actual facts of 
experiment than those assumed above. To determine the resultant 
effect or light-vector at the point Q, we imagine the edge or cimtour 
of the given screen replacefl by a great (infinil*) number of very 
(infinitely) short circular arcs of varying rwlius with common centre 
at the pole P. The light-vector ilS produced by the elementary 
wa\'es emitted from that unscreened portion of the given wave-front 
that lies between any two such consecutive vectors extended will 
then, by formula (19), bo given by the expression 

,,-, lis, uX ilib, Sir- , , .- 

where 'Itjt, denotes the angle subtended at the pole P by those two 
vectoi-B and fj, the radius of the corresponding circular arc (yiven 
portion of edge of screen). 
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Similarly, the light-vector ilS, to which the unscreened portion of 
the next circular sector of the given wave-front would give rise, will 
be given by 



aX 



^eosy[«i-(r,-Hp,)], 



The total effect or light-vector S at the point Q produced by the 
action of the elementary waves emitted from the entire unscreenett 
portion of the given wave-front will, therefore, he given by the aiim 

of all the light^vectors ,IS = '^; we ihua ha\e 



„dS, aX( 



^[vt-(r,+p,)] + 



•f["-(' 



-a-.^." 



+,-;ts"-x["'-w+p.))) 



where k denotes the number of circular arce, by which the contour 
of the given screen has t)oen replaced. 

Since now the contour of the given screen is assumed to vary only 
very little from that of an exact circle with centre at P, p^, p^... will 
vary only very little from one another, and they may thus be re- 
placed by any moan value of the same, p, in the cotj/kienls of the cosines 
in the expression (22) for S, but they cannot evidently be replaced by 
any such mean value in the arffumeiUs of those cosines, since fi+Pi, 
r^ + pj,... are divided here by the small quantity \. The above 
expression (32) for S can thus be written most approximately 



"-2.(n+p)r'^' 



os-^[«(-(r,^-p,)]-^rf^co8- 
..+rf<^, cos -T-b^^i^i+P-)]] 



,.(32a) 



The smallest deviations in the contour of the given screen from 
the exact circle with centre at P would tiow, in general, at least for 
bght-wavea, correspond to variations of several waves-lengths in the 
quantities p^, p^..., and hence to a great irregularity in the values 
assumed by the different cosines in this expression (32a) for 5; some 
would be positive, others negative, and others vanish entirely. The 
value assumed by the scries in the largest pair of bracket* would, 
therefore, be small here compared with that of the series for the 
case, where the p's and hence each term of the series have one and 
the same value. The total efi'ect or light-vector S at the point Q 
screened off from the source by a small (of the dimensions of the 
millimetre) opaque body would, in general (for light-waves), thus be 
small compared with the natural light-vector; that is, the points 
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directly behind the screen or tho line I'Q wmikl be illuminated only 
wealdy. 

Effect of Large Screen with Small Circular Aperture at Pole : 
Maxima and Minima of Iutensitr.~If we replace the aniall opa(|Ue 
screen employed on p. 153 by a large one with a §mall circular aperture 
at /", WB obtain quite different results from those above for tho quaei- 
complemenlary case. If the given aperture admit the waves of only 
the first half of the central zone, the light-vector at Q will evidently 
be exactly the same as when the screen ia removed, thai is, it will 
be the normal or natural light-vector or intetiaity. If the aperture be 
increased to admit the waves of the whole central zone only, the light- 
vector will be double the natural light-vector or the intensity four 
times the natural one. If the aperture admit all the wavee from the 
central and first zones only, the resultant light-vector and hence the 
intensity at Q will approximately vanish. As we increase the opening 
in the screen, the resultant intensity at P will thus vary periodically 
between maxima and minima, but these maxima and minima will 
evidently become less and less pronomiccd, ao that after the opening 
has attained a certain size, there will be no appreciable variation in 
the illumination at Q. These results, all of which are also contirmed 
by experiment, differ, materially from those obtained by means of a 
small opaque screen at the pole P; here the intensity varies periodically 
between maxima and minima, as tho aperture is increased in size, 
approaching a given uniform intensity, after the aperture has attained 
a certain size, whereas in the quasi complementary case the intensity 
decreased from a given finite maximum continuously but rapidly to a 
small value, as the dimensions of the screen approached those of the 
distance (squared) of the point Q from tho same, Instead of varying 
the size of the small intercepting screen or that of the aperture in the 
large screen, we can evidently obtain tho same results by taking the 
point of observation Q at different points on the line PQ. 

Effect of Large Screen with Small Irregular Aperture : Natural 
Intensity. — When the aperture in the intercepting screen is not exactly 
circular (with respect to pole), it ia evident from considerations similar 
to those on the preceding page that the maxima and minima of 
intensity at the point Q will l>o much less marked than when the 
aperture is exactly circular (with respect to pole) ; the resultant 
intensity will then approach one and the same, the natural intensity, 
fur all sizes of aperture (cf. Ex. 3 at end of chapter). For the quasi- 
complementary case, where the aperture was replaced by a small 
screen, we found only a weak illumination along the line PQ. 

The Electromagnetic Vector, — The above formulae, from (11) on, 
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have heeii dotluced on the aasumption that the wave-length A were very 
(infinitely) small compared with the distances r, and fj ; they would 
thua hold for light^waves but not for electromagnetic waves proper, 
as the Hertzian. Let us now examine the resultaut effect or electro- 
magnetic vector al an external point Q (cf. Figure 17) due to the action 
of the elementary waves emitted from any given wave-front ABCP of 
a system of (spherical) waves of long wave -length, as the electromagnetic 
waves pioptr-. 

Determination of Electroma:enetic Vector produced by Elementary 
Waves from any Zone. — For waves of long wave-length the electro- 
magnetic vector 5„' due to the action of the elementary waves emitted 
fiiim any zone n would evidently be given by the integral ■ 

^-=l^\^'^P)^'^T^''^-^'i^P'>\^P (23) 

(cf. formulae |7a) and (10)), where F(p) cainiot lie regarded as constant 
throughout the given zone, as on p. 149, and has thus been retained 
under the sign of integration. In order to evaluate this integral we 
must now assume some law of variation for the electromagnetic vector 
a' with regard to the obliquity <^, that is, we must know the function 
F{p) (cf. p. 152). Let us assume here the natural law of obliquity, 
expressed by formula (tt) or (l'*A). 

Replace F(p) by its value (18a) in the expression (2.3) for 5,', and 
we have 

^' .: {■' (^^> 

which we wTitc S\ = AS\^ + BS'^, (24a) 

where A ^'^^^-''---^^\ B= -— (25) 

&',__ = jsin,.'^, S-.^^jsin^p,/^, (lift) 

where u> = -^[rf - (r,-Hp)] (26a) 

Let us first evaluate the integral S'^. By the reduction -formulae 
temaidp Xrij(coBii)) A ooau I ktox<i>dp 
]^ ""2^] ff "2^ p" """k 2^J p"*» 

, rcoBu./p A^frf(Bino.) A Bin to I A faintutfp 

■"■ J P- 2jrJ p- * 27r p" .<2irJ p-*' ' 
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the repeated integration by parts of the given integral will evidently 
lead to the following series for the same : 

A. sin 
2^ 



^ A coso) 



27r 



\ j k sin 0) 1 A J A. cos w 1 A J A sin <u 
2^1 "2^ 7^" 2 2^\2^"p^'*"3 2^1 "2^ "7*" 



1 A I A cos 0) 1 ^ / 
"4 2^12^"^ "^5 2^\ 



A sino) 



27r /)« 6 
A \2 sin (0 1 / A \^ cos w 1 / A \* sin o) 



_ A COS CO / A Y Sin (0 1 / A V 



1 A J A cos CO 1^1 1 
6 2^12^"^"^ •••///••• 

1 / A \* sin (0 
3!VW p*" 



l/A\^cos(o l/A\^sin<o l/A\^cos 



+ + - - 



A 
2irp 



I / A Y cos (0 1 My®''^***- -/^— ^ 
4! \2^y "7 5! \2^y /)« " 6! ^2^/ 



or, since 
and 



2irp\_2rrp ~S\\2rrp) '^ 5\\2Trp) "*" 
sina;-j-,-^ + ^- +... 

cosx- 1 "2T'*'4T''6T'^ " '**' 



smco, 



<S» 1 = rt — cos - — cos 
^♦« 27rp |_ 27rp 



. A . "1 
(0 - sm - — sin 01 = 

2'Kp J 



A /A 

cos ( - — + (0 

2'irp \27r/) 



), ...(27) 



\ « _1_ 1 

where the limits of integration are r^ - ''i + -9- and Vg - ^1 + „ ^ 
Replace here p by these limits, and we have 

C!t A 

o J = 



2iT\r^- 



[A 27r/ , nA\ 



^ / W+1 \ 



l. (27a) 



[A 27r/ 

, +-r( 



-T- 1 ?'^ - r^ - 




We next evaluate the integral ^S^'g ; we evidently have 

f A**^ A 
S\ = lf)sin<o(//) = — ^8in(o + — /jcosco, (28) 

where the limits of integration are, as above, ^2 ""^1 "*""<) ^^^ 

n+ 1 '^ 

Tg - r^ H — -;— A. On replacing here p by these limits, we have 
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„, X' r . 2ir/, nX\ . 2ir/ , n+lAT 

4,[('-'.*t)'»?(''-'.-t) 




and, on developing these s 
coaines, of the angles ^{vt- 



nes and cosines as functions, aim 
■j) and rnr or (w+ l)ir respectively, 



4,[('.-'.^^) 

.(-ir^iiin^(rf,r,) 
+ (-l)-3t[2(-,-',) + ^ 



-.ii.^(.i-r,)i!oi(f.+ l)x 
(.l-r,)co...T 



.=r <"-■.) 



Determination of Total E^ect or Electromagnetic Vector. — The 

total effect or electromagnetic vector S produced at the point Q by 
the elementary waves emitted from the whole eflective wave-front 
APC (cf. Fig. 17) is now given liy the expression 

S^A(S\^+S\^ + S\+...S\J + S{S'^ + S\+S\+...S'^) (29) 
(cf. formulae (:J4a)). 

On replacing the S\'a of the first series of this expression by their 
values (27a), we find, since the first term of the given expression for 
any il\ and the second or last term of the corresponding expression 
for the preceding S\, S\ , evidently cancel, 



27r(r„-r,J L2T(r,-r.) A' ^'J .-,^/._^^ , ""^'a) 

•-[;:p:7-5-'«'---"] ' 

where (<1 (cf. below). 

Similarly, the first and third terms of the expression (28a) for 
any .S"^ and the second and fourth (last) terms of the corresponding 
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expression for the preceding ^"g, «S"« , will evidently cancel, so that 
the second series in the expression (29) for S will reduce to 



" 4^ ^^^ T^ " ^2^ "^ 2^ ^''2 - n) cos -J- {vt - r^) 

-4?^«^°Tr-^'^--2-V"2^V^"''^''"2-^) 



2: 
X 



...(31) 



27r/ W + €,\ 

COS j^ ( y< - rg - -y- A j 

where €<1. 

The given wave-front between <^ = 0° and </> = 90** could, in general, 
be divided up into only m whole zones or half period elements ; that is, 
the w + 1 zone would be not a whole zone but only part of one, that 
namely extending from the circle on the given wave-front, whose 
distance from the point Q is 

to that circle, for which the vectors p from Q are tangent to that wave- 
front, that is, for which <f} = 90°. The distance p of any point on the 
latter circle from Q is evidently 



P 



m-\-€ 



= r,-r, + '^X = Jr,^-r/, (32) 

by which the quantity c, which is smaller than unity, is determined 
as a function of the given quantities rg, r^ w, and A. The particular 
case, where the given wave-front could be divided up into exactly 
m -H 1 whole zones, would evidently be characterized by the following 
conditional relation between rg, r^ m, and A : 

r^-ry^)^^slrj::V^. (32a) 

Replace ^ A by its value from formula (32) in the expressions 

it 

(30) and (31) for the two series in formula (29), and we find, by the 
latter and formulae (25), the following expression for S\ 

Tra r A2 . *1tz, . x A . , 27r. . . 

^ sin ^^{vi -r^- y/r^^ - r{^) - ^sl'r^' " ^1^ cos -^{vt - 1\ - Jr^ - r^^) I, 



_A2 
4 
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which we write in the two teniiB 

- h- r,) CO, ^(rf - ,,) - ,^ ,i„ ?5(rt _ ,.) 





EzpreBBion for Electromagnetic Vector; reduces to Light- Vector 
for very small values of X. — Tlie first t«nn of the expression (33) 
represents the residual electromagnetic vector prixliicetl at the point Q 
by the elementary waves emitted from the central zone, whose action 
at that point has not been annulled by the action of the waves eniitte<l 
from the next (first) zone, and the second or last term the residual 
electromagnetic vector produced by the elementary waves emitted from 
the m+lst or last zone, whose action has not been annulled by the 
action of the waves emitted from the ntth zone ; the other elementary 
waves, from the first t« the with zone, produce no effect at the point Q. 
It is now easy to show that for light-waves the expression (33) reduces 



S= -c 



.=?("--.) 



(cf. Kx. 6 at end of chapter), which is the expression for the light- 
vector of lightwaves (cf, formula (19)). The expression (33) for waves 
of long wave-length thus differs from that for light-waves in the 
appearance of terms of the second and higher orders of magnitude in X. 
Approximate Expression for Electromagnetic Vector — A small.^ 
Let us examine the expression (33) for S, when A is small but not 
very (infinitely) small in comparison to the distances fj and r„ that is, 
let us retain terms of only the first, second and third orders of 
magnitude in k in the given expression for S. On developing the 
cosines of the first terms in the two pairs of largest brackets in 
expression (33) as functions, sines and cosines, of the single angles, 
and replacing the sines and cosines of the angles 

A. , A 

.=r-, ; ^nd , - ■- 

2'(r3-'-,) 2^.fi^r{' 

by the trigonometric series for the same, we can write the expression 
Bought 
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-{^/^^^ [(l - »|rr7X)) COB ^iivi - r. - JTTT^) 



27y- 



-2;;;^^^^"t(^'^ 



-x/J?^ 



cos 



ZTT / 



27r 



Bin-^(vt-r^-'Jr/^^)\ 



a\ 27r 



aA2 



2w 



— cos 



r(''<-^»)- 2^.(r,-r,) ""T<''^-"«) 



,^ « — 7-2 b cos -Y-{vt - rn) 



aA2 
27rr2ri 

aX8 



27r. 



-f^ - sm -^(v< - r, - Vr./ - ri2) 

27r 



Vrg^ - ri2 cos :^(t;< - r^ - .Jr^^ - r^^) 



.(33a) 



Examination of Approximate Expression for Electromagnetic 
Vector ; Behaviour of same compared with that of Light- Vector. — 

The first three terms of the expression (33a) represent the residual 
electromagnetic vector produced at the point Q by the elementary 
waves emitted from the central zone and the last two terms the 
residual vector due to the waves emitted from the 7/i-f 1st or last zone 
(cf. above). The former is represented by terms of the first, second, and 
third orders of magnitude in A and the latter by such of the second 
and third orders only. The total effect or electromagnetic vector at Q 
could, therefore, be regarded as produced chiefly by the action of the 
waves emitted from the central zone, except for (very) large values 
of A, that is, the maximum deviations in the paths of propagation of 
the given waves from the rectilinear would be approximately of the 
dimensions of the central zone. For values of A., for which the terms 
of the second order of magnitude in A. of the given expression (33a) 
contribute materially to the total electromagnetic vector at 0, 
that vector would have to be regarded as the sum of two such, 
that produced by the waves emitted from the central zone, and that 
due to those emitted from the m + lst or last zone; and here the 
former would be given not alone by the first term of expression (33a), 
the light- vector proper, but by the sum of two or more terms contain- 
ing A in not only the first but also the second (and third) power ; at 
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the same tune the total effect at Q could not Ite regarded as produced 
alone or chiefly by the action of the waves emitted from the central 
none, for the waves from the last zone then contribute materially to 
the total efTect ; in other words the given propagation would then be 
said according to the Emission Theory to deviate materially from the 
rectilinear. If we intercept the given waves at the pole P by a circular 
screen, the efl'eot at Q will evidently diminish only very little, as the 
size of the screen is increased, that is, figuratively speaking, there 
will he a marked bending of the waves round the edges of obetacles 
placed in their course. It is also easy to show (cf. Ex. 7) that slight 
deviations in the contour of the intercepting screen from the exact 
circle with centre at pole will have little effect at the point Q ; in this 
respect the light-waves and the electromagnetic waves of long wave- 
length will differ materially from each other {ef. p. 155). It is also 
possible to show (cf. Ex. 8) that the electromagnetic vector, like the light- 
vector, will pass through maxima and minima, as the circular aperture 
in the large intercepting screen is increased in size ; but these maxima 
and minima of intensity will not be so pronounced as those produced 
by lightwaves on account of the appearance of terms of the second 
and higher orders of magnitude in A — these vanish for light waves — 
which will tond to dijninish the maxima and to increase the minima 
(cf. Ex. 8 at end of chapter). For reasons similar to those stated in 
Ex. 7 at end of chapter, it is evident that slight deviations in the 
contour of the aperture from the exact circle with centre at pole 
will have little (infinitesimal) effect on the value assumed by the 
givfii cIci:tnmiaj;riL'li'' vi^i-tor- 

ShortcomiagB of Huygeas's Principle as postulated by Fresnel ; 
NecsBsary Modifications. Another Method. — Although the (approxi- 
mately) rectilinear propagation of light (electromagnetic) waves through 
homogeneous media, the apparent )>onding of the same around the 
edges of olstacles placed in their course, and their behaviour, as 
confirmed by experiment, where they are intercepted by small screens 
or pass through small apertures in large opaque screens, can be deduced 
from Huygens's principle as modified by Fresnel, there are several 
serious shortcomings embodied in the same. The light^vector S at 
an extomal point (Q) is evidently 

S=%in^(ri-rj) (34) 

»nd not S= -^ cos '~{rl - r^), 

a;! found above (cf. formula (I'J)) ; that is, i'resnel's method gives not 
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only a false phase for the light-vector at Q, one that differs from the 
actual phase hy quarter of a wave length, but also a false amplitude, 
one that is A times the actual amplitude. We obeervo that the 
expression (33a) found for the olectromagnetic vector at Q diflfera 
from the given one (34) still more than that (19) which haa been 
deduced for the light- vector docs. How are now these incorrect 
expressions for the vectors to i>e accounted fori Let us examine the 
above development, as postulated by Fresnel, in detail. The light- 
vector a' at the point Q due to the action of the elementary waves 
emitted from any source M on the wave-front ABCI' (cf. Fig. 1 7) was, 
by formula (6), 

1, p A 

and the light-vector d.S' at Q due to the action of all the elementary 
waves emitted from any zonal element was then luiiwwd to l>e a" times 
the area do of that clement. This assumption is now evidently not 
juslilied. The elementary waves emitted from any such zonal element 
may be assumed to have one and the same phase, but not one and the 
same direction or plane of oscillation ; take, for example, the primary 
waves treated in Chapters II. and III. or any system of primary waves, 
that is, waves whose oscillations are taking place at right angles to 
their directions of propagation, whereby their directions or paths of 
oscillation (in planes of oscillation) may change thousands of times per 
second (cf. p. 72) ; two such waves emitted from different parts of 
any zonal element will now have <Ullerent planes of oscillation at 
the point Q, so that the resultant effect at Q would not be given by 
the sum of the single effects or light- vectors, without any reference 
to the nature of the same, as assumed above, but it would have to be 
obtained from the superposition of the single effects, according to 
the doctrine of int«rference. The effect at Q due to the action of all 
the elementary waves emitted from any zonal element would, therefore, 
be not t'dii, as assumed by Fresnel, but that obtained from the super- 
position of all the single effocte at Q, according to the doctrine of 
interference, and the latter would evidently be less than s'Jo, since 
many of the different component moments both in the plane at right 
angles to the line OQ and along that line would neutralize one another 
or interfere destructively. 

Again, on p. 149, it is taken for granted that the only effect that could 
be produced at the point Q duo to the joint action of the elementary 
waves emitted inmi two consecutive zones would be that due to the 
variation in the mean obliquity between the waves emitted from the one 
zone and those omitted from the other ; this assumption is also incorrect) 
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for there witl cridently he a certain effett produced at the point Q by 
the variation in the meao angle, which the planee of oscillation of the 
waves from the one zone and those from the uther make with the line 
OQ. An attempt to calculate the total light (electromagnetic) vector 
at Q on the introduction of this and the foregoing modilicationB would 
evidently prove fruitlees, for, in the first place, we really know nothing 
about the behaviour (direction or path of oscillation, et«.) of the 
light (electromagnetic) vector along the surface of the given wave- 
front — we could only treat given particidar cases as the problems 
of Chapters II. and III. — and secondly, if we did, the actual calcula- 
tions woulrl present unBUrmoiin table ditficulties. For this reason we 
shall abandon the above method of treatment of Huygens's principle 
and seek to confirm the same from an entirely dilTerent standpoint, 
where no knowledge of the behaviour of the light (electromagnetic) 
vector throughout the region in question will be required, except that 
it be a particular integral of the general equation of wave-motion ; 
this will enable us to treat not only light-waves and electromagnetic 
waves, whose directions of oscillation are always at right angles bo 
their directions of propagation, but apparently electromagnetic waves, as 
the secondary, whose planes of oscillation are not at right angles to their 
directions of propagation ; the rigorous treatment of the latter accord- 
ing to Fresnel's method would eridently present even more serious 
dithculties than those encountered in the tn-atmcm of ihe former. 

Bigorons Proof of Huygenas Principle ; Derivation of Formula for 
Fnnction at any Point in Terms of Surface and Volume-Integrals of same 
throughout any Closed Region. — In the rigorous proof of Huygens's 
principle we shall start from a formula between the volume-integral 
of a given function of a certain function U and r and the surface- 
integral of another function of the same (see below). Let us first 
derive the formula in question. Let the function U contain ir, y, ~ and 
also r explicitly, where r denotes the distance of the point in question 
from the origin of the coordinates x, y, :, that is, r'' = x^ +^ + ^; 

further, let ■=— , =— , -i— or ^:— denote the change in U due alone 

3j; oy oz or ° 

to a change in the variable r, y, s or r respectively, whereby the three 
other variables contained in V shall remain constant : and, lastly, let 

-=-, '-T- or -i- denote the change in U due to the increment dx, dv, 
ax. d\i dz 

or iz along the k, y or z-axia respectively, whereby r will evidently 
undergo a change. We have then 

^=5^ + ^^ = 5^+^* = ^'+^-^'cos/r i\ 
dx dx ^ da: dx dr i- dx dr '<■•'' 
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or, if we write here -^ in place of i7, 

dndU\ d/ldU\ d/ldU\ , , 

or, since r is to be regarded as constant by the differentiation —, 

ox 

d/ldU\ l?f^U IdU , ^ I d^U , ^\ 
dx\r dx)-r^^'r^ 'dx '""'^'^ ^^ ^ T ^x"^' ^'^ ^) 

and similarly 

d/l dU\ l?^U I dU , . I ?^U , , 



dy\r dy ) r 



and 



df\ dU\ Id^U I dU , , I d^U , , 



....(35) 



(^(.^ 



Let now -j- denote the change in U due to the increment dr along 
dr 

the vector r; the total change in f/'due to this increment will evidently 
consist of four (partial) changes, that in U due alone to the change in 
r and those due alone to the changes in a;, y and z singly ; that is, the 
total change in U will evidently be given by the expression 

if we write here ,=— in place of U, we have 

or 

Add the three equations (35), and we have 

dx\r 'dx J dy\r dy J dz\r dz ) r\3a- "dy^ dz^ J 

which, by formulae (36) and (37), can be written 

d_(l_'dU\ ±n'dU\ d/l dU\^l/d^U -dHJ d'^U \ 
dx\r dx J dy\r dy J dz\rdz/ r\dx^ dy^ dz^ ) 



\((IU 
f^ \ dr 



— 



dU\ ir d fdU\ d^ui 

" dr ) '^ rldrXdr ) dr^ J 



, 1 'if^'^ 
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1 ZU_\ d ( dU\ 






dU 



"} 



Multiply both aidea of this equation by dxdydz and integrate the 
anie through the region bounded by any closed surface S, and we have 

IflU 'S'U ^U\ 

ri d I 



■%ir 






...(38) 



Let us now aaaume that the functions ( 



and 



CA") 



and their derivatives with regard Xa i,,y,z Ire single-valued, finite and 
continuous throughout the region bounded by the surface S. We can 
then integrate the dilTerent terms of the first integral of formula 
(38) by parts, the first with regard to z, the second to y and the 
third to z, and we have 

the limits of integration to be taken at those values a„ a^ a^... of * 
on the surface S, where the cylindrical element dydz (as base) parallel to 
the j'-axis enters atid leaves the given region (cf. the annexed figure) ; 
we thus have 




^Ih4-("s)..,H;f)...-em... 



evidently the partial diifereiitial. 
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If ds denotes the area of the surface S intercepted by the cylindrical 
element dydz at the different points a^, a^, ag, . . . , then 

dxdy = ds^ cos (rij, a:) = - ds^ cos (iig, x) « ds^ cos (ng, a;) . . . 

(cf. Fig. 18) ; and the given integral can be written 

Similarly, the other two volume-integrals of the left-hand member 
of formula (38) can be replaced by surface-integrals, namely, 

Formula (38) can thus be written 

- J- [-^ C08(n, x) + -^ C08(»i, y) + -g^ C08(n, «)Jd« 



or, since 



fffl/a«f/ 3«t/ c)2f/' a^m 



dU , ^ dU , , -bU , ,317 
^ co8(n, X) + -^- cos (n, y) + ^ cos (n, «) - ^, 



- (39) 



where ^— denotes the change in U produced alone by the increments 

in the variables a;, y, 2; as we advance the distance dn along the inner 
normal to the surface S — that is, r is to be regarded here as constant — 

the formula sought (cf. above). 

In formula (40) we must now discriminate between the two cases : 
I. The region of integration, enclosed by the surface 5, contains the 

origin of our system of coordinates x^ y, z\ in which case the given 

formulae would not hold in their above form, since 1/r then becomes 

infinite at the origin ; and 

XL The origin of our system of coordinates lies outside the region 

of integration. 




HUYGENSS PRINCIPLE. 

Oase I. : Tlie Point Q lies imide the Snr&ce N. — Iii order to be 
able to apply formula (40) to this case, we must evidently exclude the 
origin of our system of coordinates from the region of integmtioii ; 
for this purpose we describe a sphere of very small radius p with 
centre at origin around the same. The region of integration 
will then be bounded by the given outer surface 8 and the surface 
of the email sphere, as inner surface. The value assumed by the firat 
or surface-integral of formula (40) on the surface of the given sphere 
will now be very (infinitely) small, since the area of that surface is 
proportional to ffi, whereas I/p alone appears in the expression to be 
integrated ; the value assumed by this integral on the surface of the 
sphere may, therefore, be neglected compared with that assumed by 
the same on the surface S. Similarly, since the volume of the given 
sphere is proportional to f? and the expressioTi under the integration- 
signs of the first 'volume-integral of formula (40) contains p in the 
first power only in the denominator, the value assumed by the given 
integral throughout that sphere will be very (infinitely) small com- 
pared with that assumed by the same throughout the given region ; 
we could, therefore, extend the given integration throughout the whole 
region bounded by the surface S instead of throughout the given 
region or that bounded by S, as outer surface, and the surface of the 
given sphere, as inner surface, without effecting the value sought. 

Lastly, let us examine the last integral of formtda (40) ; for this 
purpose we imagine the given region divided up into elements formed 
by the intersections of cones with apices of solid angular aperture d-ft 
at the origin and of spheres with common centre at the origin and 
whose radii differ from one another by dr. The volume of any 
such element will evidently be 

ry^(/r. 

Bephice the rectangular volume-element dxdijdz by this new one in 
the given integral, and we have 



'W 



At the lower limit r.^- becomes infinitely small as p approaches 

zero and can thus be rejected, whereas, us we know from the theory of 
the potential, 

fj^f/,.<,= 4Tl/^ (42) 



170 



ELECTROMAGNETIC THEORY OF UGHT. 



where U^ denotes the value of U at the centre of the given sphere 
or origin. 

At the upper limit, the surface 5, the following relation will 
evidently hold between the surface -element rH4> and the surface- 
element ds of the surface S^ intercepted by the cone d4> : 

r^d<t)= -ds cos (riy r), 

where n denotes the inner normal to the surface. 
At the upper limit the given integral can thus be written 



h\ 



r 



dr 



- U\ = - |a«cos(n, r)| -^^^ = 

I J ^ \r dr r^ 



= -p5C0s(n,r)gj;(-) 



>> 



(43) 



where the integration is to be extended over the whole surface ^S'. 
In the given case formula (40) will thus assume the form 






d^U d^U dH7 



jdxdydi 



(^^r)^{j)ds + ^^U, 



or 



■m 



?^U '^U ?^U 'd^U 



'dx^ • df • ^^'^ c^2 



j dxdyd. 



z^iirU^ 



>> 



(44) 



where the surface-integration is to be extended over the whole surface 
5 only and the volume-integration over the whole region enclosed 
by that surface. 

Oase II. The Point Q lies outside the Surface 6^. — This case differs 
from the foregoing in that the origin of our system of coordinates lies 
outside the region of integration, so that the considerations pertaining 
to the sphere employed in the latter will not have to be introduced 
here. In the given case the third or last integral of formula (40) 
can now be brought into another form; for this purpose we first 
replace there the volume element dxdydz by r'^d<f)dr introduced above, 
and we have 



P^XI.f-^)**^-K'*^X'f-^)l 



=WI'f - "I 



, ...(45) 
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where »'. denotes the -distance from the origin of the point on the 
surface S, at which the cone of solid angular aperture dtfi with apex at 
origin enters that surface, and ;■, the distance from origin of the point 
on given surface, at which that cone leaves the same. 

We next replace the surface-elemeiit r^'/-^ by its value in terms of 
the surface-element ds intercepted on the surface S by the given cone ; 
at the point, where this cone enters the surface S, we evidently have 

and at that, where it leaves the same, 

r,!'</^= -rfs,c08(rn r), 
where n denotes the inner normal to surface. 
V-'e can then write the integral (45) 

.-p,.c.K4i(7a,-p...»(.-4l(^')]./ 

these last two integrals are evidently equivalent to the single integral 

-{''•«"<"• ')!(?)■ 

where the integration is to be extended over the whole surface S. 
In case II. formula (40) will thus assume the form 



\H-'^m-m^ 



-m' 



-^jdxdydz. 



...(46) 



^ S^U d^i/-\ 

Application of Foimula (44) to Hnjrgens's Principle. — We can now 

employ formula (44) for ati examination of Huygens's principle as 
follows : Lot the function U be the light-vector s of argument (( - r/f), 
where r denotes the distance of any point of the region enclosed by 
the surface S from the point of observation Q, which shall lie within 
that region and which we shall choose as origin of our system of 
coordinates ; that is, we put 

u-Hi-'l') («) 

At the point Q, U will then assume the value 

{^, = x,it) (*' 



J 



..(49a) 
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.Siripe now any light-vector s is iheniUy defined, that it is an integral 
■ if thi! jiattiul ilifforential ei|uati(iii 

5-"'^'' <«) 

((if. forniiilfto (16 ami 27, I.)), it followa that the light-voctor U v/iW 
also bo a particular integral of the eame equation or 

^'''-•=V<K (48a) 

The Ligtit-Vector > a Purelir Spherical WaTe-Fonction. — Let ub now 

oxaniinu the cauc, where the light-vector c is a purely Bpherieal wave- 
function, that in, a function of r (and t) aloiio and not of x, y, s singly. 
The general dilTerentiai equation (48) will then aasuine the simple form 

Si-'^a^ f"> 

(cf. pp. 17 and 1)*). Since now XJ ia also u function of r (and () only, 
it will likewise he defined by the aame equation or 

■mi -^u 

3f " (V"" 

By formulae (48a) and (49a) the following rulation will, therefore, 

. _,,,, 3=(/ 2fU VU 3>I7 ,,„, 

he,™ V'i;-^+ 3,,+-5f-5r (50) 

liepWu now U by its value (47), etc,, in formula (44), and wo have, 
«iiicu by (■'iO) the volume-integral of the same vaiiishos, 

IH-'il'V-'a/*'-"")]"-*""* <") 

Wc can now interpret thiw formula as follows : The light-vector s^ 
at any point Q, which we choose aa origin of our system of coordinatea, 
and at aiiy time ' can be conceived aa produced by elementary 
diaturlianceB omitted at tho times (t - rjv) by any surface S enclosing 
that point, where r denotes the distance of any point or elementary 
source ^f on that surface from the point Q and v the eommon velocity 
of propagation, with which those disturbances are approaching that 
jioiiit. After the elapse of the times TJv we shall have the same phaae 
along the surface S, aa we hud at Q, when the given disturbances left 
that surface, Wo observe that these disturbances are of a much more 
complicated nature than those emitted by FreHnel's elementary sources, 
the latter having been asanined to he proportional merely to the light- 
vector Jt (cf. p, 147). 
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8=-8iii-T-(Tt— r).^By formula (51) wo can evidently determine the 
light-veotor «„(() at any point Q, provided we know the light-vector s 
and :;- along any closed surface S enclosing that point. Let us 
assume that the light-vector s{t) at any point of the region enclosed 
by the surface S be given by the expression 

'<"-3»»T<'<-''' '■"'> 

where p denotes the distance of that point from the source of dis- 
turbance 0—s(t) is here a purely spherical wave-function, as assumed 
above. The function U will then assume the form 

(53) 



1 



P.,(l-r/.).'^.i„^[,<-(, + r)]. . 



This function U must now remain finite throughout the region of 
integration (cf. p. 1C7); this condition will be satisfied, if the source 
of disturbance lies outside the region of integration, enclosed by the 
surface S. The relative positioua of the points 0, M, and Q to the 
surface S could then be representeil as in the annexed figure. 



Fm. la. 

Let us now determine the expressions under the integral-sign of the 
integral (51) for the given case; we have, by formula (53), 






?[«-(/>+'«. 






i 
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, we can thus write the integral (51) for !i^J^t) here 
-.- I - [co8(n, p) - 008(71, r)]co8''. [r/ - {p + T)\d$ 



+ 



firco8(n, p) co8(n, r)"| . 2^^ , , vt , . /.v 



. ...(54) 



A 



Approximate ExproBBion for sj^f) for Light-Waves. — For wave8 of 
small wave-length A, a8 those of light, the second or last integral of 
the expression (54) for «q(/), being of a higher order of magnitude in A. 
than the first integral, would })e very (infinitely) small compared with 
the latter and could thus be rejected. The light- vector $j^) would 
then be given most approximately by the integral 

o(0-^J^[co8(7i, p)-cos(n, r)]cos-^[»<-(p-i-r)](fa. ...(55) 

Approximate ExpreBsion for »J^i) compared with that obtained by 
Fresners Method. — Let us compare the expression (55) for &j^i) with 
that obtained alK)ve acconling to Fresnel's method. For this purpose 
we compare the two expressions for any surface-element do (ds) of 
the surface S. The light-vector due to any such element is, according 
to Fresnel's metho<l, 

-•^8iny[r<-(ri + /))]rfo. 
(cf. formula (7)), and by formula (55) 

^ ^ [cos (n, p) - cos (w, r)] cos -^ [^^ -{P + 0] ^• 

Since now the r^ of the former expression is the r of the latter, 

we must evidently put 

y^^^^<^{n,p)-^cos(n,r) ^^^^ 

if we neglect the dif!erence in phase between the two expressions. 

For the surface-element at the point AT^, where the line OQ of 
Fig. 19 enters the surface S — this element corresponds to the element 
at the pole P of Fresnel's construction (cf. Fig. 17), 

co8(n, p) = - C08(n, r) 
(cf. Fig. 19), and formula (56) will assume the simple form 

If the element at the point Mq stands at right angles to the line OQ, 
as in Fresnel's construction, then cos(n, p)=\ (cf. Fig. 19), and hence 

AW = I' 
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the value for /(^) obtained from a comparison of the expression for 
the total light-vector at any point according to Fresnel's method with 
the actual expression for the same (cf. p. 164). 

For the surface-element at the point 3/„', where the line OQ 
leaves the surface 5 (cf. Fig. 19), cos(n, p) = coa(n, r), aud hence the 
effect contributed to the total effect at Q by thJa element zero ; 
that is, by formula (55), no elementary waves will be propagated 
directly backwards towards the source, from which the given 
wave is advancing, as postulated by Stokes's law of obliquity (cf, 
p. 148). 

Conflimation of Formula (55). — Lastly, it is evident that formula 
(55) will give the correct phase for «„((), since the integration by 
parts of the given integral always gives sin -^[ri -(/>-»- f)] and not 
cos ^[vl-(p + r)] as factor in the term of the lowest order of mag- 
nitude in A, which term alone is to be retained for waves of short 
wave-length, as the light-waves ; for a confirmation of thin statement 
see Ex. 9 at end of chapter, where by a suitable choice of the surface S 
the lighUvector «„(() iviJl, in fact, be found to be given, as determined 
by formula (55), by 

the correct expression for the same. Formula (55) thus differs from 
Fresnel's formula also in that it gives the correct phase for the light- 
vcotor (cf. p. I'll). 

General Expression for .>„(0 for Waves of any Wave-Length; 
Evaluation and Confirmation of Validity of same for a Sphere S 
with centre at (J. — Lastly, let us eviduate tlie integral (54) for s^{t) 
for waves of long wave-length, when the surface 5 ia a sphere with 
centre at point of observation Q. For this purpose we divide the 
surface of the given sphere up into surface-elements ds similar to 
the zonal elcmonta do employed on p. 146 — the construction is 
that represented in Fig. 17 with the points and (J interchanged. 
The area of any such surface-element ils can now by formula (5) be 
written in the form 

di = 2Tr~pdp, 

where r, the r, of Fig. 17, denotes the radius of the given sphere 
and r^ the distance of the point of observation Q from the source 
of disturbance 0. 

For the given surface the inner nonual n — the inner normal is 
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always to be taken (cf. p. 171) — at any point M will evidently 
coincide with the vector -r (cf. Fig. 19) ; we thus have 

cos(n, p) = co8( - r, p\ 

and co8(7i, r) = co8( - ?•, r) = - 1 . 

The angle ( -r, /)) is now the angle <f> employed on p. 147 (cf. also 
Fig. 17); it can, therefore, be expressed as a function of the distances 
r, r^ and p (cf . Ex. 1 at end of chapter) ; we have, namely. 



cos </) =a -2 



2Fp 



cos( -r, p) = cos(n, p). 



(57) 



By this and the above relations that hold for the given surface, the 
integral (54) for 3^(1) can be written 



4irSrt rr„«-r« fco8<orfp If , f , "1 



ira 



where 



-'='-^[vt-{p + r)]. 



(58) 



By the reduction formulae on p. 167 the first and fourth integrals 
of this expression for 8^ can now be integrated as follows : 



f cos iiidp _ X sin (0 A. J A. cos w 1 A, J A sin 

A sin (0 / X Y cos (0 1 / A \* sin CD ^ / ^ V ^® ^ 



A sino) 



L^ 2y^27rp) '^4\\27rp) ■^•••J27r 
- [— - -(—\^ ^ /Ay _ -| A^ 



A cos(o 



A / A sin (u . A cos w 
= - TT-i cos ;^^ • + sin 7 



2:r\ 27r/) /) 



27r/9 p 
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1 X I 

X C08 111 1 / A \ 



HUYGENSS PRINCIPLE, 
(cf. series for ainz and coax on p. 158) ; and, Bimilarly, 
f sin <u dp _ X coaio l^f Xsiniu l^/_^ cobm 

"-■}}} 

r, I / A \» X / A. \* n sin .0 Bin <u 

= sin- — - — - + coas— 

^iTfj p ^irp p p 

The values of the other integrals of the exproasion (58) are evidently 

ljjcos<urf/>=- -^-/)sinii» + (^l ooaoj, 

coaiurfp= - — siniu, and l8in<u(fp = — coatu. 

Replace these integrals by their values in the above expresaion (58) 
for Sg(f), and we find 

4Wn(0 = - T» ■*-^— ( cos -;— ^ + ain-; ) 

"^ r^r \ -iTvp p 2irp p J 

JTffl/ . A \ 2ira . 

r^-r^( ■ A coBiu A_ siniu _ sin <u \ 

r^r \ 2irp p iirp p p ) 



1 



J cos 

T^T 2ir 



^^sin^ (^9) 



where the integration is to be extended from 

Pi'^T^-T to pj = rj + r. 
Replace here p by these liniiM, and we have 
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tiT, flin«o the coofficioiit of ain -j- [vt - ('j + Sr)] evidently vniiishes, 

the correct expressioii for the given vector at the point Q. It thua 
foUowa that not only the approximate formula (55), but alao the 
exaeter one (54), which holda for waves of any wave-length, will give 
the coiTOct expression for the light (eloctroinagnetit.^) vector, both iimpli- 
tude and phase. 

The Light or Electromagnetic Vector a Spherical Function and 
Haygans'B Principle ; ttie Primary and Secondary Waves. ^Formula 
(54) ovidcTiCly LoIiIh for lioth light ami Lilottro magnetic waves of any 
wave-length, but provided only the votUir n employed be a piirHy 
spherical wave -function, that is, a function of r (and I) only and not 
of a:, y, ? fringly. For the general spherical wave-function the differ- 
ential equation (49), which defines the purely spherical function, does 
not now hold, and hence the relation (50) also not ; in which case, the 
volume integral of formula (44) will not vanish ; this would evidently 
complicate the treatment of the given case, since it would then require 
a knowledge of s and its derivatives not only along the surface S, but 
alao throughout the whole region of integration. On the other hand, the 
given treatment would also he complicated greatly, since not only the 
general spherical wave-function itself alwaya consists of two or more 
terms, neither of which is a particular inUigral of our general equation 
of wave-motion (48) (cf. p. 35), but also it« value is a function not 
alone of r, the distance from the source, but also of x, y, s singly. 
Whether it would \ie possible to evaliiato «„(<) for such a function is 
a question that could be decided only by investigation. 

EXAJOFLES. 

I. Confirm tho oxpreiaiouB for F(p) ot fonmiliie (IN) mid (18a). Stokea's and the 
natiirnl taw* of obliquity. 

'I'liu unnexed figure (uf. also Fig. 17) givos the following relations between the 
oliliijuity 0, the angles S and 9', and the distanL-ei p, r„ and r.j : 
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BXAMPLKS. 



HlaceDow O^S^r uid O^0'<r/-2, maS and linB' will klways be poiitdve. 
th&t ii, the pliu ligns muit be Uken before the eipresaions for tin B and sin S'. 




By the firat of the above reUtions the obliquity ^ can thus be w 
_r,'- r,'^pn2r,V r..' + r,' + p'-2(rAi' ^-Vp'^ 



which is the natorxl law of obliquity in tenm of fi, r,, uid r^ 
Stokee's law of obliquity uan thus be written 

-'proportional to (I + ooB#) = l + ?^—g!J — -~ '^^ - ./ '■- '' ■■ „ _ _ 

2. Show, when m is odd, that the series |14) for S reduces to 

3. The (Fresnel) light-vector .^ assumes most approximately one and the «ame 
values, those oF the natural light- vectors, along the line P^/, Fig. IT, wlieii the 
snmll aperture in tliu large intercepting screen is not exautly circular. 

To determine the lighi-vector produced at any point Q by the elementiry 
WHves that are admitted through any iiregolar aperture at the pole P, we 
divide the given apertnre or nnscreeued portion of the given wave-front np 
into circular sectors, as on p. 154 the siuall screen, replacing the edge or 
contour of the given aperture by circalar aros with vammon uetitre at P; the 
light-vector dS produced by the elementary waves Ihat pass through any such 
unscreened sector of the given aperture wi!l then, by formulae (17) and (ITa). 
be given by the expression 



dS= 



dS, iiS„, _ a\ dip, 



[ff. 



±F{h)]-x 
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where dfy denotes the angle subtended by the arc of tbe given aeotor at the pale P 
uid (I, tbe distoace of that are (edge of aperture) from the point Q ; m, curreipotldt 

to tb>t value of m, tor which ft = f"! - ""i + -^■ 

The total effBot or light-vector S produced at the point Q by the eleniantary 
wnvea admitted tlirough tbe whole aperture wilt, therefore, be given hy the «ma 
of the light veeUin dS ; wo thiia have 



divided, or by (a). 



5 = SdS = 2^ 
I number of Kclora, into which the given aperlur 



*rf*'.f(y.)|c™^(«(-r,). ,. 



The aeries in tbo larger brockctB in tbe aecond term of [hia exproaaion will now 
be atnall compared with tbe value oiaumed by the same, wbeu the aperture ia 
exactly circular and with ita centre at P, aince approximiitely (in mean) one liatf 
of the terms of this aeriea will be positive BJid the other half negative. The 
approximate value asauined by the exprvaainn [b] for S will thua be 

ft function of r, only, the dintancc of the point of observation (j from tlie givcB 
•onrce (of. p. 153). 

4. Show that the following relation holds between the S'.j» (uf. formulae ('21JB) ) 
of any three consecutive zones : 



E. On the oHumption of Stolies'a law of obliquity (cf. formulae IH)), ahow tlut 
the total electromagnetic vector at the point i^. Fig. 17, ia iletermined by the 
expression 




i)coa ,-(<«-'■., -2ri) 



rritten approximately in the 



(cf. formulft (33At) ; it is evident that this expreauon roduces to that (20) for the 
liglit-vector proper for very Btnnll v&lues of X. 

fl. For light-wavDs the eipreBsioQ (33) for the electromngQetic vector reducM 
to that for the light-vector (cf. fartnuU <19)). This follows directly from the 
ttpproiimate expression (cf. formulu (33a) ) for the electromagnetic vector, 

7. Smalt ileviatioiu in the contour of the intercepting screen front the exHot 
circle with centre at p>le will liave do appreciable effect uii the value of the 
electromagnetic vector behind Uiat screen. This is evident, liuce nil the tetma 
of the series for the electromagnetic vector, correapoDiling to the different 
elemcDta of arc, by which the contour of the given screen may be replaced, 
will have, in general, one and the same and not, as in the cose of light waves, 
different signs (cf. Ei. 3), so that the given aeries will asennie a, finite value. 

S. Determine the behaviour of the (electromagnetic) vector at the point Q, 
Fig. 17. dne to the action of electroniagnetic waves admitted through a small 
circular aperture (with centre at pole) in a large intercepting screen. 

The elimination of the following two particular esses will suffice for the 
determination of the behaviour of tlie given vector : ( 1 ) the aperture admits the 
waves from the whole central mne only, and (2) the aperture adndts the wavea 
from the whole central and adjacent (first) Kones only. 

Case 1. By formulae {2ii)-C26ii), (27), and (liS) the total electromagnetic vector 
at Q will evidently be given here by the expression 

where the integration is to be extended from 

p=r,~r, to p = r,-r, + X/2. 
Replace here p by these limits, and we have 



r, L4t' 






-i^^,m^ft-r,->.n-^{r,-r,t\l2)a„^[,t-r,-\l2ij. 
or, approximately (tor comparatively email values of X), 
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ra\ 0XV2 + X/4) n 2ir, . , 
a^" 2r,r,(r,lr,;x/2) J^^X^"^-^') 

L2irr,(ra-ri) 4irr3ri (r,-ri)(ra-r, + X/2)J""' X ^"^ '^'^ 
r aX« rg + ri aX* (r^-f r,)[f(ra-rx)» + 3(ra~r, ) X/4 + XV8] 1 

"\l6irVari(r3-ri)«~l«irVar, (r2-n)Va-n + ^/2)* / 

xooBYivt-r^), 

or, if we reject all terms of higher orders of magnitude in X than the third, 

a „/aX 2w, . , oX* . 2ir, ^ , aX* rj + r, 2ir. . ,1 

oX«(r»+X/4) 2ir, . . , oX» r- + r, • 2r, . , 

- 2r^,(r, - r, + X/2) "^ T^*^ " '"«> + 4^^ (r,-r. + W "°T<'^"''>- 

A comparison of this expression with that (3dA) for the natural electromagnetic 
vector or that produced, when no obstacle is placed in the course of the given 
waves, shows that the given electromagnetic vector is approximately twice as 
large as the natural one, or, more exactly, that the former differs from the latter 
(doubled) by an expression that is of one higher order of magnitude in X than that 
for either. 

Case 2. Similarly, the electromagnetic vector would evidently be given here by 
the expression 

jB ^airl-rflf X r ^ _.2ir, , ri 

- 2.(r,-n^X) ^^'[2i r(r,-.r,^X) -*-X^^-"«-^)]} 
r X« . 2ir, ^ , X , , 2ir, , , 

X' 2ir X n 

-^^,sinY(i*-*'a-M-2;^(''a-*'i + M«M(v«-»'a-^)j5 

which for values of X, that are small compared with r, and rj, can be written 
o a\ 2ir. ^ . aX' . 2ir, ^ . aX* ^'a + r, 2ir, ^ , 



wa 



a\{r. 



2_r 2 



■^\^) /fi ^' "1 2ir. ^ 



2r2r,(ra 

X . 2ir. ^ .\ 

- 2,r(r,-r,+X) ""y^^^-^^7 

aX . . , 2ir, ^ , aX' . 2t, ^ . 

"*■ 2r7^^« - n + ^) cos —{vt- ra) + ^^^ ^ sm ^(rf - nj, 

or, if we reject all terms of higher orders of magnitude in X than the third, 

A comparison of this expression with that (33a) for the natural electromagnetic 
vector shows that the given electromagnetic vector is determined by an expression 
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that IB of ons higher order of magnitude in \ than that for the former (rf. aita 
p. 156). 

9. Evaluate tlie integral (fi3) tor the light-vector «„(<), when the BUrfaco of 
mtegration &' is a. apherc with centre at the point of ob«ervaCion Q. 

We divide the surface of the given sphere up into surface -elements dn an on 
p. 175 i the foUowiog relations will then hold : 

COB(», p) = coB(-r, p)=co«0= -'■ ^ -, 
wht^re we are asaumiug the natural law of obliquity, and 

cos[fi, r)=;eos{ -r, r)= - 1 
{cf. formulae on pp. 176-176) ; by which the integral {55) can be written 

a-w r.f - r" fcoa ado ar \ f , ar [ , 

where „=^[„(_(p+^)]. 

These three integrals have now been evaluated on pp. 176-177. Since we have 
retained larniH of only the lowest order of toagoitude in \ in formula (55), wc can 
evidently retain only such terms in the evaluation of the vector sought or its 
integrals ; the approximate values of these integnila are evidently 



\ 






I, and I co« udp= 



Replace the integrals by these values in the above expresaioi) for lulOi and 

-m--a'"-'-'^^i^-Ha-L,sina,-a-!-,in„ 

where the integration is to be extended from 

Pi = r,-r to ft, = r3 + r. 
Replace here p by these limits, and we have 

the actual expression for the light-vector at the dislance r, from source. 

10. Show that the function /(^) employed in the determination of the light- 
vector according to Fresnel's method must be assigned the value 

in order that we may obtain the correct expression for the amplitude of the 




1 



CHAPTER VI. 
DIFFKACTION. 

Dlfltaction Pbenomena. — The phenomena that appear at the boun- 
dariee of the geomutiieal shadow, when light raya pass through a very 
small aperture or by the edge of an opaque body placed in their conrae, 
are known as the phenomena of " Diffraction " ; they ariae, figuratively 
speaking, from the light rays deviating from their rectilinear paths. 
A similar claas of phenomena that arise from the aame cause, the 
deviation of the tight raye from their rectilinear paths, has been 
examined in the preceding chapter ; there we investigated briefly the 
behaviour of light (its intensity) directly behind small screens and 
small apertures in large screens — along the central axis of the geo- 
metrical shadow or image respectively. For the particular case, where 
the aperture or the small intercepting screen or obstacle is very small, 
this latter class of phenomena is, as we shall see below, to be included 
in the former or that of the phenomena of diflraction. 

FiiBt Obaerrations on Diffraction. — The first observations on diffrac- 
tion were made by Grimaldi * at Bologna in 1665; he found iipon 
placing a small opac^uo obstacle (wire) in the cone of tight admitted 
into a dark room through a very small aperture that the shadow cast 
on a screen behind that obstacle was much larger than the geometrical 
shadow; he also observed that the enlarged portion of the shadow 
consisted of coloured bands or fringes that ran parallel to the edge of 
the geometrical shadow. Newton + was among the first to examine 
the complementaiy case or the image cast by light admitted through 
a very small aperture or narrow slit; the slit employed was formed 
by two knife blades, which admitted oidy a very narrow atrip of 
light; he found that the image was then bordered exteriorly by parallel 

' f h^Kieo-matheiiis de lamine, colorihus tl iride, Bouonlae, 1666. 
t Opticta, vol. iii. 




DIFFRACTION. 

coloured fringes similar to those already observed by Grimaldi on the 
exterior of the shadow cast by n small obstacle (see below). 

Tonng's Explanation of Bi&action. — The first attempt to explain 
diflraction phenomena was made by Dr. Young ; ♦ he attributed the 
(coloured) fringes to the interference of the rays that pass very near to 
the edge of the obstacle and those that are reflected by the same at 
grazing incidence. This explanation would evidently stipulate that 
the given phenomena he more or less marked according to the degree 
of polish and sharpness of the edge. Fresnel has now shown by most 
exact experiments t that these factors, polish and sharpness of edge, 
have no effect whatever on the fringes produced, the fringes retaining 
the same position (with regard to edge) and intensity, whether the 
back or (sharp) edge of the knife (razor) be employed and whether 
that edge be highly polished or not. 

Fresnel's Theory of Di&action. — Fresnel, who had demonstrated 
experimentally the incorrectness of Young's explanation of diffraction 
phenomena, not only offered us another explanation but also confirmed 
the same by a series of most ingenious and exact experiments.! 
Fresnel attributes the phenomena of diffraction to the mutual action- 
of the elementary waves that are supposed, according to Huygena's 
principle, to be emitted from any wave-front, here that which passes 
through the edge of the intercepting obstacle; the mutual action of 
these waves at any external point is then calculated according to the 
principle of interference (cf. Chapter IV.). Diffraction phenomena are, 
therefore, to be conceived as due to the mutual action or interference 
of the elementary waves emitted from the various (elementary) sources 
on the wave-front in question, just as interference phenomena are due 
to the mutual action or interference of two systems (pencils) of waves. 

Let us first examine those problems on diffraction that can be 
treated by the simple methods employed m the preceding chapter ; 
these methods, which are only approximate ones, have been deduced 
from Huygens's principle as postulated by Fresnel and the principle of 
interference. 

Dilbuction of Light on the Edge of an Opaque Obstacle ; the 
Exterior Bands.— Let be the source of a system of spherical light 
waves, ,4 the straight edge of an opaque obstacle AB, MN the screen 
of observation, and P,^ that point (lino) on the screen that lies on the 
continuation of the line (plane) or ray (rays) OA, as indicated in the 

• " On the Theory of Light and Colonni," PkU. Tram., p. 12, 1802. 
tFreanel, Oeavrte eomplitti, torn, i., pp. 148 and 2S0. 

J"Mim(iire «nr U diffraction de la lumi^re," Mimoim dt I'Afad. /roup., 
torn. v. Poggmd. Annal., vol. xxx. Oenvrtt eompiitti, tom. i. 
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annexed figure. P^, irill then mark the upper boundary of the 
geometrical shadow on the screen. Let us first oonaider the illumina- 
tion at any point Q on the screen outside the geometrical shadow. 
For this purpose wo draw the spherical wave-front S that passes 
through that point of the edge A of the obstacle AB, which 
corresponds to the point Q. We denote the point, where the 
line or vector (fQ int«raectB this wave-front by P; P ia then 
the so-called "pole" of the given wave-front with respect to the 
external point Q (cf, p. 146). According to Fresnel the (light) effect 
at Q can now be conceived as produced by the mutual action at 
that poiTit of the elementary waves omitted from the wave-front A', 




Fra. 91. 



whereas for light waves the given effect may be conceived as confined 
to the mutual action of the elementary waves emitted alone from the 
immediate neighbourhood of the pole P with respect to the point Q, 
or, as we have seen in Chapter V., to a limited number of the so-called 
"half-period elements" around that pole. If the pole P bo at consider- 
able distance (compared with the wave length) from the edge A of 
the obstacle, then the elementary waves that are intercepted by the 
obstacle will evidently have no appreciable elfcct at the external point 
Q, that is, the illumination at Q will be approximately the same as 
when the given obstacle is removed. On the other hanfl, if the point 
Q be very near the boundary of the geometrical shadow /•„, its pole P 
will be BO near the edge A of the obstacle that a given portion of the 
elementary waves emitted from the lower half of the eflective part 
of the given wave-front will bo intercepted by the obstacle. 
The resultant effect at Q will then consist of two effects, that 
from the whole upper half of the given effective wave-front mid that 
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from, that portion PA of the lower half of the same that extends from 
the pole P to the edge A of the olmtacle. The former effect at Q will 
remain coiiBtant &s long ob the pole P is above the line (plane) OAP^ 
whereas the latter will evidently vary between maxima and minima 
according as the number of half-period elements contained in the 
unscreened portion PA of the lower half of the effective wave-front 
be odd or even respectively ; if I'A contain an even number of such 
elements, the waves from the lirBt and second, third and fourth, and 
all consecutive pairs will interfere destructively with each other, and 
hence produce no appreciable cfTect e.t Q; if the number of these 
elements be odd, '2n+l, where « is an integer, the waves from the 
first n pairs will interfere destructively as in the former case, whereas 
those from the (2/l-^l)st or last unscreened half-period clement will 
not interfere with those from the next element, which are intercepted 
by the given obstacle, and they will thus contribute materially to 
the total effect at Q. Or, analytically, if 

AQ-PQ = 2n\/2, 
we shall have a minimum of intensity or a dark band or fringe at the 
locus of the point Q with respect to the edge A of the obstacle, and if 

AQ-PQ = i2n + l)k/-2, 
a maximum of intensity or bright band. 

It thus follows : the shadow cast on the screen MN by the obstacle 
AB will not be distinctly marked, l)ut it will be bordered exteriorly 
by a series of alternately bright and dark bands or fringes ruiuiing 
parallel to the edge of the obstacle or to its geometrical shadow ; and 
these bauds will become less and less distinct, the further we recede 
from the boundary of the geometrical shadow. 

Condition for the Appearance of Exterior Bands. — DiH'ractiou bands 
can evidently appear on the boiuidary of a geometrical shadow only 
when the angular diameter of the source of light is very small ; 
for, if this diameter is not small, each point of the source will emit a 
different wave-front and each such wave front a corresponding system 
of elementary waves, each one of which will produce a different set of 
bands on the screen ; and these numerous sets of bauds or fringes 
upon being superposed will interfere or destroy one another, and thus 
produce an uniform illumination of the screen (outside the geometrical 
shadow) (cf. also p. Ill), 

The Diffraction Phenomena within the Shadow.— Let us next 
examine the illumination at any external point C on the screen jJ/jV 
within the geometrical shadow, that is, Ijelow the central point (line) P, 
(cf. Fig. 21). Here only a portion of the upper half of the wave-front 
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S will transmit elementury waves to point Q', and the waves from th&t 
portion will be less effective than those from the lower portion of 
the same, which are intercepted by the obstacle AB, since their sourcea 
are more remote from the pole F with respect to the point (/ (cf. Fig. 
21) than those of the latter. To find the total effect at Q' we divide 
the unscreened portion of the given wave-front up into half-poriod 
elements, beginning at the edge A of the obstacle .'IB, and calculate 
the resultant effect of the waves from those elomenta according to the 
method employed in the foregoing chapter This effect will evidently 
be determined by the same expression as that for the resultant cffeot 
at an external point, when its pole and the immediate neighlwurhood 
of the same is covered by a small screen ; the latter has already been 
determined in Chapter V. (cf. pp. Ib^lM) ; we found, namely, that the 
resultant effect was half that produced by the waves emitted from the 
first half-period clement of the unscreened portion of the given wave- 
front (cf. formula (21, V.)). As Q' recedes from the central point P^ 
downwaids into the geometrical shadow, the resultant effect will, there- 
fore, diminish conlinuousli/ but rapidly, since at a short distance below 
the central point the elementary waves from the whole effective 
portion of the given wave-front, that around the pole P", will all 
be intercepted by the given obstacle. The illumination within the 
given geometrical shadow will, therefore, decrease rapifUy but continu- 
ously, as we recede from its Imuiidary. 

Difiuction Phenomena produced by a Small Opaque Obstacle ; 
Exterior and Interior Bands. — Let us, next, examine the diffraction 
efl'ects due to a small opai)ue obstacle, such as a fine wire. We 




represent the relative position of the obstacle (wire) AB, the source 
and the screen MN, as in the annexed figure. It follows now from 
the preceding problem that the geometrical shadow P^P^' on the 
screen ,j1/A^, not only its upper boundary /'„ but also its lower one 




DIFFRACTION. 

/*„', will be Iwrdered exteriorly each by a system of alternately bright 
and dark bands or fringes similar to those produced by the straight 
etlge A of the larger opaque obstacle in the problem juat treated. 
Moreover, we have seen in the preceding problem that the eftect 
at any point Q within the geometi'ical shadow was produced alone 
by the mutual action of the elementary waves emitted from the 
unscreened portion of the given wave-front and that tliiis could be 
replaced by the mutual action halved of the waves emittefJ from 
ita first unscreened half-period element, that is, the first such element 
reckoned from the edge A of the obstacle. Hence, the effect produced 
here at any point Q' within the geometrical shadow I'J^g will 
evidently be determined by the mutual action halved of the waves 
emitted from the first unscreeined half'poriod element of the upper 
half of the given wave-front and of those from the first such 
element of its lower half, this latter element being reckoned from 
the lower edge B of the obstacle. If the edges A and B of the 
obstacle are now equidistant from the source and also from the 
screen UN, as we shall assume here, the waves from the two half- 
period elements in question will have the same phase upon leaving 
their respective sources on the given wave-front. On reaching 
any point Q on the screen, they will, therefore, dift'er in phase only 
by the difference in the distances AQ' and BQ' traversed, and thus 
cooperate or interfere with one another accordingly. The interior 
of the geometrical shadow ?„/'„' will, therefore, exhibit a set of 
alternately bright and dark bands or fringes, and these bands will 
evidently be similar to the interference-bands produced by waves 
emitted from one and the same source and brought to interfere, after 
having traversed slightly different paths (cf. p. lOS). That these 
bands are, in fact, due to the interference of the two systems of 
elementary waves that bend round the edges of the given obstacle, 
has been demonstrated by Dr. Young as follows : he intercepted the 
one system of light rays by an opaque screen placed first in front of 
the obstacle, that is, between it and the source, and then behind 
the same, and found that in both cases the set of interior fringes 
disappeared completely, whereas the ext«rior fringes remained un- 
altered on that side of the geometrical shadow, where the waves were 
not intercepted ; from which it is evident that the interior fringes 
are due to the interference of the two systems of elementary waves 
that pass over the edges of the obstacle, just as the phenomena 
of interference proper are due to the mutual action of two systems 
of ordinary waves, whereas the exterior fringes on either boundary 
of the shadow are produced by the mutual action alone of the 
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elamentary wavca ihiit piiss over tho rospoetive cUgo of the obatoote, ' 
aH niiiiii twin I'll jibove. 

OonditionB for the Appearance of Interior Bands. ^Tlio 
(liffractioii bauds, like iho exterior ones, can ovitlently only uppear 
when the angular diameter of tho source of light ib very email or 
narrow. But this ia not the only condition for tho appearanre of 
interior fringes ; their appearance also demands that tho diffracting 
obstacle be very narrow; for otherwise the luminous effect within the 
geometrical shadow due to the action of the elementary waves tlial 
pass over either edge of the obstacle will extend only to a compara- 
tively short distance within the shadow, since the effective portion 
of that half of the given wave-front, which ia confined, as wo have 
seen above, to tho immediate neighbourhood of the pole, will be 
HtTBened off by tho obstacle, except at points very near the bound- 
aries of the shadow; the waves that pass over the one edge of the 
obstacle and those that pass over the other will not then over- 
lap within the geometrical shadow, that is, there will be no inter- 
ference within the same between the two systems of elementary waves. 
The interior of tho given shadow, instead of exhibiting a set of fringes, 
as is the case when the diffracting oltstaclo is very narrow, will, 
therefore, bo illuminated only at and near it« boundaries ; this 
illumination, which is brightest at tho boundaries of the geometrical 
sbadi)W, will evidctitly decrease amlinuovslij hut rapidly, as we recede 
from the same towanla tho wntrc of the shwlow (ef. p. l*^n). 

Expreasione for the Breadths of the Bands. — Uistly, let us deter- 
mine the breadths of tho exterior and interior difl'raction fringes 
produced on tho screen MN by the narrow wire Ali of Fig. 22. It 
is now easy to show that tho breadth of tho nth exterior fringe from 
tho Ixiundary of the geometrical ehaiiow is given by the expression 



[J-S^l-JS^],p& (I) 

when thu fringe is a dark one, and by 

[Ji-J.-,)^7JSp ,2, 

when the fringe Is a bright one (of. Ex. 1), where a denotes the 
distance of tho edge ^/ of the olistacle j4B from tho source and 
i its distance from the screen ^jV. By Ex. 3 at end of chapt«r the 
breadth of (iny interior fringe is given by the simple expression 

^ (3) 
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where b denotes the distance between the screen and the obstacle, as 
above, and c the distance (breadth) between its two diffracting edges. 

We obaerva that the expression (1) or (2) for the breadth of an 
exterior band is a function not only of the distances a and 6 but 
also of the band n in question ; that is, the exterior bands will not 
be of equal breadth, but they will evidently decrease in breadth, as 
we recede from the geometrical shadow (cf. Ex. 3). On the other 
hand, the expression (3) for the breadth of an interior band is a 
function only of the distances h and c and not of the band in 
question ; these (>anda will, therefore, be of equal breadth, and in 
this respect they will differ from the exterior bands. 

Relative Breadths of the Exterior and Interior Bands.— Let us now 
attempt to compare the breadths of the exterior and interior Iiands, 
the expressions (1) or (2) and (3), with each other. We have seen 
above that for the appearance of interior bands the breadth c of the 
obstacle AB miist l>e taken small compared with easily measurable 
quantities, such as the distances a and b, We can express this in 
the form 

«-'* m 

where t shall denote a small quantity. Let now 2/i denote the 
number of bands, dark or bright, within the geometrical shadow. 
The difference {DE) in the paths traversed by the waves from B{D) 
to P„{PJf and from A(C) to ?„(i',)— the letters in the brackets refer 
to Fig. 12, those without brackets to Fig. 22— will then be 

{DE) = ^X^,}C, (5) 

where i) shall denote a small quantity. The relative magnitudes of these 
two small quantities, t and i), are now to be sought. 

From the similarity of the two right-angle triangles (CED) and 
(OFP^) (cf. p. 110), we have 

{DE):(CE) = iP„P):(OP), 
or, by (B) and Fig. 22, 

ije : f COB ^ = iui>, : b, 

where g denotes the very small angle (ECD) (cf. Fig. 12) and u, the 
width of any interior dark or bright hand. Since now ^ is very small, 
we can put cosf = 1 approximately and thus WTite the last proportion 
in the form 

V- 1 =/""«:*, 

or, by (4), ij: £=^(u, :c. (6) 

It is now evident from Fig. 22 that 

^<or.cl2=a + b:a; (7) 
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we observe here thut, although the breadth ui, of the interior bands is 
tutt a fiinctioii of the distance a (cf. formula (3)), the number of bands 
2p that will appear within the geometrical shadow is a function of 
that dislance. 

The proportions (6) and (7) give 

.,;« = <» + ft;2n (8) 

the relation sought between the two email quantities « and f. 

By this and relation (5) we can write the wave-length A as follows ; 

Replace k by this value in the expressions (2) and (3) for the breadths 
of the exterior and interior bands respectively, and we have 

V a /* a " ^n 



H'here m, aiid cu, are oxpreBsed in terms of « and /i in place of X, and hence 
^.:..=f{n):-^ (9) 

As the number of interior hands {2/1.) increases, their breadth will, 
therefore, diminish relatively compared with the breadths of the exterior 
ones, especially of those near the boundaries of the geometrical shadow 
(cf. the values of/(») for different »'b in Ex. 2 at end of chapter). The 
interior bands will, therefore, in genei-al (except for small values of /j.), 
be finer or closer together than the interior ones, a result that is 
confirmed by observation. 

Diffraction Phenomena produced bjr a Haxrov Aperture ; Exterior 
Bands, — Lot us, next, examine the complementary case to the above, 
the effect produced on a screen MN by light that passes through a 
very narrow slit or aperture AB in a large screen, as indicated 
in the annexed figure. To determine the illumination at any point 
Q outside the geometrical image PqPq, we divide the unscreened 
portion of the wave-front S that passes through the two edges 
A and B of the slit up into half-period elements, beginning at 
the point A of the Hame. If now the slit were not narrow, the un- 
screened portion AB of the wave-front would be so large that it 
would include the whole unscreened effective portion of the same, 
and the resultant effect at Q would evidently be given by the 



DIFFRACTION. 



19S 



mutual action halved of the elementary waves from its first (from 
.■I) miBcreened half-period clement (cf. p. 188) ; in which case the 
illumioutian outside the geometrical image would evidently decrease 
rapidly hut continuously, as we receded from the houiidary /'„ or Pj' 
"f the image (cf. p. 1S»). In the given case, where the aperture 
is assumed to be (very) small, the unscreened portion AB of the 
given wave-front will include only a (small) part of the effective 
wave-front, that is, only a limited number « of half-period element« 
of the latter; the effect at Q will then depend on the number 
of elements in question, whether the same be odd or even, since the 
first and second, third and fourth and each consecutive pair of half- 
period elements will each emit elementary waves that will interfere 




Flo. 33. 

mutually with one another at Q. The point Q (its locus) will, there- 
fore, be bright or dark according as the number n of the half-period 
elements of the unscreened portion AB of the given wave-front he odd 
or even. The upper and lower portions of the screen MN outside 
the geometrical image /'u/V will, therefore, each exhibit a system of 
alternately bright and dark bauds similar to the exterior 1>ands on the 
boundary of the geometrical shadow of a large opaque obstacle or fine 
wire (cf. above). The distances of these bands from either boundary 
of the geometrical image and their breadths will evidently bo 
determined by similar expressions to those already found for the 
exterior bands on the boundaries of the geometrical shadow of a small 
opaque obstacle (cf, formulae (1) and (2) and Ex. 1 at end of chapter). 

Conditions for the Appearance of Interior Bands and Method for 
their Determination,— If the screen MN is so remote from the aperture 
A H of Fig, 23 that at the boundary P^, or /*„' of the geometrical image 
the unscreened portion AB of tlie given wave-front includes only the 
first half-period element, that is, \tliP^ -AP^= kr2, then the first (bright) 
band will appear at the Imundary of the geometrical image, and the 
difiraction phenomena exhibited will evidently consist of two sets of 
exterior bands, one on either boundary of the geometrical image (cf. 
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above). On the other hand, if the Bcreeii of observation ia at such a 
distance from the aportiiro that at the point /■(, or P^ the unscreened por- 
tion AR of the wave-front includes aevcral half-poriod elementa, then 
bands will evidently appear within the geometrical image, but the deter- 
mination of their position, breadth and intensity will offer difiiculties that 
cannot readily be solved by the simple methods employed above. This 
is evident from the following considerations : Take any point i^ on the 
screen MN within the geometrical image (cf. Fig. 23). The luminous 
effect at that point is now due to the mutual action of the elementary 
waves from the several half-period elements, into which the unscreened 
portion AB of the given wave-front can be divided with respect to 
the point Q'. At any point Q outside the geometrical imago the un- 
screened portiion of the wave-front consisted of a portion of either only 
the upper or the lower .half of the same, and we wore able to divide 
that unscreened portion up into half-period elements, begininng at the 
respective edge of the aperture, without any further reference to the 
pole with respect to the ix>int Q, and to determine the effect at Q 
according as the number of those elements was even or odd. Here, 
on the other hand, the unseroened portion of the wave-front includes 
a portion of the upper and a portion of the lower half of the same with 
respect to the respective pole F ; we must, therefore, ilivide the given 
unscreened portion of the wave-front up into half-period elements 
with respect to that pole P (cf. Figure 23) and on both sides of 
the same ; this division would, in general, give not only a different 
number of half-period elements on either side of the polo but also a 
difTerent residual of an element at either boundary of the unscreened 
portion, the edge .^ or fi of the aperture. The determination of the 
luminous effect at any point Q' produced by the elementary waves 
from these half-period elements would, therefore, be quite complicated, 
at least, according to the simple methods employed above ; it would, 
in tact, evidently bo given by the sum (with reference to phase) of the 
following single effects : First, the effect due to the mutual action of 
the elementary waves from all the whole half-period elementa on that 
side of the pole, which contains the smaller number i?t of unscreened 
elements, and from the first m such elementa on the opposite side ; 
the eflect or illumination produced by these waves at the point Q 
would now be either large, 4 times the natural otfoct, or veiy small, 
approximately zero, according as m is odd or even (cf. p. 15C). 
Secondly, the effect due to the mutual action of the elementary waves 
from the remaining / - m unscreened whole half-period elements of the 
given wave-front, where I denotes the total number of such elements, 
into which the larger unscreened portion of the wave-front with 
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rfispoct to the pole 1" can be divided ; the effect produced at Q' by 
tliB waves from these I - wi elements would, like the tirat efTect, 1)c 
either large or very small according aa I- m were odd or even. 
l..astly, the effect due to the mutual action of the elementary waves 
iroja the two residual half-period elements at the edges A and B 
of the given aperture ; their effect at Q' would evidently depend 
on their relative size compared with the adjacent elements and with 
each other, and whether both (l+i) and (m + l) be odd or even or 
the one odd and the other even. The expression for the total 
resultant effect at Q' would, therefore, lie an extremely complicated 
one, evidently such an one aa could not readily be determined by 
the simple methods employed above. 

For the diffraction phenomena produced by a amall circular aperture 
in a large opaque screen, see Ex. 4 at end of chaptor. 

Diffiraction Phenomena of the Primary and Secondary (Electromag- 
netic) Waves.— Let us now consider the diHraction phenomena pro- 
ducetl by the primary electric waves, for example, the linearly polarized 
electromagiietic wa^'ea of the most general form, those represented by the 
first terms of the expreasions for X, Y, Zoi formulae {43, II.). It is now 
evident that the waves of the given system that come into consideration 
for diffraction phenomena or those emitted from that portion of the given 
wave-front, which is supposed to give rise to such phenomena, may 
be regarded as approximately, here linearly, polarized (cf. also p. 78), 
provided their source be at considerable distance from the diffracting 
obstacle ; that is, the diret'tion-cosines a, j8, y in the coefficients of the 
expressions for the component moments may be regarded here ae 
constant. If we write the given component moments X^, Y^, Z^ in 

the form A', = — (sin m, y, = — mainiu, Z^ = ~pm\ta, 

where l = a,{^-\-y^)-a{a^^-a^y), 

and ui = n[»i-(r-i-S)], 

we may, therefore, regard these coefEcioots /, in, p as constant 
throughout that portion of the given wave-front, which comes into 
consideration in the det«rmiuation of diffraction phenomena, that 
is, we may assume here, as a1x)ve, that the several elementary sources 
on the portion in question of the given wave-front all emit similar 
elementary waves. The mutual action of these waves at an external 
point would, therefore, be subject to the same laws as those for 
the light waves already treated, and hence the pher 
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diffraotion produced, being duo to the same causes, difFereuce in 
phase Iwtweon the eiementary waves at an external point due to 
ditTereneu in the paths traversed, etc., similar to those of light. The 
above would evidently also hold for the secondary electric waves. 
The diffraction phenomena exhihited by the electric waves would differ 
from those of light only in relative magnitude, the Imnds of the 
former, which are always proportional to the wave-length X of the 
waves employed, being much broader than those of the latter. On the 
other hand, the bands of the primary and those of the secondary waves 
would be of the same dimensions, since the wave-length of the secondary 
wave that accompanies any primary disturbance is always that of the 
latter (cf. formulae (43, II.))- The bands produced by the secondary 
waves would be much less brilliant than those exhibited by the primary, 
at least, when the source of disturbance were at considerable distance 
from the diffracting obstacle, as assumed here, since the intensity of 
the secondary wave varies inversely as the fourth power of the dis- 
tance from source and that of the primary inveraely as its square. 
We could, therefore, expect to obtain bright diffraction hands 
from the secondary waves only either near their source or in 
those regions, where the secondary waves were unaccompanied by 
primary disturbances (cf. pp. 49-52 and 61-62). Near the source 
the secondary wavea would now evidently be neither approximately 
(linearly) polarized nor of one and the same amplitude or intensity, 
that is, the elementary wavea emitted from the different sources 
on that portion of the given wave-front that comes into con- 
sideration in the determination of diffraction phenomena would differ 
here appreciably from one another, both in intensity and direction 
of oscillation, so that, aside from the ditficulties encountered in the 
actual determination of their mutual action at an external point, no 
great regularity in intensity or its distribution (law of dispersion of the 
intensity) and hence only correspondingly irregular diffraction bands 
could bo anticipated ; this would be true not only of the secondary 
but also of the primary waves in the neighbourhood of the source. 
The only regions where it might be possible to detect secondary 
diffraction bands of any great degree of regularity in distribution and 
intensity would, therefore, bo those remote from the given source, 
and where the secondary waves were unaccompanied by primary 
disturbances (cf. pp. 49-52), 

DiSraction of the Roentgen Rajrs. — In connection with the above 
we may call attention to the experiments of C. H. Wind * on the 

•"Zuni FrcMielBclien Beugungsliilde etnea Spaltea." I'hi/'italuche Zeitarhtift, 
vol. i.,p. 112(1900). wicl vol. ii., p. 265(1901). 
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diffraction of the Roentgen (.¥) rays on a narrow wedge-shaped alit; 
tho obaervation-screen exhibits eystcma of diffraction bands, which 
have been photographed and are, with the exception of certain 
irregularities (cf. above), remarkably similar to those obtained from 
actual calcnlation by Freanel's meth'Kl. 

FreBuers Theory of Diffraction and ita Shortcomings. — The above 
simple methods for the detei'uiination of diH'raction phenomena wero 
employed by Fresnel, and with great hucccbs, for the results obtained 
agreed in the cases treated with those of observation. There are, 
however, many problems that cannot readily be solved by the applica- 
tion of these methods, at least in tho simple form employed above, 
as, for example, the determination of the distribution and intensity of 
the bands within the geometrical image of a small opaque obstacle 
(cf. pp. Iit4-195). Fresnel now developed these simple methods and 
the principles embodied therein and found new ones, by means of which 
he was enabled to treat and solve the more complicat«d problems on 
diffraction ; these new principles and the methods deduced from them 
then led to a concrete representation or theory, which ie known as 
" Fresnel's Theory of Diffraction." These methods of Fresnel, which 
are graphic ones, the resultant intensity being represented by means of 
a spiral, the so-called "Comu spiral," tho determination of which re- 
<iuires the evaluation of two (definite) integrals that are known as 
" Fresnel's Integrals," are now so exhaustively expounded and the 
different problems on diffraction so extensively treated in the standard 
text-books * on the theory of light that I shall not repeat them 
here, at least not in the form employed by Fresnel. Another, perhaps 
the chief, reason why we shall not follow Fresnel's method of treatment 
is the following : We have seen in the chapter on Htiygens's principle 
that the form assumed by Fresnel for representing the elementary waves 
emitted by the different (elementary) sources on any wave-front was 
not the correct one, for the mutual action of those elementary waves 
at an external point gave for the simplest case, where the given 
waves were in no way obstructed by foreign bodies, an expression for 
the light vector at that point that differed materially from the actual one. 
On the assumption of Fresnel's form for representing the elementary 
waves we could not, therefore, expect to obtain the correct expression 
for the light vector at an external point for the cases of diffraction, 
where a given portion of the (light) waves is always intercepted. 
That the i-esults obtained by Fresnel's theory of diffraction agree 
with observation is beyond aU doubts ; but we must realiae that 

*Cf. PcCBton, The Thtoi-y <■/ Ligkl, pp. SW-iS". 
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ihese results aro only relative or qiialitative ones; ihey give only 
ifualitatively the phenomena sought, a roBult we might easily have 
iinticipat«d, for, although an incorrect oxproasion was chosen for 
the form of the elementary wavew, the very priiiuiples upon which 
the phenomenii of iliffr-sction depend were recognized by Freanel and 
eml>,H!ie<l in his theory. 

Theory of Difl^actioa based on Integral Expression for Ligbt- 
Vector. — Henceforth we shall ba^e our treatment of diflructton 
phenomena on the formula (51) derived in the preceding chapter, 
which expresses the light-vector at any point as the integral of il 
given expression taken over any surface that encloses that i>oint. 
First of all, this formula must be made to conform to the conditions 
prevailing in the given medium ; this will necessitate the introduction 
of certain modifications and assumptions due to the presence of the 
foreign hodioe or obstacles, to which the phenomena of diffraction aro 
ascribed. Let us now considei' the form of the expression under 
the integral sign in formula (51, V.) at any point M on the 
surface S enclosing the point Q, at which the light-vector »^ shall 
he sought, when obstaclea aro placed in the course of the waves 
emitted by the source of disturbance (see Fig. 19). We have 
now seeti in Chapter V. that for the simple ease, where no obstacles 
intercepted the waves from 0, an evaluation of the given integral 
was possible, when we chose us surface of integration S a sphere 
with centre at the ]»oint Q, and we found there, in fact, the 
correct expression for the vector at that point (cf. Ex. 9, p. 1H3). 
If we insert obstacles, which we shall assume are opai;|ne and 
reflect no waves, in the medium, it is evident that a certain 
portion of the waves emitted by the source will be inter- 
cepted and hence that the resultant vector at Q will be given 
by a ditTerent expression from that already found for the 
simple case, where there was no obstruction of the waves 
throughout the medium. The first question that arises upon 
the insertion of an opaque obstacle, as a screen, in the medium 
is, how shall we lay the surface of integration S with respect to 

that screen 1 A knowledge of the values of the vector s and sr 

along the whole surface of integration chosen, where n denotes the 
inner normal to that surface, is now evidently necessary for an 
evaluation of the integral of formula (51, V.). This can be had, 
if we lay the sui-face of integration parallel and very near to 
that side of the obstructing screen that is turned away from the 
source of disturlwnce, for we am then assume most approximately 
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that both s and ^ vanish at every point on that surface that i 
sheltered from the action of the waves or is directly behind the 
screen (as seen from the source) and that at all other points on 
the same they retain tbe same values as those assumed by these 
quantities, when there is no obstruction ; at points not directly 
behind the screen the surface of integration can evidently be laid 
as best suited for an evaluation of the given integral. This method 
of treatment of the obstructing screen and the assumptions embodied 
in the same are evidently similar to those employed by Fresnel (ef. 
pp. 144-153). The assumption that s and =r^ both vanish directly 
behind the screen but retain the same values at all other points 
as in the ease, where there is no obstruction of the waves, will 
evidently be realized only, when tbe obstructing screen or the 
aperture in the large opaque screen is large compared with the 
wave-length of the waves employed ; the results obtained on this 
assumption will then, in fact, be found to agree with obsen'ation 
{see below). On the other hand, if the obstructing screen or the 
aperture in the large screen is very small, the above assumption 
cannot well be maintained, since that portion of the given surface 
of integration or wave-front (according to Fresnel) that comes 
into consideration will then be so very small (of the dimensions 
of the given screen or apertiu-e), that the vanishing of s and 
^ behind such a screen and the assumption of their natural values 
in the very next proximity or the assumption of their natural 
values in the small aperture and their vanishing in its very next 
proximity eould not well be realize^!.* The theory in question is, 
therefore, only an approximate one and, like Fresnel's method 
employed above, it can be applied only to those problems on diflrac- 
tion, where the obstructing screen or the aperture is'Uot very small, 
at least compared with the wave-length. 

General Problem on Diffraction : Diffraction on Small Aperture in 
Large Opaque Screen. — Lot us now consider the above theory of 

* This could also bo Btutied aa follows ; When the acreeo or aperture U very 
■mull, its edgea and the behaviour nf « and ^ at and uear the same will alone 
come into consideration, whereas, when the Bcrean or aperture is large, ita 
edgea will canBtitute so small a part of the acreeaed or open portion respec- 
tively of the surface of integration or v.ave-front, that the behaviour of these 
quantities at and near the edges will not come into consideratioii. For this reoxm 
the above asdumption on thu behaviour oE n and ^ can evidently be maintained 
unly in the latter case. 
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diHrttction, tliat liMeil ou formula (51, V.) and on ihu validity of 

the above asgumption for the values of s and ^~ directly Iwhind 

obatrucling bodies and at other pointa on the surface S (cf. Fig. 19) ; 
that is, let us determine the light vector s„ at any external point Q, 
expressed as integral of a given expresaion over any surface S 
enclosing that point, for the difleront problems on diffraction. Let 
us, tirst, examine the case, where a large opaque plane screen with 
a small aperture is placed between the suui'ce of dislurlmnco and the 
point of oIwervBtion Q, which latter shall 
lie in the region, to which the ditfraction 
phenomena sought are confined ; the 
seroflii shall Iw so large that it intor- 
cepts all the waves from the given 
source except those that pass through the 
aperture. whiTcas the dimensions of the 
aperture shall bo very small compared 
with the distances p of the source from 
the same on its one side and r of the 
point of observation Q on its other, aa 
indicated in the annexed figure. Let 
iitjw the plane of the large obstructing 
screen W chosen as a^i^-plano of a system 
of rectangular coordinates j, i), z, whose 
origin shall lie taken so near the given 
ujwrture that the distance of any point 
jl/ in the same will be small compared 
with the distances p, and Pd of the points 
and Q from that origin, Wo denoto 
the coordinates of the source by Xy, y,, 
till. W. Cn of the point of observation Q by r.^, 

t/^ i„ and of any point M in the aperture by x, y(z = 0). The 
distances p,, p^ p and r will then be given by the expressions 

and r' = (r^ - ^)' + (.Vo - yf + V ^ 

relations wc can write the last two in the form 
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and 

Since now, l>y assumption, x and y are fimali compared with p^ and p„ 
the second terms of the expressions under the square-root signs of these 
expresaioiia for p and r will be small compared with their first ones or 
unity; we obtain, therefore, approximate values for p and r, on develop- 
ing these expressions by the binomial theorem according to the 
ascending powers of their second torma and on rejecting the terms of 
the higher orders of magnitude in x/p^ yjp^ and xjp^ yjp^ respectively ; 
if we retain here the terms of only the null, first and second orders 
of magnitude in these quantities, we evidently have 

r I ; t' + y^^2(M-T+yyi) _ 1 H^, + yyyf-\ 



If we denote the direction-cosines of the vectors p, and p„ by 
Oj, |3^ and a^, iS,, respectively, we can write these expressions for 
p and T in the form 

'^' '^' (12a) 

and T=p^-{i^. + li^i)+ -— ^-- 

Let ua now employ formula (51, V.) for an examination of the 
given problem. If we assume that the light-vector s at any point 
on the surface of integration due to the action of the waves emitted 
by the source 0, which shall lie outside that surface, be given by the 
expression 

..».i„^;(„-„ 

(cf. formula (52, V.)), where p denotes the distance of that point from 
the source, then the light-vector s^ at any point Q within that 
surface will evidently be given, for light-waves, by the expression 



I 



'•-nj^[« 



,.(»,r)]co.f [rf-(, + r)],fc... 
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(cf. formula (55, V,)), where, however, here ds shall denote uiiy Burfaco- 
eleinuiit of the uiacreened portion of the aiirfaoe of integration chosen 
(of. iibovc) ; wo choose here as surface of integration best suited for 
HD evaluation of the given integral the ly plane. For electric waves 
or waves of long wave length, the vector in question would be given 
by the more approximate formula (54, V.). 

Since now the aperture in the large obstructing screen is, by 
assumption, very small compared with the distances p and r, the angles 
(n, p) and (n, t) in the expression (13) may Ite regarded as constant 
by the given integration, which is extended only over that aperture ; 
for the same reasons p and r iiuiy also be regarded as constant by 
the given intogration, except where thoy are divided by very 
small quantities, as the wave-length A of the light^wavoa. We 
can, therefore, write the alwve integral (13) for *„ bore in the 
form 

*• = £ ;rrt<''^("' P) -cos(u, r)]|ms^J[.-i - (p + r)]tf« {I3A) 

By formulae (12a), which express p and r (most approximately) in 
terms of the coordinates x, y of any point M in the aperture, the 
expression to be integrated hero can now bo written 

COB^[l:(-(p + I-)] 

_(«j_^+^jy)^ (^±M.n\ 

= 008 -^[,'t - W, +/..)]cosl/(^. ;,)] - sin '^[vt - (p, + pj]sin [/(:«, y)\ 
where 

We can, Uierefore, WTiM formula (13a) in Clio form 

Light-Vector Besultant of two SfBtems of Waves.- Ity forriiuia 
(15) wc cdiil.l ccincuivo tlio liglit-vwtdr a„ as duo tn the mutual ju^tion 



(15) 



DIFFRACTION. 

of two aystems of (elementary) waves emitted from the flperli 
whoae difference in phase la n-/2 and whose amplitudes are propor- 
tional to the integrals 

C=jco8[/(^!,}]rfs'j 

and S= l8in[/(x, y)](i»j 

To ohtnin a simpler form for f(z, y) than the above (14), we lay 
the origin of our system of coordinates ir, y, z at that point of the 
Ki/-plaiie, where the same is intersected by the straight line joining 
the source and the point of observation Q {cf. Fig. 34) ; the vectors 
Pj and Pq will then lie on one and the same straight line, but they 
will be oppositely directed ; hence 

a, = - a„ and (8, = - /f„ 
and formula (14) may then be written in the simpler form 

Lastly, we may choose the projection of the line OQ on the j-y-plane 
as X-axis of a new system of rectangular coordinates (cf. Fig. 24); 
01 will then vanish, and hence /{x, y) assume the form 



303 hI 

ropor- ^^M 

..(16) 



-T - +- (X%0 



where 4' denot«8 the angle which the vector p, makes with the j-axis. 

On referring formula (15) to this new uniquely determined system 
of coordinates, we can, therefore, write the same in the explicit form 

,.^{™.,f.i„[^(i.i),.w*.,=,].,] 

"™-h[ia-^:)<'-*-='Wi 

where A = ,^^^[cos(n. ,.)-cos(n, r)] and « = '^^[r( -(p, +pJ]...(18a) 

Difitactioa on Straight Edge of Large Opaque Screen.— Let us, first, 
employ formula (18) for an examination of the diffraction on the straight 
edge of a large opaque screen; we shall see below that this problem 
may be treated as a particular case of the above general one, where 
namely the (small) aperture in the large obstructing screen is of quite 
arbitrary contour. We choose the straight obstructing edge of the 
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screen pai-allcl to the jz-axia ; the screen iteelf shall extend in the direc- 
tion of the positive x-ax'iB, from x = -^ to x== +». and its djflracting 
edge (parallel to the (/-axis) from i/~ +ao to y= - ao , as indicated in 
the annexed figure. Let U8 now examine the expression (IB) for the 
light-vector s^ at any point Q outside the geometrical shadow and in the 
plane that passes through the given source and intersects the large 
opaque screen in a line, which we shall choose as z-axis, that makes 
a right angle with its diffracting edge (cf. Fig. 25). This system of 
coordinates is evidently that uniquely determined one chosen above, 
the system to which formula (18) has been referred. 





We have assumed above in the general developTnent that the aperture 
iu the large obstructing screen or the unscreened portion of the given 
surface of integration be small and that any point of the same l>e at a 
distance from the origin of our system of coortlinates that is small 
compared with the distances p^ and p,, of the source and the point of 
ohaervaiion Q respectively from that origin. Here we can now image 
the unscreened portion of the given surface of integration or wave-front 
(the iry-plane) as divided into two regions, the one extending from the 
diffracting edge of the screen to only a short distance within its un- 
screened portion (in the direction of the negative K-axis) and the other 
from that line of division to «■ = - sc ; the former region shall include 
the effective portion of the given wave-front or that, which emits the 
waves, whose action at the point of observation determines most 
approximately the light-vector sought, and the latter its ineffective 
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portion or thatwhichcontributcaijiilyimippreciably to that vector. We 
have now seen on p. 1 53 that the effective portion of any wave-front waa 
confined alone to the region in the next proximity of the pole {with 
respect lo the point Q) ; the dimenaionB of this region, although large 
compared with the wave-length of the waves employed, will always be 
small compared with the distances of the source and the point of obser- 
vation from the same, and especially here, where these points have been 
a.Bsumcd to be at considerable distance from the screen. Since now the 
effective portion of the given wave-front is small compared with the 
distances p, and />„ and hence any point of the same at a distance 
from the given origin that is small compared with those distances, 
the above development will evidently hold here, that is, the formulae 
already derived may be employed for an examination of the given 
problem, and this problem may thus lie regarded as a particular ease 
of the above general one. At the same time, sinc« the integration 
over the ineffective portion of the given wave-front or suriace of 
integration will contribute approximately nothing to the value of the 
light-vector sought, the integration itself may be extended not only 
over the effective but also over the ineffective portion of the same, 
that is, here from x = x to x= -ki. 
We may, therefore, write the above expression (18) for «„ here 

■•-4™'fi'""GCr.')"'™'**'*>]'""' I 

To evaluate the integrals of this expression for s^, we, first, replace 
the variables x and t/ by the two new ones, v and u, where 

, vdv dv 

hence ax = ^ = 1 



,,{19) 



2/1 



-*j(prp.)---- 
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-• —30 






)dvduy 



where the upper limits v' are to be replaced by the expression 

t;' = x'co8<^J:-Vi+i:') (20) 

On expanding hero the sine and the cosine of the angle ^(t^ + w^) as 



TTV 



irw 



functions of the sines and cosines of the single angles and - -, 
we can write these integrals 



— X -oo 



I I sin V ( + ] (^- cos'-^i^ + 1/) \dxdy 



,2/1 1n {J ^^«T^^ ^"^-2- 



^\P\ ' ^0/ 

I sni -^du I < 



(/v 



TTV 



^ 



+ I sin -;j-(/u I cos -^y dv 



] 



-ao 



and I I cos ^ (- + — ] (pc^ cos'-^c/) + y'^) \dxdy 



-« — X 



1 ff* irM'-!, f" « 

-I sin-^attl sni -^at;> 



i;2 



dv 



(21) 



- « 



— flO 



/ 



Fresners Integrals and Oomu's Spiral. — The integrals that appear 
in formulae (21), 

I cos —J- du = I COS -y-dv = f 

f mi^ f TTV- f ^^"^^ 

and I sin -_-(^w = I sin - ^dv = i; 

— wo denote them by f and t; — are known as "FresneFs Integrals." 
Since now these integrals appear in all problems on diffraction, 
a knowledge of the values they assume according to the limits of 
integration in question will be indispensable to a further treatment 
of the problems on diffraction; before we proceed further with the 
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exanuDation of the given probletn, let as, therefore, consider the 

different properties of and the values assumed by these integrals 
ac«oi'ding to the different limits of integration chosen. Let tis, first, 
examine the two fundamental integrals 

^=\coB-^dv and »j=lsin ^-dv. (22a) 

The values of these integrals will evidently vary aecording to the 
value of their upper limits v. Let us now choose these values, | and »j, 
as cDordiuates of a system of rectangular coordinntes and seek the 
curve described by the point ^, ij for different values of v. This curve 
will pass through the origin of these coordinates, since for » = bothf and 
If evidently vanish. If we replace the upper limits vby - v, the values 
assumed by these integrals will evidently differ only in sign from those 
of the above (22a), that is, both J and t; will change signs only ; the 
curve sought will, therefore, be symmetrical with respect to the origin 
f = i, = 0, since for any and every pair of values ^, j/ correspoDding to 
any positive value of v there will always be a similar pair — |, - ij that 
corresponds to a negative v. 

To determine the length of any element ds of the given curve, we 
observe that the projections of any such element on the f- and i/-axe9 

(f|=(2| cos -^dv=cos -rj-dii 

and, similarly, i/ij = sin —^dv; 

hence ds = J'd^^ + d^f= dv ] 



..(23) 



or integrated s = v J 

provided the curve be measured from the origin, the lower limits zero. 

The angle, which the tangent to the curve ^, ij at any point f, ij (») 

makes with the ^-sjds, will evidently be given by the expression 

dv . st« 
tanr=g^ = tan-2-, 

hence '■^"2" (34) 

At the origin or fors = P = (ef. formula (23)) t = 0, that is, the curve 
will leave the origin on either side running tangential to the ^-axis ; for 
i=v=\, T = x/2, that is, the curve will run here parallel to the tf^jos; 
it will next run jjarallel to the g-axis for t-tt, that is, for v'^ = i~^, 
then again parallel to the v-axis for t=-^ or v^ = 3 = s*, etc. (cf. 
Fig. 26). 



r 
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The radius of curvature p of the curve f, jj at any point (^, ij) will 
Bridontly be given by d, d, \ \ 

'■-s-^.ri.-s-is <^''' 

(ef. formulae (23) and (24)) ; that is, the radius of curvature will vary 
inversely aa the length of the curve 3 from the origin. The curve 
degcribed by the point {, ij on oithor side of the origin will, therefore, 
be one whose radius of curvature decreases continously, as we recede 
from the origin along the eamu ; Buch u, curve is now a spiral or 
double spiral; thai in question is known as " Comu's spiral." Each 
spiral approaches now u given asymptotic point A or A' (cf, Fig. 36), 
dosing in more and more on that point aa the length of the curve » 
from the origin iiicreasoa, until it finally for » = n — <:& reaches that point. 
Detemmiatioii of Ooordinates of the Asjrmptotic Points of Coma's 
Spiral.' — l<cl. us, next, determine the eourdinittes of the asymptotic 
point .7 of Cornu's spiral (cf. Fig. 26) ; they are evidently given by 
the values of the integrals 

(as) 



^j, = 1 COB -T-rfti and '/^ = I sii 



To ovaliuiUi Uietie integrals, we make use of tlie integrala 

[,-'dz-M, (27) 



■'dii-M. 



■(28) 



I 



and their product I I t~"^'^dxdy = Jlf. 

We, first, seek the value of tins double integral on the assumption 
that X and y are the rectangular coordinates of any point P (in the xy- 
plane); dxdj/ will then deriote any rectangular surface-element of the 
xy-plane. To evaluate this integral, we replfu;e the surface-element 
dxdy by the surface-el eraent do bounded on the one hand by any two 
vectors r, that subtend the infinitesimal angle dtp at the origin, and 
on the other hand by the segments of arc, intercepted by those 
vectors, of any two circles of radii, that differ by the infinitesimal 
quantity dr. The area of any such element do will evidently be 
do = rdrd't'. 

On replacing the rectangular coordinates x, y by these new one« r 
and ^, we can write the above double integral in the form 



M' 



•*rdr=M\ 
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Thia integral can now eaaiiy be evaluated ; we find namely, since 
^ ^ 11-1° 1 



1 






hsnoe M=^Jir (39) 

We, next, replace the variable x in integral (27) by a new variable 
V, where the following relation shall hold between these two variablea : 



hence dx = 'J - -^dv, 

where i shall denote the imaginary unit J ~\; and we have 

e'-''dx = '\l --~\ e' ''di> = M=jj-J^ 
(of. formula (29)), which gives 

\'"''-jiri <») 

We can now write the value of this integral in another form, one, 
in which the real and the imaginary parts appear separate. To 
accomplish this, we observe that 







V^~ 


ji 










and 




V^=lf = 


l+2i + t« 










which gii-ea 




2>.(1 + 


')'. 










and hence 






1 










Replace jL: 


in 


formula (30) by this value 


■Ji- 


agd 


we 


have 






r/^i,j-±i 













(30') 
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l+- 



ne can write this integral in the form 

— + J8in -n-)""" 




Lastly, since both the real and the imaginary parte on the two §idos 
of any equation must always he equal, it follows from this integral 
equatiou that 

COB-rrff = s 



ain -^dv= 



,..(31) 



the integrals, whose vajuee were sought. 

The coordinates of the asymptotio point A of the spiral described 
by the point 



1 



..(3U) 



will, therefore, be 

(cf. formulae (26)); this point is thus situated on the line bisecting 
the right angle between the coordinate-axes f and >;. 

Oonstniction of Oothu'b Spiral ^To plot Cornu's spiral, we start at 
the origin and lay olT the distances = 0-1 on the f-axis (cf . Fig. 26). From' 
this point we draw a straight line intersecting the ij-axis at the angle 



T*S 



9O-Ol=;rO-0O5 (s = 01) 



H joining 



(cf, formula (24)), and describe 
with this point of intersection as 
centre a circle of ra<lius 

p = -=— («=o-i) 

fomiidfl (25)); this circle 
will puss (most approximately) 
through the origin of our co- 
ordinates. On this circle we lay 
ofT from the origin the arc of 
length « = 0'1; at the end of this 
arc S'iO'l the given circle will 
evidently have the radius of 
ature of the spiral sought at that point of the same, which is at 
the distance * = 0*1 from the origin measured along the spiral. On 
joining this point with the origin (l>y a curve whose radius of cur- 
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vature increases from that of the spiral at the point it = 0'l to p^n at ^^| 


the origin), we obtain the first portion of the given spiral. ^H 


To obtain the next portion of the Bpiral, we continue the curve ^^M 


from the point s^O'l of the same, by describing a. circle of radiua ^^ 


p = - (s = 0-2), whose centre is to be determined similarly to that of 


the first circle, lay off from the end of the first portion of the spiral 


already plotted the arc of length s = 0' 1 on the same and join the end of 


this arc with that of the first one by a curve of the radius of curva- 


ture in question. Similarly, we can construct the successive portions 


of the given spiral. 


Evaluation of PreaneVB Integrals.— The above method of oonBtmct- 


ing Cornu's spiral, like the other methods based on the approximate 


evaluations of the integrals themselves (cf. Esa. 6-9), is evidently only 




by Gilbert,* are given in the following table : 


• 


.=^.0.-.. 


,^f^-4^. 


• 


.=/-^r.. 


,=/-.,<.. 


0-0 


0-0000 


0-0000 


2-8 


0-3389 


0-6500 


O'l 


0-0899 


0-0005 


2-7 


0-39'J6 


0-4529 


0-2 


0-1999 


0-0042 


2-8 


0-467.i 


0-3915 


0-3 


0-2904 


0-0141 


2« 


0-5B-24 


0-4102 


0-4 


3075 


0-ai34 


3-0 


0-B057 


0-4963 


Ofi 


0-4923 


00647 


3-1 


0-5616 


0-5818 


l)-8 


0-5811 


01105 


3-2 


0-4663 


0-5B33 


07 


0-B597 


0-1721 


3-3 


0-4057 


0-51 93 


0-8 


0-7230 


0-2493 


3-4 


0-4385 


0-42B7 


09 


0-7648 


0-.3398 


3-5 


0-5326 


0-41.53 


HI 


0-779B 


0-4383 


3 6 


0-5880 


0-4923 


11 


71138 


0-5.165 


3-7 


0-5419 


0-5750 


1-2 


0-7 IM 


0-8234 


3-8 


0-4481 


0-5656 


13 


0-6386 


0-8863 


3-9 


0-4223 


0-4752 


H 


0-5431 


0-7135 


4-0 


0-4H84 


0-4205 


1-a 


0-4453 


0-Hfl75 


41 


0-.^737 


0-4758 


i-a 


0-3665 


0-6383 


4-2 


0-5417 


0-5632 


1'7 


0-3238 


0-S492 


4-3 


4494 


0-5540 


IS 


0-3337+ 


O-i.lOO 




0-4383 


0-4623 


1-9 


0-3JW5 


0-3734 


4-5 


0-5258 


0-4342 


20 


0-4883 


0-3434 


4-6 


0-5672 


0-5162 


2'1 


0-S814 


0-3743 


4-7 


0-4914 


0-5669 


2-2 


0-6382 


0-4.556 


4-8 


0-4338 


0-4968 


2-3 


0-6286 


0-5525 


4-9 


0-5002 


0-4351 


2-4 


0-5550 


0-6197 


5-0 


0-5636 


0-4992 


2-B 


0-4574 


0-6192 


" 


0-5000 


0-5000 


• OUbort, JVAn. couroHTuf^i de CAtad. de Bru^elU». torn, xxxi., p. 1, 1803. 


+ The value 0-3363 found by Gilbert for the integral f for v^lS varies ap- 


preciably fmiu tboBS determinefl aubsequeiitly by other methoiiB j we have, 


therefore, repliwed it in the above table by the more exact %-alue 0-3337 found 


tJ 
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Tbie tuble shows that tha given integrals pass through a sorios of 
maxima and minima, which become less and less marked as wo 
ftpproach the asymptote point A. Lomrael • haa evaluated Freeiiel's 
integrals to the sixth decimal for the variable (upper limit) '^^-^ ^<"" 
5=0-1, 0-2, 0-3... 0-9, 1-0, 1-5, 2-0, 2-5. ..49-5, 50, which correspond W 
110 values of n between 0-064 and 6-642. 

The Oiven Problem. — Let us now return to the examination of the 
above problem on diflraction, which wo were obliged to interrupt 
OD account of the appearance of Fresnel's itit«gralB (of. formulae (21)), 
which we have just investigated. 

The integrals of formulae (31), whose limits are - * and +», can 
evidently l>e evaluated at once ; we have namely 



rdu^l 



(of. formulae (31)), and, similarly, 
sm -^ du=l 



Wb can, therefore, write formulae (21) 



-J I sin --^dv+ I cos-s-rfp> 



^\Pi pj 

and hence formula (19) for k„ 

'■• ,o.»£'4) {""iT''°^''"r~'^''''] I 

+ co,.|Joo.::|-'*-j',m=fA]|J 

• V. Lotninel : A bha-iuliungen dtr math, -phyii. Claiae der kgl. bayr. Aiadtmit dtr 
WuMitic/infieu, Bftnd 15, Tubelle Jii., p. H48. 



....(33) 
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This light-vector Sj, like the iighUvector s^ of formula (15), can now 
>e conceived as due to the mutual action of two syBtems of (element- 
iry) waves, whose difTereiice iu phase is 7r/2 and whose amplitudes are 



"xCv.) 



T\{|'™T*+f"»'¥'") 



COS^ 



^\P1 pj 



{Pog^l-'dp-pn^rf,-}. 



The Besult&nt IntenaitT. — According to the principle of interference 

the resultant intensity /produced by the mutual action of two waves, 
whose difference in phase is 7r/2, is now proportional to the sum of the 
amplitudes squared of the given single waves (cf. formula (4, IV)). 
The resultant intensity / of the two systems of waves, to whose 
mutual action the light-vector s^ of formula (33) is conceived as due, 
tt-ill, therefore, be proportional to the expression 

4 eos^i^ ( ~ "•" ^ I 

° .co..^|jj i[f"°'?'"T"[r""^'"J}' 

or, by formula (18a), 

_ a^[coa(n,p)-co8(B,r)]' p,\' "1 

8ph^cos-<l> (Pi + Po)- 



x{[f™='*J4fco4„,J}p„p.U,/| 

Expression for the Besnltant Intensity.— Let us now examine the 
expression (34) for the intensity. Wo have now seen on p. 205 that 
only those elements of the surface of integration or half-period 
elements of the given wave-front come into consideration that are 
in the immediate neighbourhood of the pole on that surface or 
wave-front with respect to the point of observation Q (see Fig. 25), 
which pole has been chosen above as origin of our coordinates 
(cf. p. 203 and Fig, 25). We can, therefore, replace most approxi- 
mately p ^y Pi and r by p„ in the coefficient of the above expression 



r 
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(34-) for / (cf. also p. 155). This coefficient will then assume the form 
(t'[coB(n.. p,) - cos(n, p„)p 

yco8V(p,+Po)- ■ 

Moreover, Bince the origin of our cooi-dinates haa been laid on 
the line joining the source and the point of olisorvatioD Q (cf- 
Fig. 24), we evidently have 

cosKPi)" -co8(n, Po} = co8*, 
and the given coefficient will then reduce to the simple form 

-<.!>,+ Pol'' 
The expression (3-1) can thus be written (moat approximately) 

^-^•'".-.^.([r-T-^T-v"!} <-' 

For the lietennination of / foe wavi's of long wavc-lcugth see Ex. 5 
at end of tliapter, 

Qeometrical Interpretation of ExpreBBJon for Beeultant Intensity. — 
We can now interpret geometrically the integral expression in the 
largest brackets of fonnula (3.5) for I by moatis of Coriiu'a spiral. 
For this purpose wo denote the coordinates of any two points of 
the (Coniu's) spiral of Fig. 26 by f, ij and f , r/, where 






■w 



h 



The direct distance A between any two such points is evidently 
determined by the expression 

= I coa -^dv - I cos-j-rfu + I sin-., '/u-l sin _, ilv\ 

-[jcos-^-rfi-J +[181""^ '''■] 

which we can interpret as follows : The sum of the squares of the two 
(Fresnel'a) integrals 

I cos \i-dv and I sin — rft 
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can be represeoted by the aqiiare of the direct distance between the 
two points of Cornu'a apiml (of. Fig. 26), whose coordinates |, ij and 
^, ij' are determined by the values of the integrals (36). 
For v= - -x. formula (37) will asaumo the form 

i'-(f-W + W-.,.,.)=.[f<».f"*J + [J'.i.."|'<i.J, 

where ^j., i\„, denote the coordinates of the asymptotic point A' of the 
spiral in the quadrant - ^, - 17 ; this integral expression is now the 
one ill the largest brackets of formula (35). We thus have 



"'" '" , (38) 

<cf. formula (31)), that is, the intensity at the given point will be 
proportional to the square of the direct distance of the point f, i/' 
from the asymptotic point ^,, = ij^. = - 1/2. 

Exterior Di^action Bands. — It is evident from the form of the given 
(Cornu's) spiral (cf. Fig. 26) that the distance of any point f . ij' of the 
same from the asymptotic point |^., >(.,. will pass through a series of 
maxima and minima, as we recede from the origin, ^ = ij = (w' = 0), 
along the spiral towards the asymptotic point ^^ = t/j = 1/2 (p' = a> ), 
that is, as the distance d of the obstructing edge of the given screen 
is increased from x" = to i' = to ; positive values of ^ correspond now 
to points of observation Q outside the geometrical shadow (cf. Fig. 25). 
On the other hand, for negative values of x^ or z. which will correspond 
to points Q inside the geometrical shadow, the distance of any point 
£', 7' of the spiral will evidently diraiiiish amtinuousti/, without passing 
through maxima or minima, as we recede from the origin along the 
spiral towards the asymptotic point ^^. — ijj- = - 1/2 (1/ = - 00 ). These 
results, which are confirmed by observation, are similar to those obtained 
by the former less exact method (cf. pp, 187, 18ft). 

Approximate Determination of Distribution of Bands -The exact 

detenni nation of the position of the maxima and minima of intensity 
(outside the geometrical shadow) would require the determination of 
the points of the spiral in the quadrant ^, 1) that are furthest and nearest 
respectively to the asymptotic point f^. = >;.,:= - 1/2 ; this problem has 
been solved iu all its details by Lommel.* These points may now he 

• " Die BeugungserBcbeiuungen eiiier kreurunden Ooft'uung nnd eines kreis- 
ruiiileii Sohirmcheafl etc.," and " Die BeugungseracheinuDgen gradlinig begreiiiter 
Hchinne," in the AbhaiaUungen dtr math.ph]/a. Claiue tier kgl. bay. AtaJeHiit 
der WinaucAnften, pp. 233-320 and pp. 531-664 respectively. 
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(letorniinod approximately ; approximately ihey will evidently be the 
pointfl of ititereection of the given spiral and the straight line liisecting 
the quadrants f, ^i and - ^, - ij of Fig. 26 and paasing through the 
asymptotic points of both spirals. Kinco this line cut^ the given 
spiral approximately orthogonally (cf. Fig. 20), the angle t, which the 
tangent to the spiral at any such point makes with the ^-axiii, will 
ovidmitly Im approximately 

T-(3/4 + 2A)rr 
for maxima of distance A or intensity / and 

T = (7/4 + 2/.)ir 
for minima, where A = 0, 1, 2 

By formula (24 ). '^ = — n - 

these maxima and minima will, therefore, correspond to the following 
values of t/ : 






^L und 
I 



These different vahies of t/ correspond now to difl'erent positions of 
the point of observation Q ; let us, next, determine t/ in terms of the 
position (with regard to source and screen) of any snch point. For this 
purpose we assume that the vector from the source to the obstructing 
edge of the given screen coincide with the normal to the screen at thai 
edge; this assumption is evidently consistent with the construction 
represented in Fig. 25. Lot us denote this shortest distance from 
source to screen by a (cf. Fig. 25). We now continue the \ector from 
through the obstructing edge of the screen downwards till it meets 
the line (screen of observation) drawn through the point Q parallel 
to the jyaxiB at the point Jl (cf. Fig. 25) ; this point R marks the 
edge of the geometrical shadow on the screen of olwervation. Let us 
denote the distance of the point Jt from the obstructing edge of the 
given screen by b and the distance of the point of olwervation Q from 
H by d. It follows then from Fig. 25 that 

a:a + b~3^:d, (40) 

a : p| — cos ^, 

By formula (2(1), we have now 



v' — ;^ cos 



'vK^^y- 
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Keplace here x* by its value from formula (40), and 



WiC-^)- 
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we have ^^^| 

shadow R — only ' 



For points Q near the edge of the geometrical shadow R — only 
such points come into consideration here (cf. p. 205) — we may now 
replace Pi by a and p^ by h most approximately and hence put 

0O8</i = tt/p, = l, 

We can then write u' moat approxiinately 

-;^.V!(H)=V^ <") 

that is, v' will be directly proportional to the distaiiee d of the point of 
observation Q from the edge of the geometrical shadow R. 

By formulae (39) maxima and minima of intensity will appear for 
the following particular values of v' ; 

f'm^. = J^ + ih and v'^,^, = J^ + ih. 



Replace here tf by its value (41) in terms c 



the distance d, and 




2a 11 \. 



On evaluating here the eitpressiona V3/2 + 4A and Jl/2 + ih for the 
difl'erent values of h, A = 0, 1, 2, ..., we find the following values for 
theft's: 

d,^^=pl-225, rf,„^=;)2-345, (/,™,.=J>3-082, d,.^=pS-67i, 
and rfond.. =;»1-871, (f,^.=j)2-739, J,„,„.=p3391, t^.,.. =i)3-937, 

where 



These approximate values for the distances of the first maxima and 
minima of intensity from the boundary of the geometrical shadow 
differ only inappreciably from the exaeter ones, found by Lommol;* 

■ Scliirme " ; AMandlungrn 
H'iAnenndinl'Un, Band XV., 



MiS («) 



:lieiiiuDgeD geradliuig begrenzt< 
der malh.-phya. Ctawf dtr kgl. hayr. AliBiltviie der 
Tmbelle XXI», p. 662. 



ELECTROMAfiNKTIC THEORY OF LIGHT. 



the latter values for those distances, expressed h 
J-, where x = 



terms of the quantity 



4-654, 
iirid n-0!5, 

whore we have 
(rorroapoiid to tlie followi 

;. 1-217, 
iiiid ;» 1-873, 






17-i!6«, 29-840, 43-409, 
23-569, 36-13;;, 48-698 respectively, 
only the first three decimals ; these values 
g values of d : 
p2-Ui, 713-082, f3-674, 
^2-739, j)3-391, ;i3-937 respectively. 



Intensity of WaTimn and Minima. — The inteositiea of the above 

maxima and minimii will now, liy formula (38), Ijo proportional approxi- 
mately to the s([Uarea of the direct distances of the points of inter- 
section of the line J' A and the upper (in the quadruiit ^, >;} (Coruu's) 
spiral from the aaymptotio point A' of the lower spii-al. If we choose 
the natural intensity as unity, we find,* on measuring these dis- 
tances, the following values for the maximum and minimum intensities 
in question ; 

/r,,,,.,. = l-."t4, /,„., = 1-20, /„„.^= 1-16, 
and /, .=0-78, /,„,„. =0-84, /j„,„-0-87. 

These values also difl'or only inappreciahly from those fniiiid by the 
Qxactcr raeth'xl. Lommelt has found the following values for these 
intcneities : 

1-370, 1-199, I-I51, 
and 0-778. 0-84.1, 0-872, 

where we have retained only the fii-st three decimals. 

Diffraction on Harrow Blit in Large Opaqne Screen. — I<el us, 
next, examine the behaviour of the intensity after the passage of 
light-waves through a narrow slit in a large opaque screen. We can 
now regard the preceding problem as a particular cose of the given 
one, the slit being conceived in the former as so broad that there is 
a diffraction of the waves on its one edge only. The given problem 
will, therefore, differ from the preceding one only therein that the 
lower limits of integration, instead of being -« as in formula (3S), 

I will be x^' (Cj), the distance of the other edge of the slit from the 
origin. On replacing the lower limits - oj by z.^' or v.^' in the fommlae 
deduced altove, we obtain, therefore, the formulae sought for the given 
problem. Formula (38) for the resultant intensity then becomes 



/ prop, to 5 



^h+nif' 



Xi$x-i,y+{'h-v2n- 



,(43) 



* CI, Urude : Ltkrbveh drr Ojitik, p. I 
■tCf. paper cited in footnote, p. 217- 
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where ^(, jjj' and fj', ijj' denote the coorfliiiatea of the two points of 
Cornu'a spiral that are determined by the values of the integrals 

f('=l cos-^(/i', 'Ji'=l sin-s-i^'' 



(cf. fomitilae (36)), where 



VxCVs^- 



.(44) 



(cf. formula (30)), i,' and x^ denoting the distances of the two edges 
of the slit from the given origin, as indicated in Fig. 27. The 
intensity at Q will thus vary directly as the square of the direct 
distance between the two points f,', ijj' and l^', i/.j'. 

Let now the source f be so chosen that the centre of the given slit and 
not the (one) diffracting edge of the screen, as in the preceding problem, 
be nearest to the same, as indicated in the annexed figure. Since the 




origin of our coordinates has been chosen on the line joining the source 
and the point of observation Q (cf. p. 20.^), x^ and j.j' will evidently 
be opposite in sign for any jmint Q within the geometrical image, and 
of the same sign, either both positive or both negative, for any point 
within the geometrical shadow. If we denote the distance of the 
source from the centre of the slit by a, the distances of that centre 
projected on the line (screen of observation) drawn through the point 
of observation Q parallel to the i-axis from the centre of the slit by 
b and from the point of observation Q by t^ and the width of the 





I 
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slit itself by 8 (cf. Fig. 27), the following relations will evidently hold 
between these distances and the distances z,' and x^ : 

«,■-«,-« 

and 3-/ - S/2 : rf = rt : tt + & -= Pi : /), + pfl. 

As in the preceding problem, we may now replace p^ by a and p^ 
by b, and hence put co8^=l. The values (44) of f,' and Hj', which 
correspond to any given point Q, may, therefore, be written most 
approximately 

•■'-'■' VKR) """ "-■-'■'Vxls+j) '"*> 

By the above relations we can now express ij and x^, the distances 

of the two edges of the slit from the origin, whose position on tho 

z-iad& varies according to that of tho point of obser\'ation Q chosen, in 

terms of the distances a, /', d and & ; we evidently find 

, ad S , . ad ^ 

^'=a-T6*2 *"'' ^-^Td-^l- 

Replace x-( and x^ by these values in the expressions (44A) for p,' 

and Fj', and we have 

. r ad 8-1 ffn r\ 1 

'''\»M4-Ln)\ ,„., 

which give the two following simple relations between the c's i 

, V,' + Vg , I 2a d .... 

where p is given by formula (42). 

Interpretation of the Belations between the f' 's and S ; Diihuion of 
the W&vsa. — We can now interpret the two relations (45) as follows : 
For given A, a and 6 the difference in the distances t\' and v^'(s-^' and j,') 
along the given spiral will be directly proportional to tho width S of the 
slit and their sum, v^' + v^', along the spiral directly proportional to the 
distance d of the point of observation Q from the centre of the geo- 
metrical shadow. For given 8 the difference in these distances, Vj ~ v^, 
along tho spiral will, therefore, remain constant for all values of d ; the 
intensity at any point Q, which is proportional to tho square of the 
direct distance between the two points f,', j)/ and ^^, ij^' of the spiral 
(cf. formula (43)), will, therefore, depend alone on the curvature of 
the given constant segment v^ - n,' of the spiral. If now the slit 
is very narrow, the segment n,' - Uj' will be very short and the in- 
tensity will evidently retain approximat«ly one and the same value, 



«V!(^i) 
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aa we recede from the centre of the geometrical image, where d = 0, to 
a considerable distance within the geometrical shadow (cf. Fig. 26). 
The screen of observation will, therefore, he illuminated approximately 
uniformly, the illumination diminishing very gradually, aa we pass 
from the centre of the geometrical image into the geometrical shadow, 
that is, no marked boundary will be discernible between shadow and 
image ; the waves are then said to lie diffused. 

Exterior Diffraction Bands. — If the width S of the alit is increased 
to such dimensions that the constant segment v,' - v^ of the spiral, 
which is always proportional to fi (cf. formulae (45)), embraces a com- 
paratively long portion of the same, then the intensity will evidently 
retain approximately one and the same value within the geometrical 
image, but diminish gradually as we pass into the geometrical shadow 
(cf. Figs. 26-28) ; aa we pass from geometrical image into shadow, z^' 
and Zj' (r,' and v^'), which are always opposite in sign in the former, 
will evidently assume one and the same sign in the latter (cf. p. 319). 
As wo recede further into the geometrical shadow, the intensity will 
evidently diminish more rapidly and then less rapidly, until we finally 
roach a point Q at the distance d from the centre of the geometrical 
image, where the intensity becomes a minimum ; the position of this 
first minimum will evidently be determined approximately thereby, 
that the tangents to the end points of the given segment t,' - Vj of the 
spiral rnn parallel to each other and in the same direction, as indicated 
in Fig. 28 below. From this minimum the intensity will evidently 
asG first gradually, then rapidly, and finally gradually again, until 
it reaches a maximum, whose position will evidently be determined 
approximately thereby, that the tangents to the end points of the 
given segment t^i - v^ run parallel to each other, but in opposite direc- 
tions (cf. Fig. 28 below). The screen of observation will, therefore, be 
illuminated approximately uniformly from the centre of the geometrical 
image to a certain distance within the geometrical shadow, the illumine^ 
tion diminishing gradually from the centra] line towards the shadow, 
then the illumination will diminish more rapidly, until it finally reaches 
a minimum, and from this point on the screen will exhibit a series of 
bright and dark (coloured) l>ands (cf. pp. 193 and 224 below). 

Approximate Determination of Distribution of Bands. ^Let us now 
determine the distances d of the above minima and maxima of intensity 
from the centre of the geometrical imago. As we have observed above, 
the positions of these minima and maxima are determined approximately 
thereby, that the tatigoute to the two end points of the given segment 
D,' ■- Wj' run parallel to each other, for the minima in the same direction 
and for the maxima in opposite directions ; this will now evidently be 



2!M 
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the cane, when the an^e« which the tangentii to the two end points 
fA the given iiegment make with the ^xi«, diiTer by 2ir and multiples 
r/f the same for the minima, and hy 3ir, !>t, Iw^ etc., for the maxima ; 
the positimis of the first minimum and maximum determined in this 
manner are representerl roughly in the annexed figure. The angle r, 
which the tangent to any point (, rj of the (Gomu's) spiral makes with 
the ^xis, is now, by formula (24), 

That the two enrl points (A the given segment v^ - v^ of the spiral be so 




situated that minima of intensity appear, the following condition must, 
therefore, hold : 

where ^» 1, 2, 3, Similarly, the following condition will determine 

the positions of the maxima : 

Wo can now write these two conditions in the form 

and {y^ - vi)(v{ + v^) = 2(1 + 2h), 

and hence, on replacing v/ - v^ and v/ + v^ by their values (45), 



a(f 



and 



wfa^i) 



1+2A. 
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Ijiatly, replace here^ by its value (42), and we find 
Sd = X/'k 1 

ami rti = Kh ^^' . 

as conditions for the appearance of minima and maxima respectively. 

On replacing h by 1, 2, 3... in these formulae (46), we find the 
following values for the if a : 

, , 3. , 5. , 7, i (47) 

where ;!= — ; 

that IB, the distances of the maxima and minima of intensity from the 
centre of the geometrical image will be independent of the distance n 
of the source of the disturbance from the slit, but directly proportional 
to the distance b of the screen of observation behind the same and to 
the wave-length A of the waves employed and indirectly proportional 
to the width 6 of the slit, whereas the maxima and minima themselves 
or the bright and dark (coloured) bands will be equidistant. The 
exacter method for the determination of the positions of these maxima 
and minima shows, however, that this last result is only approxim- 
ately correct. Lommel • has namely found the following values 
for these distances 4 of inajimvvi intensity in terms of the dis- 
tance z, where a = ird: 

,-,= 4-493A, 3,= 7-726A, 23=10904^, J^ = 14-066A, 
rj=17-231A, 2s = 20-371A, j,= 23-520i, :g=26-666i, 
where we have retained only the first throe decimals ; these values 
evidently correspond to the following values of d : 

rfj = l-430A, rf3 = 2■459^ rf3 = 3-472A, ./^=.4-478A, \ 
rfi = 5-482A, <io = 6'485A, rfj = 7-488A, (4 = 8-490A /" ^ ' 
A comparison of the above approximate values (47) for the distances 
d with these shows that the former differ only inappreciably from the 

Intensity of MaTitniL — To find the intensity of any maximum or 
minimum, ivo replace d by its respective value from (47) or (47a) in 
formulae (44b), determining thereby the corresponding values of r,' 
and ?■„', evaluate the integrals g(', ^}^ and |j', ijj' on p. 219 for those 
values of v as limits, and then determine by formula (43) and actual 

■Cf. paper cited in foot-note, p. 217 : Tabelle IVa, p. 651. 
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meaeiiremcnt of the direct distance between the two points ^^', >;,' and 
li'i *)»' of the spiral the intensity sought. The values of these m&ziina 
of intensity, ba determined by Lommel,* are 

atrfo = 0, 7„=1. at (f, = l'430ii, /, = 0-0473,"l 

atd, = 2-459A. /„ = 00165, at rf, = 3472^, /, = 0-0O83. ' 



at d^ = 4-478A, /, = 0-0050, 



indatrfi(=16-497A, /i« = 0-0003(7) / 

where we have retained only the first four decimals and the natural 
intensity has been taken as unity. It is evident from these vahies that 
otdy a limited number of bands will bo observable, for these maxima 
decrease very rapidly in inleiiaity, as we recede from the central axis 
i*-0 of the geometrical image (cf. p. 193). 

Behaviour of Intensitr along Central Axis of Image ; Determination 
of Poflitions of Maxima and Minima on that Azia.^It is evident from 
formulae (14B) that, for given a arul E, i',' and I'.j' will vary along the 
central axis d = () of the geometrical image aoconling to the distance 
1^ of the point of oinervation Q on that axis from the centre of the 
slit; a* this distance b decreasea, p,' or v.^' will increase in absolute 
value, and the direct distance between the two corresponding sym- 
metrically situated points f /, jj,' and J^', ij^' ( - £j', - ij,') of the spiral 
will evidently pass through a series of maxima and minima and hence 
the respective intensity also. Since now for d= 0, Vj = - i.-j', so that the 
straight line joining any two points $,', jj,' and - f ,', - »),' of the spiral 
will always pass through the origin of the same, the points of maximum 
and minimum distance from the origin will be determined approxi- 
mately by the point* of intersection of the spiral and the straight line 
AA' joining the two asymptotic points and passing through the origin 
of the spiral. These points of intersection have now been determined 
on p. 216; we found namely 



<-vr 



+ 4A for the maxima 
+ 4A for the minima. 



we have 

(49) 



5Vl(;+j)-V' + 



I where /* = 0, 1, 
Replace here r,' by its value for d = from formulae (44b}, and 
we hai 



•Cf, paper cited in toot-nole, p. 217 : p. 
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which eiidently give the following expresBiona for the i's : 
™- -ff^ + Aa(3 + 8A) [ 



..(50) 



and 6„j, = ^ ■ - i - - ,„ -rr-, 

(cf also formula (fi) Ex. 4). 

Lommel* has now determined by hia exaoter method the distances 
of these maxima and minima from the slit in terms of the quantity y, 
which ia related to the distance h by the fofmula 



-.t 



On replacing the j'b by the values % deterraiueil by Lommel in this 
fonnula, we find 



f Aa(10-420)' 



^ + Au(7-308) 



-fi^' + AaClS-aW) 



"!-"■ -Si' + Aa(18-606)' ^■""' - 82 + Aa(23-204j ^ 
On comparing these values for the 6's with the approximate one3 
obtained by putting A = 0, 1, 2, ... in formulae (50), we observe that 
the latter, with the exception of the first maximum, § differ only in- 
appreciably from the former. 

Intensity of MuTimn and Minima, — The intensities of the above 
maxima and minima could evidently be detciTuined in a similar manner 
to the preceding ones (48), namely, by formulae (50) or (50a), (49) and 
(43) (^2 = - gj' and i\^ = - jj,') and by actiial measurement of the direct 
distance between the two points gj', ij^' and -^j', -iji' of the spiral 
thus determined. Lommel j| has found the following values for these 

at ?'u^(= -fl), /o™. = l, at 6(,min.. /o^„, = 0-0816, 

at b^^^, 7,^, = 0-1323, at i,,^., /,,^. = 0-0463, 

at b^,.^, /j,^ ==0-0698, at 6„„,u.., /3„,^ = 0-0326, 

where we have retained only the first four decimals. 

•Cf paper cited in toot-note, p. 217, Talielle Vn, p. 652. tCf. ditto, p. 606. 

; yoMi. = 0, yomu.. = 1 1 -479, yi„^ = 18'371, yi o,ta. =23-939, 

yjm.^=2a-223, yaato. =36-451, y!m,„.=41-9ie, y,„u,. =4S-982, 
where we have retained only the first three decimBU. 

gLommerB first raaximnm appears at the distance 6= -a from alit, that is, at 
the source itself, and evidently does not correspond to the first maiimam of 
formulae (30) ; the Utter sesms to have been overlooked by Lommel. 
II Cf. paper cited in foot-note, p. 217, Tabelle Va, p. 652.' 
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Difb-action on a Narrow Screen. — Lastly, 
dif&actioii of light on its paasiige by a narrow acroeii ( 
As above we shall consider the behaviour of the intensity on a largo 
screen placed parallel to the two edges of the obstructing screen or 
wire and at the distance li behind the latter. We denote the hreailth 
of the obstructing screen by 5 and the distances of its two edges from 
the origin of our coordinates by x^' and x^', which origin we shall lay 
as above on the line joining the source and the point of oliservalion 
Q. By formula (35) the intensity / at any point Q on the screen of 
observation will then evidently be given by the expression 

+ cos''^-(fw+l cos^i^r \, 

where v^ and i>^' correspond to the values Zj' an<l x.j respectively of x 
(cf. formula (20)). 

By Cornu's spiral we can now interpret the (Fresnel's) integrals in 
the above expression for the intensity as follows : the first integral 
representa the projection on the ij-axis of the distance A'E,', where J?,' 
denotes that point of the spiral, whose tj-coordinate is determined by 
the value of the integral 

I sin -ij- ill), 

the second integral the projection on the ff-axis of the <)istance E^'A, 
where Ej denotes the point of the spiral, whose coordinate >; is deter- 
mined by the value of the integral 

and, similarly, the third and fourth or last integrals the projections on 
the ^-ajds of those same distiinces A'E{ ami E^'A respectively, as 
indicated in Fig. 29 below. If we denote those four projeotions by 
''i' Ij'i Si't $i respectively, we can then write the above expression 
for the resultant intensity in the form 

^P"?- to 2(^^, [(.,,' +.!,■)' + «,■ + {,')'] (51) 

If we now lay oH' the distance E^'A at the point E^' of the spiral 
and parallel to that direction (cf. Fig. 29), we can interpret the 
expression in the large brackets of this formula (51) for the intensity 
OS the square of the distance A'A thus constructed. The intensity in 
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(luestion will, therefore, be proportional to the square of the distance 
.4' A of the given construction {cf. Fig. 29). 

Behaviour of Intenaity along Central Axis of Shadow. — It follows 
now from the above formulae and given geometrical construction that 
the region directly behind the small screen or wire will always be 
illuniinatefl, for there, d = 0, Cj' and v^' will be equal but opposite in 
sign, so that the points £,' and E^' will be situated symmetricaUy with 
respect to the origin and hence the distances A'E-^' and E^'A equal 
and similarly directed (cf. Fig. 29). Along the central axis of the 
geometrical shadow the intensity will, therefore, increase gradually but 
continuously, without passing through maxima and minima, as we 
recede from the obstructing screen.* 




Intetior Difflraction Bands. ^For large values of v/ and v^, that is, 
for a comparatively broad obstructing screen or directly behind 
a (very) narrow screen, the two points £,' and En of the spiral will 
he situated near their respective asymptotic points A' and A ; the 
distances A'E^' and E^'A will, therefore, then differ only inappreciably 
from each other in length, as the one point, £,' or E^, recedes from 
or approaches the origin along the spiral, whereby the other point will 
approach or recede from the origin respectively (cf. formulae (45)), It 
thus follows that marked maxima and minima of intensity will appear, 
when the two hues A'E, and E^A run parallel to each other, maxima 
when they are similarly directed, and minima when oppositely directed. 
Since now in the given case, where v^' and t'j' are assumed to be large, 

* Ct. paper by Loniinol cited in 
varmtion of intenaiCy in [juestioii. 



.-not« on p. 217, Tab. XVI., p. 658, for 



228 



ELECTROMAGNETIC THEORY OP LIGHT, 



the lines A'E^ and EJA will cut the (Comu'a) Bpiral approxJmateljr] 
orthogonally, the tangents to any two such points £3' and £,' will in 1 
both casea (niaxiina and minima) ruti approximately parallel to each 1 
other. It is now evident from the alwve figure, where the given c 
struction is roughly indicated for & minimum, that maxima of int«nsity 
will appear, when the angles which these tangents make with their 
rwpective {positive and negative) ^axes are equal or difTcr from each 
Other by 2jr or multiples of the same, and minima, when they differ by 
odd multiples of jt ; that is, by formula (24), maxima will appear when 



-^..■'-•i')- 



± 2irh, 



and minima whei 



.■■).±(2* + lK, 



where /i = 0, 1, 2, ... . 

By formulae (45), which evidently hold for the given problem, these 
conditions for the maxima and minima can now be written 

2Brf„,..,= ±2U6 |. ,52) 

and 2<W„,„ = ±(2A + 1)AJ / 

which give the following values for the d's : 

,3 W . _,5 A6 . 1 

-2T' '^-■=±2"B "' 



and 



,1, ^±" 



: A6 



rf,.^- 



■',. 



.A .„.^±3' 



Xi 



,..(52A) 



It follows from these formulae that the distances of the maxima and 
minima from the centre of the geometrical shadow will be independent 
of the distance a of the source from the obstructing screen, but directly 
proportional to the distance h of the screen of observation behind the 
latter and to the wave-length X of the waves employed, whereas the 
maxima and minima themselves or the bright and dark (coloured) bands 
(within the geometrical shadow) will be equidistant. These bands 
are thus similar to the diffraction Imnds produced l>y a narrow slit 
in a large opaque screen (cf. pp. 321-223). It is evident that the 
intensity of the given maxima and minima will increase as A in- 
), that is, as we recede from the central axis of the geometrical 
shadow towards its Ijoundaries (cf. Fig. 29 and below) ; but the aliove 
conditions for the appearance of the bands will evidently hold only 
well withiu the geometrical shadow, that is, for I'alues of d that lie well 
within the interval re + 6 B 




-^<d< ^ 

which limiting values for d eviilL-ntfj- correspond 1 



the c 



Liditio 
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v,'>0 and i),'<0 (cf. formulae (-tie)). Wa could expect, therefore, to 
find only a limited number of diffraction bands of the given type 
within Che geometrical shadow, and these only in the next proximity of 
an obstructing screen of such breadth that i\' and v^' assume there large 
values (cf. below). This and the above results, which are confirmed by 
experiment, also agree comparati>'ely well with the exacter calculations 
of Lommel ; * he has found the following values t for the distances 
of the maxima and minima from the central axis of the geometrical 
shadow in terms of the quantity 



U 2 



At 



id the corresponding values for the intensities : 


(1) At the distance y = 


27ra + iS3 , 
■ A ui 4 ' 


3,1 which corresponds to the value 


b = 


«S3 








-5* + Ati(l-910) 




om the obstructing scr 


een. 








■'■i- 




/. 


1-3550 


0-4313 




0-OllS min. 


JT 


1-0000 




0-1942 max. 


3-7710 


1-203 




0-1769 min. 


5-7637 


1-793 




0-64 13 max. 


2w 


2-000 




0-6130 min. 


7-2419 


2-305 




0-7442 max. 


8-4491 


2-690 




03803 min. 


3t 


3-000 




0-5086 max. 


etc. 


etc. 




etc. 


(2) At the distance y = 


= 6 orJ = - 


nP 






+ A«(3-819) 


1-4835 


0-4723 




0-0013 min. 


n- 


1-000 




0-0359 max. 


4-3450 


1-3833 




0-0172 min. 


Stt 


2-000 




0-0914 max. 


6-9276 


2-205 




0-0856 min. 


9-1785 


2-922 




0-2540 max. 


3t 


3-000 




0-2533 min. 


11-1303 


3-540 




0-3933 max. 


47r 


4-000 




0-2876 min. 



• Cf. paper ciWd in foot-note on p, 217, 
tCf. ditto. Tab. XVII.— XX., pp. 659.661. 'Cf. ditto, p. 606. 
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(3) At the distance i/ = 9 or 6 
l-5'247 



10-068" 
12-4745 



And (4) at the distance y = 1 : 
1-542G 



"- TW 


+ A«(5-730)' 


0-4855 


00003 min. 


1-0000 
1-443 
2-000 
2-359 


00142 max. 
0-0036 min. 
00250 max. 
0-0163 min. 


3-0(>0 


00601 max. 


3 -206 
3-972 
4-000 


00571 min. 
0-1477 (28) max. 
01477 (13) miu. 




flS" 


~ - 


Sa + Xa( 7-640)- 


0-4911 

1-0000 


00001 min. 
00076 max. 


1-468 


O-OOIl min. 


2-000 


00109 max. 


2-425 

3-000 


0-0045 min. 
0-0200 max. 


3-342 


0-0150 min. 


4-000 


0-0450 mux.. 



10 495;( 
in 
where we have retained only the first four decimals. 

We observe thitt the roaulte obtained alwve by our approximate 
method agree comparatively well with these exacter ones of Lonime), 
especially as we approach the ifbfitnictiiig screen, that is, aa j/ increases 
in value (cf. values of : for y= 12). 

Frftuenhofei's Difltactioa Flienomena. — Frauenhofer's phenomena of 
diffraction are known as those that appear, when imtb source of 
disturbance and screen of observation are removed to infinite distance 
from the diffracting screen. To obtain these phenomena, we place the 
source to be employed at the focus of an ordinary lens, bo tbal the 
waves emerging from the same will be propagates! along parallel lines, 
and ob8er\'e the (light) etiect on any plane parallel to the obstructing 
screen and behind it by means of a telescope adjusted at infinite 
distance. Frauenhofer's diffraction phenomena are evidently a 
particular case of Frosnol's and can thus ))e deduced from his (Freanel's) 
formulae, if we put there p, =Pu = oc, Let us first establish these 
formulae and then apply them to the t'arious problems on diffraction. 

For p, = P(|- tc foiTOula (14) for /(a, y) will assume the fonn 

Mf/)-'^[{-^i*-^o)^ + {l3i + P,)!l]-l^+>'!, (53) 
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where /. = -£(«,+«,} and v = ^(/3j + ^,) {53a) 

and hence formula (15) for the light-vector s the form 

S=A'.C(>8 -~[vt - (pi + Pu)] C08 {la + vy)ds 

- sin^[r( - (pj + Pa)]Jsiti (,«; + vij)dA 1 

where yi is given by formulae (18a) and the integration is to be 
extended over the aperture s in the diffi-acting screen. 

According to the principle of superposition the intensity / pro- 
duced by any lightrvector of the form (54) is now proportional to the 
expression 

^■^|[jcos(;x^+ ^K.J+ Usin(^+ ry)<isj} prop, to /, (55) 
or ,^3{C^ + S2)prop. to/, 



C= \i:os(iix + vy)ds and S= li 



smiftj. + vyyis 



..(55A) 



(cf. p. 213). If we lay the origin of our coordinates at any point of 
the aperture s (cf. also p. 203) and place the telescope parallel to the 
direction of propagation of the incident waves, then not only a,^ and 
Oj but also j9, and ^^ will evidently differ from each other only in 
sign {cf. Fig. 24), and heiiee the quantities ^ and i- of formulae 
{63a) vanish at all points in the (small) aperture. If we denote 
the intensity in this particular position of the telescope by /', the 
above general formula (55) will evidently give 

A^s^ prop, to /', hence y^'' prop, to ^, (55b) 

where » denotes the area of the given aperture. By means of this 
formula for the determination of the constant A, we can now write 
the genetTil formula (55) for /, when the telescope (point of observa- 
tion) makes an angle with the direction of propagation of the incident 
waves, in the form 

7 = ^|Ucos(;u:+,.y)rf«J + [|sin(fi.C+.i,)rfsJ|=J(C^ + S=) |. ...(56) 

DlAaction on Rectangular Aperture. — T^et us, first, apply formula 
(56) to the case, where the aperture s has the form of a rectangle. For 
this purpose we choose the centre of the rectangle as origin of our 
coordinates and lay the x and y-axea parallel to its two sides, whose 
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lengths wo shall denote by a and b respectively. Formula (56) will 
then assume the form 

/« J I I <^08(^ + v5/)(/a;rfy "^ I I 8in(^+i'yya;rfy |, ..(57) 



a b 
7 "7 



a b 



where the integration is to be extended over the rectangle ab only. 

For small rectangular apertures z and y will be small, and hence 
sin (fuc + vy) approximately vanish at all points of the same. Here we 
can, therefore, reject the second integral of this expression (57) for 
/ in comparison to the first, and we have most approximately 



a b 



oSLJ J ^^^^t^^^y)^^^y I ' (^'^) 



a b 
T ""IT 



which we can evaluate as follows: 



hence 



aK< 



COS /LUC COS vy - sni /luc sin 



in vy)dy 



a n 

7 ""IT 



a b 

■^Tf^// I cos /^ sin vy sin /xx cos vy |^"]2 
ab\ J I V V 



n 



n 
7 




2 sin -^j- cos /uuc 




« I 2 sin -77 2 sin —^ 
sin/iX|»| 7 1 2 2 

ail V u 




/-/' 






2 



Vi 

2 



(58) 



This expression for I will now vanish, when either of its last two 
factors vanishes, that is, when 



or 



±-^asir, 2w, Off", ... 

±-^ = ir, 2ir, oir, ... 



.(59) 
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If the diffracting screen is so placed that the direction of propagation 
of the incident waves is normal to the same, then aj = ;8, = and the 
intensity / in any direction a,,, /3g can be observed at that point of the 
focal plane in the object glass of the telescope, when placed parallel to 
the incident waves, whose coordinates are 

ar'=/ao and y'=/^n, (60) 

where / denotes the focal distance of the object glass and the co- 
ordinates 3f, y' are taken parallel to the coordinates a:, y (a, 6) and 
their origin at the focus of the object glass. 

Replace j! and j/' by their values (60) in formulae (53a}, and we have 



A 7 



and 



2jr y" 









B 1 










•0 




f ™I 1 





<f formulae (59) the intensity / will, therefore, vanish, when 
...=K A=l, 2, 3, ..., 



^■TJ\ 



.. = (b-. yt=I, 2, 3, . 



- 2 - A / 2 
that is, for the following values of .c' and ij : 

a'=±/'^, or 'j = ±k^. (61) 

It follows from these formulae that the focal plane of the object 
glass will exhibit two series of dark parallel bands, the one parallel to 
the x' (a) axis and the other to the y' (b) axis; these bands are 
indicated roughly in the above figure by the dotted white lines. 
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The banda of each series will evidently be eqiiidiatant, except ai 
focus of the object glaas and along iw focal axea 7! and //, where 
the distance between the first dark Imnd on the one side of either 
focal ftxds and that on it« other will bo double the distance lietween 
the other bands of the respective BerJes ; this follows, since the 
expressions 



and 



do not vanish for /x = v = fl, Imt evidently aasume each the value unity. 
With the exception of these maxima of. intensity in place of mininu, 
the two series of dark parallel bands will form a system of small 
equal rectangles similar to the rectangular aperture but tumeii through 
90* (cf. Fig. 30) i that these rectangles are turned through 90' is 
evident from the above expressions (61) for x ami j/'. 

Aside from the maxima of intensity at the focus of the object gloss 
and along its (ocal axes, other less brilliant maxima will evidently 
appear at the centres of the small rectangles formed by the two 
series of dark equidistant liands, thut is, for the values of z' and y* 
detcrmincfl by the relations 



±?-ti 



3:7 



± -» = ± - 



■ A. / a 

^A 7 2 = 2- 2' 

the maximum at any such point 
by the expression 



5,f,... -(34+1);, 4. 1,2, 3,... 



hl)j, t-1, 2, 3,...: 

I, l)y formula (58), bo given 



'='E^-(i^='-^ 



'(24+1)'- 



Along either focal axis, that is, for ^ = or v = 0, the corresponding 
factor in the expreasioti (58) for / will aasume the value unity, and 
hence the maximum intensity itself the value 



1,-1' - 



i(2i + 



r 1,-2- 



..(62A) 



I 



I)*"' '"■ 'r3(2A+l)''" 
At the focus of the object glass /=/' (cf, p. 331). 

Since the maxima at the focus and along the focal axes are 
evidently appreciably brighter than the other maxima, determined 
by formula (62) — the intensity of the maxima is indicated roughly 
in Fig. 30 by the size of the white rectangles — the general effect or 
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patUrn produced in the focal plaue of tho object glass will be a bright 
cross parallel to the sides of the given aperture and with its centre at 
focus (cf. Fig. 30). 

Dil&uctioii on Narrow Slit, — If we replace the rectangular aperture 
i<b in the preceding problem by a narrow slit of width a and length 
i = » , ihu aljove formula (58) for / will ev-idently reduce to 



..(63) 



If tho diffracting screen is so placed that the direction of propagatiou 
of the incident waves is normal to it, then 



and hence by formulae (53a) 

where i^ denotes the "angle of difl'raetion," that is, the angle, which 
the vector from the centre of the slit to the point of observation 
in the focal plane makes with the direction of propagation of the 
incident waves. By formula (5iii) the intensity at any point (•!>) can 
thus be written 



/ will, therefore. 



hence 





P"(t 


i..*)! 




- T^' 


•I- 


anish, whun 




J sin 4>^±hir,h = 


,3,3 




A\ 





..(63*) 



sin "^ = ± 



that is, we obtain here a single series (cf. Ejc, 12 at end of chapter) of 
dark equidistant bands parallel to the edge b of the slit. If a<A, 
then sin i^ will bo larger than unity for all integers A, that is, there 
will be no angle ^, for which / will vanish, and the waves will be 
diffused (cf. p. 221). 

Diflhraction prodncedbyaNomber of Equal ApertareB-^Let us, next, 
examine the (Fraueiihofer's) diliraction pattern (source and observation 
screen at infinite distance) that is produced by several smalt equal 
apertures or holes, as pin holes, in a large opaque screen. We denote 
the coordinates of the centres of the apertures or of points similarly 
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situated in the same, referred to any given system of rectangular 
coordinates a^'y', by x^y^^ ^2 ^2 > ®^-> ^^^ ^^® coordinates of any other 
point in any aperture t, referred to a system of coordinates parallel to 
the system z'yf and with origin at the centre of or at the point chosen 
in that aperture (ar/y/)* t>y a:, y ; the origin and axes of the system 
of coordinates z'r/ shall be so chosen in the obstructing screen as 
best suited for the treatment of the problem in question. The co- 
ordinates of any point in any aperture t referred to the coordinates 
x'y' will then be 

ic/ + x and y/+y. 

The resultant intensity / at any point of the object glass will then, 
by formula (55a), be given by the expression 

/prop. to^2(C2 + 5f2)^ 



(64) 



where C= 2 1 \^^^ [/^(^/ + ^) + *'(y/ + y)]dxdy 

/S= 21 J sin [/i(aj/ + x) + v(y{ + y)]dxdy 

where the integration is to be extended over any aperture % and the 
summation over all the apertures in the screen. Since this integra- 
tion and smnmation are evidently entirely independent of each other, 
we can, therefore, write C and S in the form 

C= 21 J [cos (/Aj/ + vy/)cos(/xa; -f vy) 

- sin (jixl + vyi) sin (jix + vy)]dxdy 

=» 2 cos (fur/ + vyl) 1 1 cos (fcc -f vy) dxdy 

- 2 sin (fuj/ + vy/) 1 1 sin (fuc + vy)dxdy, 
and, similarly, 

<Si= >^sinto/ + vy/)l jcos(/ia:+ vy)dxdy 

+ 2 cos (/LUc/ + vy/) 1 1 sin (fuc -f vy)dxdy^ 
or C^c'c-tls and S='8'c + (f8y 

where c' « 2 cos (fur/ + vy/), «' =* 2 ®^" (^'' "^ *^< )» 

I \coB{fiz+vy)dxdyj «« 1 1 sin (fuc + vy)<fady 



,(65) 



c 
The above formula for / can therefore be written 

/prop, to ^2[(c'c-.«'«)2 + (^'c4.c'«)2] = ^2(c'2 + g'2)(c2 + 32) (66) 
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This expreasioD for / for several apertures differs now from that (SoA) 
for a single aperture only in its coefficient (c'^ + i*); it thus follows 
that the intensity in the former case will be (c'^ + s^) times that in 
the latter, whereas the expression itself will vanish itt the same points 
in both cases, that is, the position of the dark bands of a single 
aperture ivill not be altered, when that apertni-e ia replaced by 
several sneh (equal) apertures. 

JjCt us now examine the coefficient (c'-' + s'^) in formula (GG) ; for this 
purpose we write it in the form 

e'* + s'! = 2 coa^liu^' + vy;) + 2^2 eos(/u-/ + vy,')cos{;i,Ci' + viji) 

+ 2 sin2(;w; + vy/) + a^S sin (/w:/ + vy;) sin (,«,' + i-y;). 



1 



where 


i-l, 2,...,, 


i-.l, 2,.. 


.n, 


(JS 


«, 




where « 
hence 


1 denotes the nnmber 


of apertur 


es in the 


obstructing 
/-».■)] 


screen, 
....(67) 



If there are many apertures in the screen and these are irregularly 
distributed over the same, the second term of this expression will 
vanish when compared ivith the first, since its different members will 
then assume values that lie irregularly but in mean equally distributed 
between + 2 and - 2 and hence will approximately cancel one another. 
In this case the intensity at any poiut will, therefore, be approximately 
n-timea that produced by a single aperture, that is, it will be propor- 
tional to the number of apertures in the screen. On the other hand, if 
the apertures are distributed regularly or according to any law, the 
second term of the given expression will not, in general, vanish, when 
compared with the first, but it will assume a finite value determined 
by the law of distribution chosen. Take, for example, the simple 
case of two equal apertures at the distance il apart : if we choose the 
line joining them (their centres) aa a^-axis and lay the origin of our 
coordinates ^y" in one of the apertures, we can then put 

the quantities (f and s' of formulae (65) will then assume the simple form • 

c'=l+cosiui, s' = sin /ul, 
and hence the coefficient c'* + s"^ the form 

c'* + s'^ = 2 + 2 cos /uf, 
that, in which formula (67) is written. It ia ei-ident that the second 
term of this expression for the given coefficient cannot be neglected ii 
comparison to the first. 
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We can also wriw the coefficient c"' +#'* here in the form 

It will thiu evidently vanish, when 

li,l = {2h-\-l)ir, A-1, 2,3,..., 
thiit i«, for those valucfi of /^z) that are determined by this relation. 
The given diffraction pattern will, therefore, exhibit a third series of 
equidistant dark bands running at right angles to the line joining the 
two apertures in addition to the two series of dark bands produced 
by the single (rectangular) aperture (cf. formulae (56) and (66)). 

For another example, where the second term of the general expres- 
sion (67) for the coefficient Cj'-f-Sj' cannot be rejected, see Ex. 13 at 
end of chupter. 

Babinet's Principle. — Let us now compare the dilfraction pattern 
produced by a small screen «, with any number of very small apertures 
with that produced by its so«alled " complementary " screen «, or that 
formed by the apertures of the former as opa<(ue portions, the opaque 
portions of the former becoming the transparent ones or apertures in 
the latter. The intensity /, at any point behind the screen «, is now, 
by formula (55\), proportional to the expression C\^-¥S^\ where the 
integrals C^ and S^ (cf. also formulae (65)) are to be extended over the 
apertures in that screen ; similarly the intensity /^ behind the com- 
plementary screen «j will be proportional to the expression C^ + H^, 
where the iiilegrations are to be extetided over its transparent portiona. 
If now the small screen s^ or s^ is replaced by a single aperture, the 
intensity /^ behind it will evidently lie proportional to the expression 
('o^ + Sq*, where the integrals C^ and S„ are to be extended over the 
single aperture previously occupied by the screens «, or Sj ; this 
surface of integration can now lie replaced by the transparent portions 
of both screens together, and we can thus write /g in the form 

/(, prop, to (Ci -t- C^Y + (*''i + ^2^' 
where C|, C^ and S,, S.^ arc the integrals employed above. 

Outside the gcometncal image, that is, within the region of the 
ilitfroction pattern proper cast by either screen «j or Sj, /„ will evidently 
vanish (cf. p. 193), and hence 

This condition can now be satisfied only when 
C,= -C,andS,= -5,; 

in which case /, = /, (68) 

In this fonnula is cmbrxlicd Babinet's principle, which we can state 
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as follows : " The intensity at all points of the difl'raction pattern 
proper will be the same for the complementary screen as for the screen 
itself." According to this principle the diffraction pattern produced 
by any number of arbitrarily situated small screens of equal size 
will be the same as that produced by the same number of similar and 
similarly situated apertures of that size in a large screen, which 
pi'oblem has just been treated above. 

Difiaction Qratings and their Patteni8.^An opaque screen with a 
system of very narrow, equal and equidistant rectangular apertures 
or slits is called a "grating" or "diffraction grating." Diffraction 
gratings are usually formed by tracing a system of parallel equidistant 
straight lines on a glass plate with a diamond ; these lines act like a 
system of narrow opa<]ue screens, reflecting back the incident waves 
in all directions without allowing any to pass through, whereas the 
transparent spaces or strips between the lines allow the waves free 
transmission through the glass; these gratings are thus known as 
" reflection gratings." Let us now consider the diffraction pattern 
produced by such a grating ; the given problem is evidently a par- 
ticular case of the above general one, where we had a system of 
arbitrarily situated apertures of equal size in a large opaque screen. 
For gratings the above general formulae will evidently assume a much 
simpler form ; the system of coordinates a:', y' can evidently be so chosen 
that the coordinates .c/y,', x^y^,... of given points in the different 
transparent strips of the grating may be written 

x^ = 0, x^ = d, x^ = 2d, etc., 
and y^-^^^ = y^'=...=0, 

where d, the so-called "grating constant," denotes the distance between 
those points. By formulae (65) the quantities c' and s' will then- 
assume the form 

c'= 1 +co8/iii + cos2/t(i + cos3/«;+ ...) 
s'= sin/«f + sin 2iid + sm 3/«/ + ...(' 

To determine the coefficient c'^ + s'^ in the expression (66) for the 
resultant intensity, we write it in the form 

c's + «■« = (£--(- is-) (c'-«), 
where i is the imaginary unit J— I, replace here c' and i^ by their 
values (69), and we have 

c'» + /'={l+(cos/ii + iBin/«/) + (cos2;id + iBin2/irf) + ... 
+ [eo8(n-l)/id + isin{;i- 1)^]} 
X { 1 + (cos prf - 1 sin ^) + (cos 2fid - 1 sin 2/«f ) + .. . 
+ [cos(«-l),«/-isin(n- !)/«/];, 



..(69) 
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where n denotes the number of transparent strips in the given grating, 
hence 

c'2 + 5'2 = [1 + e'*^ + e"^ + e*^" + . . . <!'<-»)'^] 

X [1 +e-'^ + e-'^ + tf-*»^+ ... tf-'<-J»'*-] 



_ 2 - (cos Tifid + 1 sin n/xrf) - (cos tifjd - 1 sin w/xrf) 
2 - (cos /^i + 1 sin fjd) - (cos /u^ - 1 sin fu;?) 



sin 



_ 1 - cos »/irf _ j 2 

" I -cos fid ■" I Ijj /A^ 

By formula (66) the resultant intensity / at any point of the given 
diffraction pattern will, therefore, be given by the expression 




\ sin ^ 
2 

which, by formula (63), can evidently be written in the form 

where F denotes the intensity at the centre of the diffraction pattern 
produced by a single narrow slit of breadth a, here the breadth of the 
narrow transparent strips of the given grating. 

We can now interpret the expression (70) for / as follows : its first 
two factors represent the diffraction pattern produced by a single 
narrow slit of breadth a (cf. formula (63)), whereas its last factor will 
vanish, when 

^ = ^T, /i=l, 2, ... ; 

the diffraction pattern produced by the given grating will, therefore, 
be that of the narrow slit with its bright bands traversed by a 
series of dark bands or lines, whose positions are determined by 
the following values of fi : 

27r ivr Qtt 

These bands evidently run parallel to one another and at right angles 
to the transparent strips or grooves of the grating, and are also equi- 
distant. The greater the number n of the grooves, the closer together 
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are these bands. It ia also evident that the intensities of the inter- 
mediate maxima will, in general, bo smaller than those of the maxima 
of the single slit. On the other hand, we obtain maxima of much 
greater intensity than those of the single slit at those points (linea) 
of the diffraction pattern, where ^ = tA, for then the last factor of 
the expression (70) for / will evidently assume the value n^, and 
hence the resultant intensity be n* times that of the single slit. For 
large values of n these bright maxima will alone be observable, the 
intermediate ones being so much fainter and closer together that they 
will escape observation. 

It is now possible that for given large values of h the positionB of 
some of the bright bands determined by the values /i = — j- will coincide 
with some of those of the dark bands in the pattern produced by the 
single slit and determined by the values /i = — ; in this particular 
caae the second factor of the expression (70) for /will now vanish and 
hence / itself ; for such values of /* these bright bands will not, there- 
fore, appear, but will be replaced by dark ones. The condition for 
the appearance of these dark bands is evidently that the breadth a 
of the transparent strips and the grating constant d stand in a rational 
ratio to each other. For reflecting gratings it is easy to show that 
these dark bands, provided they appear, will be separated from one 
another by a considerable number of bright ones, for replace the 
breadth n of the transparent strips by that 6 of the fine grooves of 
the grating, as allowed by Babinet's principle, and the distance between 
two such consecutive dark bands will be given by 

where t and k are integers and £ ia a small quantity compared with 
the grating constant d, whereas the distance between two con- 
secutive bright bands will be given by 

'"-'"--?■ 

Ab we recede from the centre of the diflraetion pattern, we encounter, 
therefore, a (great) niunber of equidistant and equally bright bands, 
before we reach the first dark band of the series in question. 

If the grating is so placed that the incident waves strike it at right 

angles, then fi= -^ sin 0, 

where i^ denotes the angle of diflraetion (cf. p. 235), and the positions 
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^^ of the bright bands, whose intensities are n' times those produced hy ^^^ 



the single slit, will be determined by 



that is, 



2A . , 3A, 



\ 



The DUDraction Spectra of White Light— It follows from the last 
relations that the bright bands, whoso intensities are n' times those 
produced hy the single slit, will be equidistant, at least, for small values 
of <t', where sin ^ can be replaced by ^ itself, and that the diffraction 
angle •!> will then be directly proportional to the wave-length A. of 
the waves employed and indirectly proportional to the grating constant 
(/. If we let white light pass through a <IiflTaction grating, the waves 
of different wave<longth or colour contained in it will, therefore, all 
be diffracted according to their wave-length, and thus produce spectra ; 
these spectra are, therefore, known as " normal " ones, to distinguish 
them from the refraction spectra formed by glass prisms. Of these 
the first (A=l) or so-called "spectrum of the first order" will bo 
absolutely pure, that is, there will be no overlapping of the waves of 
different colour in it, the second (A = 2) or "spectrum of the second 
order" will be only partially pure, whereas that of the third order 
{ft = 3) will include the red rays of the further end of the second 
spectrum overlapping its own violet rays; as we continue to recede 
from the centre of the pattern, the overlapping of the waves of 
different colour from the different spectra proper will evidently 
increase and the spectra themselves thus become less and less pure. 

Sommerfeld's Theory of Difotction; DiStaction on Straight Edge 
of Large Reflecting Screen. — Fi-csiiers modified theory of iliD'ru' tion 
was based on the assumption that the light-vector s vanished directly 
behind opaque bodies placed in the course of the waves and assumed 
its natural value in all regions that were illuminated directly from 
the source (cf. p. 199) ; as this assumption is now only approximately 
realized, the given theory can lie regarded as only an approximate 
one, except at short distances from the obstructing body atid its 
geometrical shadow (cf. assumption made on p. 200), as we shall 
see below, A more rigorous treatment of, at least, one problem on 
diffraction, that on the straight edge of a large screen, has now been 
effected by Sommerield ; * his treatment of this problem enables us to 

* Maih. Antialen. Eftnd 47, p. 317, 1S95. 
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examine the behaviour of the light-vector not only in the neighbour- 
hood of the geometrical shadow but at any distance from it, 

Sommerfeld starts from the difl'ereutial equation for the light-vector 
5 at any point 

3? = '(^+2^-*-3?j <"^ 

(cf. formula (48, V)) and seeks a solution for the same, which shall 
satisfy the surface-conditions on the obstructing screen. For aimphcity 
let ua assume that the source of light he an infinitely long straight 
line parallel to the obetnicting edge of the screen, which we shall 
choose as y-axia of a system of rectangular coordinat«a; the x-axia 
shall lie in the obstructing screen and the positive z-axie be directed 
away from the source 0, oa indicated in the amiexed figure. We 
denote the angle, which the direction of propagation of the waves 
from the source makes with the z-axis, by ^' (cf. Fig. 31). The 




lightr-vector » at any point Q will then evidently be a function only 
of X and z, that is, it will be defined by the difierential equation 






Var« aW 



..(7U) 



or, if we replace the rectangular coordinates x, z hy the pokrs 
where a; = r cob cjb 



(cf. Pig. 31). by 









1 3s 



1 a^\ 



-.(72) 



U4 KLF/>TKOMAr;XfrnC THEOBY OF UGWI. 

HtftntneHtUl tu/w tmntnm that tb« waren that ttrike the obntructing 

MTe«n ar« all reliet^t^l anrl ikH, a« aMomer] aliicnre by Fresnel, absorbed. 

TiMTe will tlum be three eharacteriiitie regiom, mltsA of two as above, 

that will ef/me int// cfmmAtsnXitffi here, the region of the geometrical 

shallow, that tA the refleeterl waves atvl that of imobstmcted pro- 

fmf^Urtt^ as inrlieaterl in Fig. 3L The surface^z/nditions on such a 

(highly polisher] metallic; screen are, as we shall see in Chapters VIL 

and VIIL (cf. also l#elow;, 

*-0, (73) 

when the incipient waves are polarized at right an^es to the edge 
of the (Amtmeting screen, an/1 

'2-^^' <'*> 

when they are polarized parallel to that edge, 

A mAutUm of the differential e^juation (72), which will also satisfy 
these siirface-conditirins, is now 

$^a\-ye M<J-*^ r*T|it,:^«-V e'^~i dv^ (75) 



— » — « 



where y - ^J^ cos(<A - <^'), y . ?^ cos(<^ + «^') 

/^ J /gj: J ^. (76) 

and the minus-sign lH5fore the second or last integral is to be chosen for 
the surfaccK^inrlition (73) and the plus sign for the condition (74). 

Solution tat Light-Vector in Form of Complex Qnantity; Expxession 
for Intensity.— l*hc s^^lution (75) for the light vector 5 is a complex 
quantity of the form 

twVl 

- (^ + 1J5) ( cos -r- + f sin -J. J 

-f^cos -jr- -i/sm -jT-j-f tMsin-y + Bcos j. 

The physical meaning of such a solution is now to be sought either 
in its real fmrt or in the real factor of its imaginary one. 

The ifiUwisity / at any jwint Q produced by either of these physical 
oxproHsions or solutions for h will now, by formula (4, IV.), be pro- 
I)ortionul to the expression 

A^-k-B^ prop, to /. 
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We also obtain this expresaion for /, on multiplying the given solution ' 

(75) expressed in the above complex form by its conjugate complex 
quantity 



iA + iB)e ^ .(A-iB)e 



= vi^+B^prop.to/,.. 



■■(") 



which can be interpreted as follows : "When the solution for the light- 
vector s is a complex quantity or expression, the resultant intensity 
will be proportional to the product of that quantity and its conjugate 
complex quantity." 

Oonflimation of given Solution. — We can confirm that the expreasion 
(75) for 5 is a solution of the differential equation (72), on replacing 
there s by that expression and performing the differentiations 
indicated. To confirm that the surface condition (73) is fulfilled, we 
put </> = and 2)r in the respective solution (75) for «, and we have, 
since then 7 = 7' and ir = o-'. 



1+i 






= ^4=0. 



To confirm that the other surface condition (74) ia fulfilled, we first 

form:^-: we have _ _ _ -. -^j 

oz as _cs 2iT as o<i> ^ 

& dr "dz dip 3; ' 

since now r^=a!^+a* and i^ = arctan z/x (cf. the above relations between 
a;, s and r, 4>i, we have 

3r J 



and -c^ = ^- (arctan zlx) = -5 — ^, 

which expreasions evidently reduce to the following on the obstructing 
screen, that is, for 4> = and 2jr or a = : 

ar _ ,9^ 1 1 
^ = and — =- = -. 
dz dz X r 

The above differential quotient will, therefore, aaaume the following 
particular form on the obstructing screen ; 
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Replace here 8 by its value (75) for the given surface-condition, and 
we have 



32? r 3</» r 2 3</» 



/«-<>[%"* 2 rft; + «-iy'f''« *2rft;|, 



- 00 -oo 



or, on replacing the y's and the <r's by their values (76) and performing 
the differentiation indicated, 

+ i?Jsin(</,-</,>"'?-'^*-*'^|/(.)|^^'*^*^*-*'^ 






— 00 

8r 



+ 1 Bin (0+0 )« r j/(t;)| A J-, 

1 1 4.1 2irt>< 

where c^-a—^e ^ 

r 2 

and /(t;)=U"*^(ft;. 

On the obstructing screen, = or 27r, the second and last terms 

of this expression for -- will now cancel one another, since the upper 

limits of the function f{v) in both terms then assume one and] the 
same value, whereas their coefficients differ only in sign. We can 

thus write the expression for :^ in the form 

-j-sin J(0-t^'), and 1*2= - AZ-v-sin J(0 + 0'), 



or, smce 



3p,__ jSr CO8 i(<l> - <!>') 5p2_ _ /8r cos ^(0 + 00 
"Va 2 ' 3<f»"" Vx 2 



30 " ^ A 2 ' 3</» 

and -_/(^oo) = 0. 
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& = '' V V A 2 ^Z^"'' 

which on the ol>strueCing ecrcen, i^ = or 2jr, will evidently assume 
the form 

rr^l' Va-2-3^_^8_.^^^^,j/L--Vx-*J 

as maintained abo^e. 
Oeometrical Form of Expression for Light-Vector. — Put 



Q formula (75), and we have 
1+i i"^' 



I eoa^(fr-M sin-^rfi' 



..(78) 



('9) 

where ^, ij and f, >;' denote the projectioiis on the ^ and ij axes of 
the vectors A'B and A'B' respectively from the asymptotic point A' 
of Cornu'B spiral (cf. Figs. 36 and 29) to those poinle E and E' of the 
same, whose coordinates are determined by the values of Fresnel'a 
fundamental integrals (22a), whose upper limits are <t and a-' respec- 
tively and lower ones zero (cf. also p, 226). 

Approximate Expreasioii for Intensity within Image near Bonnduy 
of Geometrical Shadow. — Let us noiv examine the expression (78) 
or (79) for « at any point of the region </>' < ^ < tt ; here 

o<i(*-'/'')<i(*+*')<'^. 

and hence, by formulae (76), o- always positive and ir' always negative; 
for waves of short wave-length A, as those of light, o- will thus assume 
large positive values and o' (very) large negative ones at finite distances 
r from the edge of the obstructing screen. The last two integrals of 
formula (78) or the projections f , 1} of the vector A'E' of formula (79) 
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vrill, therefore, \>e (very) small compared with the values assumed 
by the first two integrala or the projections J, i; of the vector ^'E, aym 
that we can writ« the expression (79) for s here most approximately 

. .1+* 



-'■'{$-iv). 

and hence, by formula (77), the resultaiit intensity / 

7pmp. to [„'-±i''-"'a-.V(f.i,,)][„li,-''-T-U({ 
prop, to " (^ + V) = T,- '^*- 



..(80) 



/propto«'[(f4)' + (,- + ^)']. 



(81) 

Compariaoii of Sommerfeld's Expression (81) with Fresnel'a. — Let us 

now compare the expression (81) for / with that obtained by Fresnel's 
(modified) method for the particular case, where the source of disturb- 
ance is at considerable (infinite) distance from the obstructing screen ; 
here Fresnel's formula (38) can evidently be written 



,_ A-E\ (82) 

where, however, the point B has the coordinates f , >;' determined by 
the values of the (Fresnel's) integrals, whose upper limits v' are given 
by formula (41) and lower ones are zero; formula (41) will now assume 
hero the particular form _ 

'-''Vl <"'> 

The distance d of the point of observation from the boundary of tha 
geometrical shadow will evidently be given here, that is, in terms 
of the quantities employed in Fig. 31, by rain (^ - <i>), where (0- t^') 
is the angle the vector r makes with the direction of propagation of the 
inoident waves (ef. Fig. 31), On the other hand, since formula (83) for 
b" holds only in the next proximity of the boundary of the geometrical 
shadow (cf. p. 200), we may replace there b by r. We can, therefore, 
write if most approximately 

©"-r Bin (*-*')J^=J^ sin (*-*') 



-vr 



?.'■ sin l(*-.^') cos !(*-*■), (84) 

or, since here the angle (i^ - <(!') is small, most approximately 

'''=^-^Bin^(^-*') (84a) 

which is Sommerfeld's expression for o- (cf. formulae {t^))- It thus 
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follows that the expression (82) for / obtained by Fresiiel's method, 
hut which holds only in the neighbourhood of the boundary of the 
geometrical shadow, \vi\\ ditfer only infinitesimal ly from that {81) 
determined by Sommerfeld's method, at least, when the source of 
disturbance is at coneiderabte distance from the obstructing screen. 
The value (82) determined by the former method will evidently be 
somewhat amaller than that (1^1) found by Sommerfeld. 

General Exptesaion for Intensity. — The approximate formula (80) 
for s and (81) for / wil! also hold in the region of unoljstructed pro- 
pagation, <^' < 1^ < 2jr - i/i' (cf. also Ex. 14), but in the regions of the 
geometrical shadow and the reflected waves we shall be obliged to 
employ the explicit expression (79) for ,', since the last two integrals 
of formula (78) will evidently assume finite values in those regions. 
In these regions the light-vector will, therefore, be given by formula 
(79), and hence, by formula (77), the resultant intensity / by 

/prop, to p-i^e''?!:.-''^-;,)?*-'^' -.V)]}] 



which can be wiitten in the form 

/prop, to 2''[(^ + >j') + (r + v") + 2(|f + 7^')cos(7-7') ] ^gg^ 

+ 2(JV-^f)sin(>-/)]J 

prop. lo~STE- + A^-^+2J'E.A'E'coB{y-y+x)] («6a) 

(cf. Ex. 16 at end of chapter), where x denotes the angle included 
between the two vectrjrs A'E and A'E' of Comu's spiral (cf. Fig. 29). 
This formula states that the resultant intensity is proportional to the 
squATe of the geometrical difference or sum, according as the incident 
waves are polarize{l at right angles or parallel to the edge of the 
obstructing screen, of two vectors A'E and A'E' in Cornu's spiral, 
which make the angle x ""'th one another. 

Approximate £xpreBBion for Intensity within Qeometrical Shadow 
at considerable Distance ftom its Boundary. — Let us now examine 
the expression (86a) for J at any point within the geometrical shadow 
that is at considerable distance from the boundary of the same, that 
is, for values of (/i that are considerably smaller than the angle of 
incidence <}> of the incident waves ; (fi - 1/>' will then bo negative, ^ -(- '^' 
positive, and hence both o- and a-' negative ; for waves of short wave- 
length A, 0- and <r' will, therefore, assume large negative values at 
finite distances r from the edge of the obstructing screen. The four 
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{FreBnel'o) intograls that come into congideration here are now aimiUr 
to those examined on pp. 226-228 ; by the goomotrical properties 
peculiar to tlieao integrnla the vectors .4'E and A'E' will bo very 
abort and will thus cut the (Comu's) spiral approximately orthogonally; 
hence the lengths of these vectors will Iw given approximately by the 
radii of curvature, p and p, of the spiral itself at the two points E 
and i" of the same ; by formula (25) we have then 



A'E^P = 



,nd A'E' 



^P"^ 



1 



-m) 



For similar reasons the angle Xi which the two vectors A'E and A'E' 
make with each other, may be replaced here by the angle r included 
between the two tangents to the spiral at the points E and E'; the 
latter angle is now determined l»y formula (24) ; we can thus write most 
approximately ^ 

X-"2("-" —■'■). 

On replacing the vectors A'E and A'E' and the angles x> y and V ^Y 

their above values in formula {86a) for /, wo have 

r , (i^ fl 1 2 r'2vr, J J,, 2:rr ,, ,,, 

/ prop, to ^1-;+— i^ — ;Coa -r-(coB0-^)- -cob((^ + <^) 

_ff (it cr mr L A A 

or, since the angle (y-Y + x) evidently vanishes here. 

Lastly, replace here a- and t' by their values (76), anil we have 
/prop.to|^iA. 

Bm'i(.^ + ^') + Bia^^(0-.^'l±28ini(.^ + j.')sini(.fr-^') 
sin«j(*-f)sin"i(* + f) 
prop, to ^ 2-r 

(Bin'i^/2coBW2 + cos'<ji/2BinV/2)±(Bin*^/2cQaV/2-cos'^/2BinV/2) . 

" [l-COB(*-0')][l-CO8(0 + 0')] ■ 

«-hich gives /prop, to ^' ^ r'*/-™''-t'(! (88) 

^ ' "^ JT* r (cob - cos -^ )* ^ 

when the waves are polarized at right angles to the edge of the 
obstructing screen, anti 

a' A ooa' <i/2 sin^ A' 12 

/prop, to -i — , ,- - -, .,„ 

' ' TT^ r (cos 1^ - cos 1^ )' 

when they are polarized parallel to that edge. 



..(89) 
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For a further examination of Soimnerfeld's formulae see Exs. 17-19 
at end of chapter. 

Sbortcomings of Sommerfeld'a Theorr. — Ii follows from formulae (88) 
and (89) that along the screen, ^ = 0, the waves will he polarized 
parallel to its edge, and that as </> increases Itoth intensities, that 
parallel to its edge and that at right angles to the same, will increase, 
but their difference will diminish, whereby, however, the latter intensity 
will always remain smaller than the former ; moreover, both intensities 
will be directly proportional to the wave-length A of the waves 
employed. If we employ white light, the waves of greater wave- 
length should, therefore, predominate well within the geometrical 
shadow, that is, for small values of tft (cf. also formulae (8I)-(84a)). 
Observation* now shows that the distribution of the waves of different 
wave-length or colour within the geometrical shadow is not according 
to this law, but that it depends on the nature of the screen, whether 
it« diffracting edge be sharp or rounded, etc. ; certain screen constants 
would, therefore, have to bo introduced into the surface conditions 
(73) and (74) in order that the results obtained should agree with 
observation ; not only the determination of these constants but also 
the integration of our differential equation (73) for other surface- 
conditions than the above (73) and (H) offers now unsurmountable 
difhculties. In consideration of these shortcomings it is evident that 
little has been gained by the introduction of the " totally reflecting " 
diffraction screen assumed by Somnierfeld in place of the "opaque" 
screen employed above in Fresnel's (modified) theory of dlflraction. 
Whether the inaccuracies due to the introduction of the totally re- 
flecting screen in the above form, where the screen constants have 
been entirely neglected, are of greater moment than those that arise 
from the assumption made in Fresnel's (modified) theory that, namely, 
the light-vector s vanishes directly behind opaque obstacles but assumes 
its natural value at all other points on the surface of integration, 
cannot well In; decided except by experiment. 

Fonn of Blaxwell's Fnndamental Eqmitioiis for Sommerfeld's Light- 
Vector s.^We hai'e seen in Chapter I. that the electromagnetic state 
of Maxwell's ether is defined by differential equations of the form (71), 
where s is to be replaced by the component electric or magnetic moments 
X, Y,Z, or a, 6, c respectively (cf. formulae (16, I,) and (17,1.)). These 
components will now be the derivatives of the light-vector s with regard 
to X, y, and z, and Maxwell's fundamental equations (12, 1.) and (13, I.) 
must evidently hold for those components (cf. Ex. 30). These 

•Goay, Ann. de Chim. tf lU Phy.. (6) 8, p. 145, 1886. 
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equations will evidently nestime hoi'(<, whera the electromagnetic state 
has been asaumed to bu a function of x and z only, the fonn 

Po dt'dV v^~dl~dx dz' r„ dt~ dx \ 
A ^± dy Ddb_dX dZ DdcdY [ ^ * 

v^dt" rfs' v^nrdz'Tix' v^dr dx ] 

The Primary and Secondary Wavaa and the Different Theories of 
Bifltaction. — We have already observed (in pp. 195-196 that Iwtli tlie 
primary and accondary waves may give rise to phenomena of difTraction. 
A treatment of these waves according ti) Fresnel's modified theory of 
diffraction meets at the outlet with unaurmountaWe difficulties ; the 
first such is to establish a formula similar to fonnula (55, V.), which 
shall express the light-vector Sg at any point as an integral taken over 
any suitably chosen surface enclosing that point. In the derivation of 
formula (55, V.) we assumed that the light-vector at any point, as on 
the surface of integration, was a purely spherical wave-function, an 
assumption that cannot be maintained for the primary or secondary 
waves and of which we made free use in the derivation not only 
of formula (55, V.) itaelf, but also of the fundamental formulae em- 
ployed at the very start. On the other hand, a treatment of the 
diffraction phenomena of the primary and secondary waves according 
to Sommerfeld's theory would be possible, provided we could find 
solutions for s that woulil represent primary and secondary waves 
and also fulfil the surface-conditions on the obstructing screen ; but in 
consideration of the complicated form of the vector s for the simple 
case examined by Sommerfeld, we could hardly expect much success 
in that direction. 

Tlie Roentgen Bays aa Impulses and Sommerfeld's Theory of 
Di&actlon. — Summerfuld has also developed a theory of iliffraction for 
waves that consist of a succession of short and violent impulses, to 
which class the Roentgen rays are often assumed U> belong ; * aa an 
exposition of his theory would throw little light on the theory of 
diflraction proper, we refer here to Sommerfeld's paperf on the subject. 
We may remark, however, thai the same scruples, which we had in 
accepting conclusively his above theory on diflraction, also arise here. 

•Cf. E. Wiechert, AbhaHiUunyn lUr Phyn.-Ofhm. OtKUnchaft lU KOnigaberg, 
I8B6, pp. I Biid ift ; alio Wiedotnami'B Atinaltn, Bil. 50, 1896 (Jfl)- 

+ Cf. also Sir (iKOfge Stokea, ProcrediTigt nf the Capilindgt Philanphical SocUly, 
vol, », p, 215, 18M, nod ProcudingK oftht Manehattr Lit. aiid Phii. Soeiely, 1897. 




EXAMPLES. 

BXAHFIJEIS. 

1. The breadth of the nth exterior band or fringe produced on the screen MN 
by the straight edge A of the opaque obstacle AB ol Fig. 21 ia determined by 

the expression 

[v^Sn —J-ln' 1] J\! ^:t!') for a. bright bund, 

aiu! [■Jil--Jii^] ^•2\''^±t±'> for » dark band. 

where a denotes the distance of the edge of the obstacle from the source and 
b its distance from the screen ilN. 

By Fig. 21 tho following geometrical relations evidently hold between the 
distance x of any band n at ^ from the boundary of the geometrical ghadow P^ 
and the other distances ; 

■ad AQ = -J^^^=b-<i^l+^. 

For light-waves the second term of either expretision under these nqnare-root 
rigns wUl be very small compared with the first or unity, so that, by the 
binomial theorem, the expressions for OQ and AQ can be written approximately, 

«d •<«-'['+£]-'+l' 

For a bright band or maximum of intensity the difference in the paths AQ and 
PQ traversed by the elementary waves from the last uoscreened half-period 
element of tho given wave-front and those from the pole of the same mnst now, 
as we have seen on p. 1H7. be uo odd multiple of the wave-length \ halved of 
the waves employed, that is, we must have 

AQ-PQ = {2h+1)\I2 {fij 

(cf. formula on p. IS7). wliere 71 is an integer. 
Similarly, for a dark band, we most have 

AQ-PQ=ijikl^. (c> 

Since now PQ^0Q-OP = 0Q~a, 

we can write the condition (b) for a bright band, 

AQ-(OQ-a) = (2n + V,\l2. 
and that {c) for a dark band, 

AQ-(OQ-<i) = n\. 
Heplace here A(i and OQ by their approximate values [a), and we have 
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r=y(2«i + l)X^i^i^ for a bright b.nd 



«»* -r = JsbX *J?±^ (or A dirlt Uod. 

The breadth of & dart hand will, therefore, he given by the expremon 

oiiil Ihat of a bright band hy 

'J. The diffraction Ixinds on the extoHnr uf the geometrica] shadow of a Urge 
opaqoe obstacle decrease nt Rret rapidly in breadth, aa wo receile from the 
boundary of the ihiulow. Show, on ncueptiog tho formulae established in the 
preceding example, that the breadtha of the following bright bandi are : 

Band (n), 12 3 * 6 9 10 2.1 26 

Breadth, 1 0-4142 03179 0-2679 0'2361 0-1710 01623 01010 0099 
where the breadth of the Grat band is taken as unity. 

3. Show that the breadtli of any diffraction band within tbe geometrical shadow 
of a small opaque obttaolc (wii«| is according to the (Freanel's) methods employed 
on pp. lSS-19-2 given by the eipreasion 

\h 

where b denotes the dietance between the screen of obser\-ation and the obstacle, 
and c the distance (breadth) between the two dilfracting odgea of the latter 
(of. formula [7, IV.) and Fig. 12]. 

4. Examine by the (Frenel's) methods employed on pp. l!U-195 the diffraction 
phenomena produced by a very small circular aperture in a large opaque screen. 
Show that along the central axis of the image the iutenuty passes through a 
xnccession of maxima and minima, and dctennino approximately the distaocea of 
these maxima and minima from the aperture. 

We divide the unscreened portion of the wave-front that passes through the 
edgt> of the circular aperture up into circular half-periot) elements with respect to 
the point, at which the intensity U sought. For a very small aperture the area 
of any such half-period element will now be given approximately by 

2»|;'(r,-r,)^ (a) 

(of. (orDiuU (S, V.) and Fig. 17), where r, denotes the diatanae of the apertOK 
and r, that of the point of observation from the sonrco. 

The area of the whole unscreened portion of the given wave-front or the oircaUr 
aperture itself is evidently rr", wliere r denotes the radius u( that aperture. 
Since now for n. very small aperture the different half -period elemonte wUI have 
upproiimately one and the suiiie srea (uF. the expression {a)), we may evidently 

ii.r^'(rj-r,))L = Tf^, 
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wliere n shall denote tho elaot number of lialf-period Glenieiits, into which the 
uaBcreeaed portion of the given wave-front may be divided, corresponding to 
the points of maiimum and minimum intensity sought on the central uis of 
the given image. ThU relation gives 



[ir.-n)-'-'-.!'' 






...(b) 



(cf. Fig. 17), hence '^^~''^^ ;,\r - ' ? ' 

by which tho distances of the miiximft and minima of intensity from Che given 
aperture are determined accordinjj oa n is odd or even reBpecti^'ely. 

5. Determine the formulae for the vector *o and intensity / of waves of long 
wsve-lengtb, as the electric waves, corresponding to formulae (13), (15), (18), 
(18a], (19), (29), (35) and (38) in tost for light-waveB. 

By formulae (51, V. ), which holds for waves of long wave-length, tho expression 
for the vector aoaght can evidently be written here, where the source of dis- 
turbance and the point of observation Q ure both supposed to be at considerable 
distance from the aperture » in the large abstracting screen (cf. Fig. 25), 

?pi.rcos(B, p)-cos(n, r)]f™-'-^-'[rt-(p + r)]!i« ] 

'^ •' , L..(13'A) 

(cf. p. 202). 

Replace here p and r by their approximate values (12a), and we End 

l«, = =I?-i[eos(»,p)-oos(n, 7■)]|oo8■^[l■(-(ft-^fl,)]j"cos[/(a■,y)]d, 
- Bio y [rt - {p, +ft,)]j sin [/(a;. y)]<l!.| 

+ eos'^[«i-(ft + P„))/sin[/(^,y)]rf»| 
which we can write in the form 

-fcoi»{j,JcosW:r.j,)]d.-l-J,j"sin[/i;r,y)](i,}J 

wbcM ^, = 2J^[cos(n,p)-co«(n,r)] [ 

a rcoMn^)_c_oM«^r)-|I ,jg, 

and^r, y) is given by formula (14) or (IT) according to the Hystem of coordinates 
employed. 
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The vector Sq can thus be conceived as due to the mutual action of two systems 
of (elementary) waves emitted from the given aperture, whose difference in phase 
is ir/2 and whoso amplitudes are determined by the expressions 



and 



-AJBin[JXx,y)]d8 + A2JcoB\Jlx,y)]d8 
AijcoB [/{x, y)]ds+A^ I sin [J[x, y)] ds 



(cf. pp. 203 and 213). 

For the diffraction on the straight edge of the large opaque screen of Fig. 25, 
formula (18') will assume the form 

«o=8in«|^, r r^ui [^ (— + — ) (ar»cosV + y')] <i«rfy 



-00 — 00 



+ ^2 r*^ / "cos r^ (— + — ^ (a:»cosV + y')] cbc dy\ 



— ao — flo 



+ COS 



«|^i r f cos r^ (— + — ) (ar^cosV+y*)! <torfy 



— OD — 00 



-^./"pn [;;-(l + l) (x»co8V + y')] ctedy} 



(19') 



— OD — eo 



(cf. p. 205). 

On replacing here x and y by the variables v and u respectively employed on 
p. 205, we find, by formulae (32), the following expression for Sq : 



«•! = 



COS0 



sTr t \ {^^ [Jsin^dr+l^cos^rfi;] 
r I • I -.00 —00 



+ -42 / cos^-dw- / sin-^-rfy f 



— 00 



— 00 



--4al I sin-2"rf»+ Tcos-^ ^^ J [ 

— OD —00 

The resultant intensity / at any point Q will, therefore, be proportional to 
the expression 

y^ pn{ ^1 1 / Bin - dv+ fcoB -g- dvl 



\Pi Po/ 



+ ila / cos -5- dv - / sin -^ (/v j- 

—00 —00 

4cosV(-^ + ^)^ 4. ^ :!oo ^ -^ 

\Pi Po/ 



— 00 



sm „-at; + 



|oos-2-dr]y 

—00 
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4™iv(iti) "- '- - L ^ ■' 

or, if we repliice here Ai and jIj by their valuei (!*'*) """l P "'"1 "" '*? ""eir 
approximate vataea p^ and /ig respectively (cf. p. 202), 

which referred to Coniii'» apiral oan be written in the form 

xt for lighl 



The above formulae diCTer from those in 
viilnea of their coefficienta ; the diffractio: 
length, aa the electric waves, will, therefore, be similar 
light-waves, differing only rjudintitalively from the latter. 



-wavua ouly iu the 
aveB of long wave- 
thttae produced by 



6. Hhow 



that j''eoa^*.-^[8iii^(.-' + 2.-«)-«in^ 



where i ia given and a i 
compared with h itself. 

We replace the variable v in the given tutegralB by 



aoiall a quantity that ita square (u'^) may be neglected 







/" 


.■?..■ 


= /" 


co.^1^ 


+ u^u 










P 


,=?* 


i 


.i.l(^ 


+ «)'Jh, 






i.i«tmg 


tlie terras in ti' 


!H<)rf« = 




H" 


aT.*7irf«-gin 


-7-.,.-, 


ludu 


Tto^* 


■f- 


l.|(.'+ 


2iu]rfrt 


..i„ 


-r 


oarmdu + i<v 


«g^r«ia« 


riui^ll 



which integrated give 

*Cf. Fregnel, OettBrii, torn. 1, p. .119; alao PreBtoo'a Theory of Light, p. 275, 
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Nin -7,- '/<> = . win ^. •In irttt — ; cot -^[oon n'tt - 1 ) 

KremMsl employed thete integraki for calcnUting the valnei of hi* integrals (22), 
taking u-il'l and t raccetwively equal to 0*0, O'l, 0*2, etc. ; by this method he 
was enabled to plot the curve (spiral) {, ij, determining soooeasively the values 
of I and fi lor every O'l of the qnantity «(v) (cf, p. 211). 

7. Fresnel's integrals (22a) can be written in the form 



/ 



orjs -/j- dv = if COS -^ + iV sm -75-f 



ami r sin ~- dv= if sin -^j- - Xctm -^,* 



where jy = ,|^| . __-^+ .____^. +...J 

*"'' ^-''Li.3 r"3T577^i73:5.7.9.ir"^ ••]• 

Integrate the given integrals by parts, and we have 

I ctm-jr-4v=iVcon-^r- + x I vHnn-^z-dv 

h i 

= rco.-2- + ir|jj«in-2--^/ t^cm^dv^ 



= WCOH 



etc. 

•in -2 



/ sin ty~dv = v9in-^ -w I t^cos ^ *^*^ 

. Tw2 ftr» ir»" T/-'^. »^^' . I 

=rsm~^ -'{s^l-^a/ '^'" 2 ^^7 

= .im 2 -^l^cos-^+^lg-sin .^-^j iycos-^rf«,[| 



etc. 



H. Show that the following (Fresnel's) integrals can be written in the form : 



/ 



« 



• irtr» , - TV8 -. . T7J» 



ttnd / sin-^rfwsPsin-^ +Cco«-o'» 



* (Jf. Knochenhauer, I>»e UndukUionitheorie de$ lAehU^ p. 36. 
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251) ^H 


whm 


„ r 1 1.3.5, 1.3.6.7.9 "1 




■ 


Bad 


^ ^ri 1.3 1.3.5.7 _, -|» 




■ 


To evftk 
where <c is 


1 'irp" J 1 . Ti^ 




i 


and 








we find 


-«, 


Uld 




K.^«-€=n-i"*-'-^r^-?- 






and 


i^-c=ri™?--^/>-?*. 






hence 


ri--?*=4„c.-r-^/-.™?* 






and 


("" 1 rr" , 1 - rrl' .^■l {" 1 . ■wv' , 






by the repealed application of these reduction-formulae (« = 0, 1, 2, 3.. 


.Jwe 


HID 


evidently w 


'rita tbe given integrals 






/» 


irtfl , 1 . xi^ 1 /■* 1 . iri'' . 

1 , x-'^ 1 ( 1 »«» 3r"i Ti^. 1 








1 . »<^ 1 TT^ 3 / 1 . rv'^T'l . 




'■} 




=4-?*i™'?-i-?-'^= ' 








, 'i^'-f-in'-'i 


V,.} 






etc. 








={i-y.-..}™? 








(I 3 3.6.7 1 . "■=' 








*Cf. Cauchy, Comptai Renrfus, torn. 15, pp. 534 and 573. 
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and, limilwly. 



9. Show thnt the following (Freatwl) integrals ui 



r 



where /> and a 


ro Riven by the serioa employed 


We have 


/■-'/-f'-^'-P 


>ad 


j iin^-de=l Bin^dN-JH 


which by formulae {31} and Ex. 8 can evidently be wri 
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tten in the above forni. 

10. Examine, aa in text pp. 213-224, the diSraction of light on a slit (in a 
large opaque Bcreen) of such breadth that v,' - v,' In always very large, and show 
that bright and dark (ooloured) bands or friugcn will appear in its geometrical 
image. Show also, ob the breadth of the slit in increased, that the diffraulion 
phenomena will reaemble more and more those produced on the straight edge of a 
large opaque screen. 

11. Examine, as in text pp. 226-231, the distribution of the inl«nsity oattide 
the geometrical shadow of a narrow screen or wire ; show that the difiraclion 
bands, which appear there, will obey no simple law of distribation.'* 

12. Show that formulu (58) will hold at any point (fi and v g (I), when 
the rectanguUr aperture in the obstmoting screen te lorgu. By formulae (61) 
the durk bands of both series will then be corruapondingty near together, 
and hence for hu-ge values of a and b inolwervable (cf. problem on dlf!raatioa 
on narrow slil {!> = '*> ), p. 236). 

13. Determine tlie form of the coefficient ('' + >'' in formula (66) for four equal 
apertures in a large opaque screen situated at the four cornerH of a square. 

If we lay the origin of our coordinates :r' y* (i:f. p. 2.10) at one of the four 
of the square, and choose the two sides of the square that meet at that 
as x" aad y* axes, we can then put 



3-,'=0, xj=0, x,-^d, x,- = d, 
*Cf. also paper by Loiuniel, cited in footnote on p. 215. 
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where d denottui the length of the aiilea n! the aqilftre. The rjuantities c' and t' al 
formulae (65) will then oaiume the particular lorm 

(■' = 1 +co»iai + eoard + eoi(ti + t]d, 
>■= ^iuMd + siuHi + sini^ + i^Ul. 
and hence the coefficient in qneitioD 

i;'' + fl'' = 4 + 4[co«Mrf + co«Ki + cos/uico«»rf] .(«) 

the farm, in which the general formula (67) ifl written. It ia evident that the 
second term of this expreuion cannot be neglected in comparison in the lirst 
(cf. also p. 238). 
We can nlso write the expreuioD (n) forr'' + »'' 
f" + o'' = (2 + 2 COB fui) + (2 + 2 co«»d) + 2 cm »ui{l+«»»d) + 2coawi(l+coB(<d) 
= 4 cob" ^ + ♦ ci>a"-=- + 4 co« fid coa' -g- + 4 eoa hi cob'^ 



Show that the given diffraetion pattern will tbua exhibit two Beriea of dark eqoi- 
diatant 'iiknde running parallel to the two puira of puraltel aides of the acjuare in 
ailditiou to the two aerioH produced by the eingle (rectangular) aperture [of. p. 234). 

14. Sommerfeld's eipresBion (76) for « asaumes the following familiar form in 
the region of unobatructed propugatiou. ^'<f <2v-f' (cf. Fig. 31), for large 

..„■■?[■-'-»"']. 

Here a will evidently assume targe positive and tr' Urge negative valnea, so 
that the second integral of the general expreaaion (7G} for s may be rejected when 
compared with the first, whereas the latter may be replaced approximately hy 



I 



p," 2 (iP=2 pe 



(cf. formula (30*)). We thua have, by formulae (76) and (78), 

.=„'¥[■■•'-»-«]. 

Observe that for r= m the real part of thia expreaaion repreaenta ptanc-wavea of 
amplitude a and whose direction of propagation makes the angle ^' with 
the zr-axis. 

16. Show that Sommerfeld's eipreasion (75) for « assumea the following form in 
the region of the reflected waves, 2t - ^'<^<;2t (cf. Fig. 31), for large values 



l-r«-l*-*-)]_^i^[<.l-r™(^+«]\ 



Observe that for r= ae the real part of this expression repreaeatt the remltMit 
of two plane waves, an; incident wave of amplitude a and direction of propagation 

ip' with regard to z-axii, and that wave reflected (according to law of reflection). 
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tti. Prove thftt SomiDCtfeld'a genenl etpnmioB (S5) for the intanulj / ca/a b* 1 
wrilten in the form 

/prop. lo'^{AE' + A'e"f2A'S.A'Pv>miy--t' + x)\ 
fd, formaU (B6*)). 

Un pcrfarmiag the multiplication of the two conjugate complex quantities lor'a 
in the fipreflaion (85) for /, we have 

/prop. to|((f-j,)(f + i,) + (f-fVHf + iV)T[e'<»-*T(t + ifl|(f-.V) 
+ e-'(>-V)(t-i,)({' + n-)]l 

or, nn exprsMiog the expoDential base a« function of ths line and coainc, 

/prop. U)^{:r?'+:r^'T2[(«' + tra'Jco«(-y-V) + (ti,--fi))«iii(7-V)l) 



~ make with the 



/prop, to ^[TW + TW-f2A'SI . A-eUoaiaoiMa' + tmaiiu^-)cMly - y') 
+ (cosariDa' • CM asin a') ain (>->')]}, 
prop, to "'{3^ + Z=K"±2J-fi. ■1'^[co8(»-B-}coB(>-7')-«i>("-'>')"n(>-y)][, 

prop, to 2'{yF + ^^^*-2vl'£..4'^cnB(>-7' + x)). 

IT. By Sommerfeld'o theury of diffraction the inteneity / ilI any point of the 
i'R0aii •!•' <4i <2« ~^' (cf. Fig. 31) is determineit approximately by the expreuion 



|cf. formula (146)). 




II now we denote the angUn. which the 


v«lo™.4-fiand^' 


f-axii. hy a muI a' respectively, we can put 




f = ^-£c™., , 


= A-E»ina. 


C = A-E-c^a; V 


= ^£-«n-', 


and hen™ write the eipreaaion for / 
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In the given region both 1(#~^') anil 4(^ + 01 will be positive, and hcncu a 
will aMumo large positive and o' Urge negative values for finite r and wavca of 
iihort wave-length X. A'B will, therefore, be large, approaching the value \/2, 
and A'E' an small that it can be replaced approximately by the radius of 
oorvatura of the ipirul itself at the point B' (cf. p. 250). The vector A'B will 
make ut angle of approximately t/4 with the {-axis of the spiral, whereas the 
angle ntade by the tangent to the opiral at the point B' with the f-aiis will be 



giveD approxlrnately by the expcenian -i/' (cf. p. 250 Bud formula (24)): the 
angle x en thqg be writteo approiimilely 



IT, by formalEe (76), = - j - ^»"i'4(* + *')- 

The nngle > - >' + x "''1' thus nasume here the form 

= - ^ + ^ Bin * Bin *' - Ip" [eiu ^/2 0D8 d-/2 + CM */2 Bin 

= - j + ^^ (4 "in */2 COB */2 Bin *-/2 CO. *'/2 

- (Bin */2 COB *72 + coi 0/2 Bin 0'/2)'] 
= -^-^[ain#/2coB^>72-ooa(./28in#/2]" 

= -^-^«n'i(*-*'). 

formnU (SBa), we c 



'iA-E' + A'S-'^^SA'S A'ffco$r-+^sinm^-<i,-)~\ 



r, if we replace here A'E a,nd A'E' hj their approximut^ values 

A-E=-J2 
ad JX-f 
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I !(♦+*■) 



and retoiti terniB oE only the null and HrBt ordcra oF magnitude in tliE edibII 
quantity p', moBt approximately 

..[?^l^Biu4(»-^')] | 

sin H* ->■*') J' 

.Shaw that as ip varieB this expreasion for / will pass through a serin of maxima 
and minima, and that the nearer # approaches the boundary = 2»-0' of the 
region of the reflected wa^es (cf. Fig. 31) the more marked will be the diffraotiim 
bands corresponding to these maxima and minima. 

IH. .Show according to Somtnerfeld's theory of diffraction that well within the 
region of the refiected waves (cf. Fig. 31} A'B aad A'E" will each assume approxi- 
mately the value s'2 and x vanish, and heuce that / will be given approximately 
by the expressioo 

/prop.too»{2T2coB[^»iii*8iii*']}; 
that is, if we choose the minus sign, / will vanish, when 
?!!sin(iBin«'=I, 2, 3, ..., 
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whereas it will aMume four times the natural intensity, that of the unobstructed 

incident waves, when 

2r . ^ . . 1 3 5 

j^- sin sin 0=2, g' 2* "* 

the resultant waves are evidently the so-called '* stationary '* waves (cf. pp. 13-14). 

19. Examine Sommerf eld's expression (86a) for / in the region of unoUstructed 
propagation (cf. Fig. 31). 

20. Show that the solution (75) for a will satisfy the particular form (90) 
assumed in the case in question by Maxwell's fundamental equations, when 
Xt y, Z or a, 6, c denote the components of that light- vector r. 




CHAPTKE VII. 



REFLECTION AND REFRACTION ON SURFACE OF ISOTROPIC 
INSULATORS ; TOTAL REFLECTION. REFLECTION 
AND REFRACTION OF THE PRIMARY AND SECONP- 
ARV WAVES. 

Reflection and Refraction and Maxwell's Equations for Electro- 
magnetic DisturbanceB. — We kiioH', when light falla on the surface of 
a Becond medium, that part of it is turned back or "reflected" and 
[)art admitted into that medium or " refracted." This reflection and 
refraction of light raye on the surface of a second medium and the 
phenomena arising therefrom are now, according to our conception of 
the nature of light, electromagnetic phenomena, and we should, there- 
fore, be ub]e not only to explain tbcm as such, but also to derive the 
empirical laws on reflection and refraction from our (Maxwell's) equa- 
tions for electricity and magnetism. We shall confine ourselves hero, 
as in the preceding chapters {cf. p. 6), to the behaviour of electromag- 
netic disturbances in homogeneous non-conducting media, and, in the 
present chapter, to their behaviour in such isotropic media. The electro- 
magnetic state of an homogeneous (ion -conducting isotropic medium ia 
now according to Maxwell defined by the difTerentinl equations 

v^ dl dz dy 
DdQ^dy__da. 
v^^ dx dz 
^dB^dad^ 
i>Q dt dy dx 

and ^^_4^_^ 

Cfl dt dij dz 

Md^ dpyn 

»o dl dz ~Sx 

M^^dQdP 

Vfj dl dx dy 

(cf. formulae (5) and (6), i.), where P, Q, R and a, P, y denote the 
components of the electric and magnetic forces respectively ; i',, denotes 



(2) 



r 
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the velocity of pnijiagution of electromagnetic disturbances in tha 
standard nie<liiim (vacuum). 

The Surface OondltlonB. — On the divitling surface of two non-con- 
ducting isotropic media the equations (1) and (3} aseume the following 
particular form, when the normal to that surface is chosen as x-axis : 

^(^p ^^p\ = 0^ hence D,P, - D.P.-- comt. 

and rfZl i""! " i~ "*)^ ' "^"''^ «, - u^ = connl., 

{at. formulae (.3), (4). (10), and (II), i.), where the index or 1 denotes 
that the compound force to be taken is that or the sum of those acting 
in the first (0) or second (1) medium respectively (cf. Fig. .^2). On the 
assumption that no electromagnetic forces were acting in the film be- 
tween the two media before the passage of the disturbance in question, 
these so-called "surface-conditions" can evidently Im writt^ni in the 
simpler form />,/•,- /)oPo = 0, G, = <3„ ^, = «o.\ 

a,-«, = 0, P,=^^ y,=^y„ / *^> 

We have chosen the above fonn of our differential equations, where 
the foi'ces and not, as in the preceding chapters, the moments appear 
as variables ; for the present purposes this form ts somewhat more 
convenient than the other, since the forces acting in adjacent media, 
and not, in general, their respective momenta, may be compared or 
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Hii|>er]Kised directly, as \n evident from our siirfatic conditions (3) (cf- 
alao lielow). The surface conditions (3) have been referred to a system 
of rectangular coordinates, whose asaxis has l>een so chosen that it coin- 
eidea with the normal to the given dividing surface. Let now the y- 
and ;-axes be so situated in this diWding surface that the normal to the 
wave-fronts of the given (transverse) waves incident at any point, the 
^^ origin 0, on that surface tie in the xi/ plane, as indicated in Fig. 32 ; ^^^ 

^U p. A^l 



REFLECTION AND REFRACTION. 




Dhe norraala to the wave-froiits of the reflected ami refracted waves J 
will theu evidently lie in that same (xy) plane, which is then kitowB 1 
as the "plane of incidence." We denote the angles, which the nonnak | 
to the wave-fronts of the incideot, reflected and refracted waves, make 
with the z-axis, by f^, ^', and 0, reapectively (cf. Fig. 32). 

Linearly Polarized Plane WaTes.^Let us first examine the ca«e 
where the incident waves are ordinary linearly polarized plane waves. 

We can now represent such wai'es by the function 

(4) 



r(-9 1 . 



where i-s/^. „.3l?.^* (5) 

T being the period of oscillation, and r denotes the distance of any 
incident wave from the point 0, where it strikes the dividing surface 
(of. Fig. 32). Here the ijiiantity n is not that (n) employed in the 
preceding chapters (cf. formulae (31), li.); we have chosen the given 
form for n in the ensuing investigations, since it will then assume one 
and the same value in all (both) media, for just as many impulBes 
or waves per unit-time will be imparted to and transmitted through 
any adjacent medium as there are impulses or waves per unit-time 
in the given medium, that is, the period of oscillation of any given 
oscillation will not change upon its entering a second medium. That 
we choose the complex form (4) for representing the given waves is 
only a matter of taste ; this complex function contains, in fact, two 
systems of waves, the one represented by its real term and the other 
by the real factor of its imaginary term. 

The Reflected and Refracted Waves. ^If the incident waves are 
represented by the function (4), the respective reflected and refracted 
waves will evidently have the form 

a-e'^''^' and a,e"'^'"-V,+ (6) 

where a' and Oj denote the amplitudes, r' and Vj the velocities of pro- 
pagation, and r' and r, the distances from the point on the dividing 
surface, where the given incident waves strike the same, of the 
reflected and refracted waves respectively (cf. Fig. 33) ; the ({Uaiititiea 
d', flj, c' and f [ are to be regarded here as unknown and to l>e sought. 

If we refer the incident waves (4) and the reflected and refracted ones 
(6), to which the former give rise, to the above system of coordinates 

i Fnr waves approafliinu the point 0, as the incident ones, Che pluB-aigii muit 
evidently be chosen beFoie , whereas for those that are rtctdinp hum that point, 
w the reflected and refracted waves, the minus-SLgn must be t-uketi. 

» a. p. 1-2. 
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(cf. Fig. 32), tht^ ilistoiKses r 



1 then evidently be writteikfl 



=yain<^' + a;cosi^' 



(cf. Fig. 32), and hence the tliree wftves themselves in the fomi 
oe"^ • 'I 
„V"('-'-"— ) <8) 

befur'H we consider the general case, where the direction of 
uscillatioii ill the incident waves makes an arbitrary angle with the 
plane of the incidence, the xi/ coordinate-plane, let iis examine the 
following two particular cases : 

I. The electric oecillutiona in the incident waves take place at right 
angles to the plane of incidence ; and 

II. The electric oscillations in the incident waves take plii.ce in 
the plane of incidence. 

Oaae I. : The Electric OscUlatioiiB at X to PUiie of Incidence. — 
Here /' = ((' = 0, 1 

and hence /' = g-=r/', = y, = /' 

that is, the oBciilationa in the reflected and refracted waves take place 
at right angles to the plane of incidence. 

The oomponents B, K and R^ parallel to the ^-axis of the eleotrie 
forces acting in the incident, reflected and refracted waves respectively, 
will then, by formulae (4) and (6), be represented by the functions 



,(9) 



R - 



II- 



.:'<- 



"*■) 



..(10) 



To find the magnetic forces, the a's, ^'s and y's, that accompany these 
electric ones, we replace the Fa and Q'a by their values (9) in oiir 
fundamental equations (1) and (2), and we have 
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replaced b; its value from formulae (10), and Bimilar equations for ^^M 
R and R^. ^| 

The Magnetic WaveB.— It follows from formulao (2a) and the 
analogous ones for q', P', y and Oj, ^,, y, that all three magnetic 
oscillations are taking place in the plane of incidence, that is, at right 
angles to the respective electric ones ; to find their two components 
in this plane, we replace the R'a hy their values (10) in the given 






v^di '"' V 




M dl3 cos 4. ;-(' -?^-^^*) 




Po dt =""'«' 


|^=-..^r(-"v"-") 




integrated, these equations give the following 
andiS's: 


values for the a's 


" --"M^T' 


, = _„ J "i* •■(----) 






(11) 


., ,M., ; i.i/'t *">°*i-»™"M 




^_^j^,..(. „ ) 


,._,.«^r(.--?-)^ 


1 
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, next, the as niicl {i'a by these and the R's by their above 
values (10) in our futidiiniental eqiiationa (1a), and we have 



and similar relations for the reflected and refracted waves, which give 



hence 



and ainiilarly 



"5F 



that in, these familiar relations (cf. p. 11) must hold between the 
velocities of prupugalion of the waves and the medium constants, in 
order that our fundamental equations (lA) may be satisfied. It 
follows, moreover, from these conditional relations that 

'■'-"I (ISA) 

I electromagiietie 



..(:lj) 



that is, the vulocity of pixipagatioii of tht 
disturbance undert;i>e.'i no Lhauge upon refluctiL 

The Snr&ce Oonditions and the Laws of BeSectiou and Befhiction. — 
Let us, now, examine the surface-conditions (3) for the given system 
of waves ; they evidently assume here the simple form 

and a, = -»„, /3, = /i^, y, - y„ = 

The index 1 denotes ihut the component force to be taken 18 that 
acting in the medium 1, that is, here the component force acting in the 
cefracted waves, whereas the index refers to the component force or 
forces acting in the meiiiiim 0, here the component force acting in 
the incident and that acting in the reflected waves superposed, The 
given surface-conditions (3a) must, therefore, be written explicitly as 
follows : 

Ii, = R + R' 1 

.,=./••. ft=/i./j') <'*> 

—the other component forces vanish. 

Hepliice here the fi's, 'I's und ^'a by their above values on the given 
dividing surface, x = 0, and we have 
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, ti„ costal '"V'**°""7_ "n C08* •'•\'-^^—;~) 



where, by formula (12a), we have put if = %'. 

The surface-conditions (13) must now hold not i>ii!y for all values of 
( but also ut all points on the given dividing surface, that i§, for all 
values of y (and :); this is now evidently only possible, when the 
following relation holds between the v'n and the <^'s : 

siij* ain*' sin<^, , 

V =^r= ,;;- (^*) 

which gives <^' = '^ ■■ (15) 

(ef. Fig. 32), or the fiimiliur Uiw, the angle of incidence is equal to the 
angle of reflection. 

The first and last members of relation (14) give 

sin *: sin *,=p:i', = «(,!, (16) 

or the (Snell's) law of refraction; 1i^^ is known as the "index of 
refraction" for waves [mssing from the metliuin into the medium 1. 

The laws (15) and (IG) follow directly from the actual existence of 
the surface conditions or from the fact that a linear relation holds 
between the forces acting in the film, being entirely independent of 
the form of those conditions or that relation, its coefficients. 

Determiiiation of Amplitndea of Beflected and Befracted Waves. — 
We have seen that the relation (14) must hold between the r'n and the 
•P'b, in order that the surfjice-cotiditions (13) may be satisfied ; but il 
does not necessarily follow that they are satisfied ; this will be, in 
fact, the case only when certain other relations hold between the 
amplitudes n, a' and a^ and the angles i^, i^' and <^, or the medium 
constants. These relations may now be determined from the surface- 
conditions upon the assumption of the validity of the tatter, liy 
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the relation (14) the three surface-conditions (13) will then reduce to 
the two „ _., j^' (17) 



and 

or 

which give 



aj = tt-4-rt, 

C08<f>| COS</> ,COS<f»' , ,vC08<f> 

a^- T.i = a—---a —^ = (11- a) --, 



V 

sin <t> 



a. cos 6. -. — 7- = (a- a')co8 <i> : 
' ^sni</)j ^ ' 

{a + a) cos </)j sin <f> = {a- a') cos <^ sin <^j, 



(18) 



, ^ 8in<^cos<^^-cos<^8in<^^ 8in(^j-^ 

uciK^c a = —a-; — 7-*— — : — 7"^= —a— — / , . ,\» 

sm </> cos <^i + cos <p sin (p^ sin \<f> 4- 9^) 

and hence, by (17), 

1 L 8in(</> + r/,j)J sin(</>4-<^i) ^ ^ 

The Reflected and Befracted Electric Waves. — By formulae (15), 
(18), and (19) the reflected and refracted electric waves, to which the 
given incident electric waves give rise, will have the form 



.V Rin ^1 -XC08 ^1 



and 



where 



8in(<^4-<^i) 

^ sin(</> + <^i) 
<^j = arcsin f ^ sin </> j 



) 



(20) 



The accompanying Magnetic Waves. — The component forces acting 
in the magnetic waves that accompany the electric waves (20) will 
evidently be given by the expressions 

Vq sin<^jH(r \, ) 



a= —a 



M V 



^ M V 

a'= a-^ ®--* « ^"(^-^l) ^'H^ ^J ) 

M V sin(<^4-<^j) ' 

I • // J \ ' /, y gi n ^+3? COB ^ \ 

l^= -a^ ^^ 8in(^-^) ^«n(( ^; ) J ^21) 

M V sin(<^-f </)j) 

t\ Sin </) 2 cos <f> sin 6, »«( ' ^ ) 

^ M r 8in(<^-f<^i) 

^ Vq C08</)i 2 COS <f> Sin <^^ in^«-^ — ^^ ^j 

'^i" V~~ sin(<^ + <^i) ^ 



where <^i = arcsin ( -^ sin </> j 



m 



\ 
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Case n. ; The Electric OsciUatlona in jy-Plaae.— Here 

and our fuiidnuieiital equations (2) evidently assume the form 

Md.„ iim^n Miyjq it, „,, 

v,T:t • sTi • 1, dr ii dy- ' ' 

the first two of which give 

«-/J-0, (2-2) 

that 18, the accompanying magnetic oscillations are taking place at 
right angles to the jy-plane or to the electric oacillations. 

By formula (22) our fundamental equations (1) then aaaimie the form 
DdP^^dy DdQ^dy 

Vg dl Sg' Pu dt dx 

As above, we can now repreBcnt the electric force acting in the 
incident electric wavee by the function 

he y " I, 

where h denotes its resultant amplitude (in the a^plane). Its com- 
ponent forces, P and Q parallel to the x and y-axee respectively, wtII 
then be 

^-»»°*'*" • '\ (23) 

e-ioo.*. I • I] 

Similarly, the component forces acting in the reflected and refracted 
electrie waves will have the form 

i- = J'sinf«'''('-'''"*^'™*)1 

/ >.d.lf'+.CO.f \ i ^- ' 

l3'=-fCOB<^V^ " '] 

(cf. Fig. 32, where oscillations of the incident and reflected waves 
correepondiug to the given case are represented graphically by arrows) 
and 

A = 6>«inV^ " U (35) 

Oi=ft,cosv^^ '. n 

where b' and b^ denote the resultant amplitudes in the reflected and 
refracted waves respectively ; as in case I., h', h^, ^', i/>j, tf and %\ are to 
be regarded here as unknown and to be sought. 

To determine the magnetic forces acting in the incident, reflected 
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ami refracted waves, we roploiie the Fa and Q'a by their values (23), 
(24) and (25) respectively in fonnulae (In), and we have 

^bsiiiiitte'^'^ '" '''~"™ *)^ _iiy 
% ~ '¥ 

I. 1.1, ff>ln#-i«Hi#\ , 

v^ dx 

and §iniilar equations for the reflected and refracted waves; these 
integrated give one and tlio same value for y, namely, 



y and y, : 



find the following expreasiotiH for 
y = -hiSe ^ ' ' 

£>. in{.^*-^^^iiif^') 
yi = „-Vi'' ^ ' ' 

the above i 



Lastly, replace the Fo, Q'a and y' 
e(iualion (2b), and 



;•{•' ""*:'-'' ). tfoj^ 



^(^^^•j^y, 



,.(,- 



I the lost 



vith similar relations for the reflected and refracted waves, which gives 



DM' 



the same relatione (12) and (12A) as those found in case I. By these 
relations, we can now write the magnetic forces (:26) in the form 



V the 






'■■■'■B7.' 



,,.(,. 






..(27) 



the form in which the magnetic forces appeared in case I (cf. for- 
mulae (II)). 
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The Surface CenditionB and the Lavs of Beflectioii and Be&ac- 

tion. — For the given case our surfaec-conilitione (3) assume the form 

..-.•-ft./J.-o, r..'„ I <"" 

or eitplicitly D,P,.BP + DF, «,-« + «■ 1 ,3^.. 

y,-y+7' J 

Replace here the P'a, Q'a and y'a liy their values on the given 
dividing surface, x = 0, and we have 

iJl^t^^\ iJi-'-^^) iJ,^>£R*L\\ 

ilj6,Bin</^« ^ -^ f-DbBiBi>e ^ ' '+Db'^jii,'e ^ • ■', 

fc,cOHV" " ' = &coa^<! ^ • ^-i'co8*> ^ " ' ,-.(28) 

where we have put t/ = p (cf. above and formula (12a)). 

Ab in caae I., the following relation must now evidently hold, if 
these surface-conditions (28) are to be satisfied : 
HJn _ sin ^' _ sin •fl^ 

the same relation between the ifa and the <^'3 as that (14) found in the 
preceding case. The same considerations as those above, and hence 
the same familiar laws will, therefore, also hold hero. 
Determination of Amplitudes of Beflected and Beflr&cted Waves. — 

As above, to determine the further relations that must hold between 

the different quantities, in order that the surface-conditions (28) may 

bo satisfied, we write the same by relation (14) in the simpler form 

i>,?,, sin -j., = (Db + Dl/) sin ^ 

h^ cos i^j = (i - b') cos <^, 

and -f = -^— . 

By formulae (12) and (14) (cf. above), it is evident that the first and 
last of these conditions are identical and can be written in the form 



Upon the assumption of the validity of the givcu surface -conditions, 
which may he replaced by the two simpler ones 
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we can now detennino the unknown quantities h' and \, the amplitudes 
of the resultant electric forces acting in the reflected and refracted 
waves reapectively, as ftinctiona of known or given quantities. On 
the elimination first of b^ and thon of b' from those two conditional 
equations, we find the following values for b' and A, respectively ; 






^/ flin^coBi;&-si 
Xsin •^ COB 1^ + si 



= h-. 






^ tan(^ -<^,) 
tan(* + ^'i)'' 
2 cos 1^ sin 1 



-(29) 



..(30) 



nqbcoa<^ + 8in^[Coa^, sin(^ + ^j)cos(^- ^,) 
The Reflected and Beftacted Waves and the accompanjdtig Magnetic 
onefl.— By formnluo (iit) and (30), the i 



waves, to which the incident 
by the oomponent forces 

,„ , . , tan (i - 



md retracted electric 
J (23) give rise, will lie ropresente 



)'■(- 



, ,tftn(*-^,) '■('- 
^tan(0 + <^) 

2 COS 1^ sin'-^j 
'Bin(^ + ^)eoa(0-^,)'^ 

COS sin 2^ 



■■■(- 



■♦•) 



reBpeclivaiy, and the aocompanyiug i 
forcea 



..(3l> 



lagnatic waves by the comi>onent 



?..'■(- 



^) 



Mv tan (^4-^,) 
I'o 2 coa ^ ain <^, ' 



whei 



„„(%„„). 



The Oeneral Case : The Oscillations make an Arbitnuy Angle 
with Plane of Incidence.- — It is easy to derive from the two par- 
ticular cases I. and II. just examinofl the formulae that will hold for 
the genenij case, whore the electric oscillations (in the incident waves) 
make an arbitrary angle with the plane of incidence (the xy-plane); 
if wo denote this angle by and the (resultant) amplitude of thft 
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electric force acting in the incident waves by J, we can then resolTC 
that force into two, one at right angles to the plane of incidence, 
and the other m that plane; the component oscillation at right angles 
U> the plane of incidence will then evidently be reflected and refracted 
according to formulae (14), (18) and (19) of case I., and that in the 
plane of incidence according to formulae (14), (29) and (30) of caae II. 
The forces acting in these component oscillations will evidently be re- 
presented by formulae (20), (21), (31) and (32), after we have put there 

a = Jsine, i = ^co8« (33) 

(cf. Ex. 1 at end of chapter). 

Reflection and Beftaction of EUipticall^ Polarized WaTes.^If the 
incident waves are ellipticalty polarized, we resolve the given elliptio 
oscillation (force) into two, one at right angles to the plane of in- 
cidence and the other in that plane, and treat each separately, as in 
the above general case ; the same formulae will then hold as in the 
general case, only the phases of the oscillations taking place in the 
plane of incidence and those at right angles to it will differ from 
one another according to the degree of elliptic polarization of the 
incident waves. It is evident that the reflected and refracted waves 
will also be elliptically polarized. 

Reflection and Beftaction : Foimnlae for tlie Moments. — Formulae 
(18), (19), (29) and (30) are known aa ■' Fresnel's reflection formulae " ; 
they enable ua to determine the amplitudes of the forces acting in the 
reflected and refracted waves from the form — amplitude, angle of 
incidence, et«.— of the incident waves. To obtain the amplitudes of the 
moments or oscillations themselves, we recall the relations that hold 
between the forces and the moments to which they give rise ; namely 
the latter are proportional to the product of the foi-mer and the 
constant of electric induction D of the medium (cf formulae (3) 
and (7), I.). In one and the same medium, the same formulae will, 
therefore, hold for the moments as for the forces ; of the above formulae, 
(18) and (29) will, therefore, remain unaltered for the momenta, provided 
the u's and i's denote there the amplitudes of the respective component 
moments, whereas the other two formulae, (19) and (30), will evidently 
assume the form 

Att iir 2 COB ^ain 0, 1 

' ^^ ^' l /^±\ 

2 COB 1^ sin <^ 



2\-'" iJ"-ain(* + <^Ocos(*-.^,) J 
where the index m denotes that the amplitude to be taken is that of 
the moment or oscillation itself. 
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By formulae (13) these formulae (3-1) can now bo written 

w* II- ^onactHind. 

All-. 






■ 8in(<^ + ^,) 



or, by tho relation (H), 

_ sin^i^ 2coBi^ain^j ain<^ein2<^ 

"sin*^, sin(i^ + i/>j) "• sin <^i Bin(J+^ 

and 



....(34 A) 



■" Bin c^i Bin(^ + ^i)coa(^ - ^i) 
Perpendicular Incidence.^ Let iia, tiext, examine tho particular case, 
where the incident waves atriko the rellecting surface at right angles, 
that is, where 

<(. = ^' = ^i = (35) 

(c£. formuIii(U)). 

Here foi-mulae (18), (19), (29) and (30) aaanrao the indeterminate 
a;_a,_i'_fi,_0 
a a h b 0' 
and cannot, therefore, be employed in the above form. To determine 
the real values of these four quotients for this limiting case, we write 
the given formulae in the form 

Giui/> 

- .— r- cos '|^^ - cos ^ 



form 



L 



.In* 
.in^,, 


co.*, + co 


s* 


.in* 
•in*, 


COB *i + COS * 


.in* 
.in *, 


COB * - COS 


*, 


.in* 
•in* 


C0S* + CO 
2 COB* 


■/•l 



repkce here . , ■ by its value — from relation (14), then put 
^ = ^j = 0, and we find 
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It follows from these formulae that for v>Vj not oaly a', the amplitude 
of the reflected waves at right angles to the plane of incidence, but also 
6'( - b'), their amplitude in that plane, will be oppositely directed to the 
respective component amplitudes a and b of the incident waves ; that 
b'( — b') 19 here oppositely directed to i is evident from the general 
expressions (24) for F and Q', which for perpendicular incidence 

reduce to F = 0, q= -fcV"^'"^) (ef. also Fig. 32). It thus follows 
that the reflected waves will interfere (partially) with the incident 
ones, the resultant waves approaching in form stationary waves 
(cf. pp. 13 and 14), as the expressions for the component amplitudes 
a' and V of the reflected wai'es approach in value those a and b of the 
incident waves ; this limiting case could not well be realized, since then 
- would have to be infinitely large, that is, the incident waves would 
have to be totally reflected, undergoing no change in amplitude upon 
reflection. The resultant waves will, therefore, be (only partially) 
stationary, their first (partial) node lying on the reflecting surface. 

The Angle of Polarization and Common Light. — It is evident from 
formulae (36) and the general ones (18) and (19) that, when the os- 
cillations in the incident electric waves are taking place at right angles 
to the plane of incidence, the reflected waves can never be entirely 
extinguished, even when the incident waves strike the reflecting 
surface at right angles. On the other hand, it follows from formula 
(29) that, when the oscillations in the incident waves are taking place 
in the plane of incidence, the reflected waves will be entirely extin- 
guished, when the angle of incidence ^ is so chosen that 

*-)-^i = x/2, (37) 

for then tan(^ + i^,) becomes infinite and b' vanishes. When ordinary 
(non-polarized) tight strikes a reflecting surface at this particular 
angle of incidence, the reflected waves will, therefore, contain os- 
cillations that are taking place only at right angles to the plane of 
incidence, the component oscillations in the plane of incidence being 
entirely extinguished, that is, the reflected waves will be linearly 
polarized ; the particular angle of incidence, for which incident waves 
become linearly polarized upon reflection, is thus known as the 
" angle of polarization." A glance at Fig. 32 shows that the angle of 
polarization is thereby determined that the directions of propagation 
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of the reflected and the refracted waves make a, right angle with onsi 
another (cf, formula (37)). For the angle of polarization formula (16) fl 
evidently assumes the form tan i^ = — = n^n (cf. fonniila (37) ), which U ■ I 
known as Brewster's Law and states that the angle of polarization is 
that angle of incidence whose tangent is given by the index of 
refraction n,,, of the two media. Since the index of refraction fioj 
depends on the relative constitution of the two media in question, the 
angle of polarization will vary for different media. 

Tlie Oeneral Cue ; Detenniiuition of the Planes of Oscillation of 
the Beflected and Befmcted Waves.— Acconiing to Frcanel's theory, 
the plane of piilariKatton makes an angle of 90" with the plane of 
oscillation ; if the plane of oscillation of the incident electric waves 
makes an arbitrary angle 6 with the plane of incidence, then their plane 
of polarization will make the angle 90° + ^ with that plane. Let ne 
first determine the planes of oscillation of the reflected and refracted 
waves, to which piano waves incident at the angle </> and whose 
oscillations make an arbitrary angle with the plane of incidence, the 
ly-plane, give rise. For this purpose, we resolve the given incident 
oscillations (forces) * into the two component ones 

at right angles to the plane of incidence and 

along that plane. By formulae (1«), (19), (29) and (30), these c 
ponent oscillations (forces), upon striking the reflecting surface, 
now give rise to the following reflected and refracted ones ; 

A nin P '''"<'^ - *.) ;"('-~*t'-^) 1 
8in(* + *,)'^ 

■,,.o^g tan(j.-.^.) ^.-('-'- 
tan(i^ + ^i) 
the components of the reflected waves, and 

. . _2coaiisin<6, *"(' 
iin(<(. + <^) 
, -, 2 cos 4 sin*, '■('- 

sin(* + *,)co8(*-<^,) 
the components of the refracted waves. 

■ *o shall ofloii refer I 



wUl 
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'e can now write the resultant roflecled and 
,vea ill the form 



On the other hand, 
the resultant refracted 

A'e ^ 'I and ^[S '' 

respectively, where A' and A^ shall denote their resultant amplitudes. 
If we denote the angles these (resultant) oscillationa make with the 
plane of incidence, the jj-plane, by ff and 8^ respectively, we can then 
replace them by their component oscillations at right angles to anil 
along that plans, namely 

A-5m6-e ^ • > 

and A'cosS'e ' ■> / respectively, 

the components of the reflected oscillations, and 

^iSinV ^ '' ' 

.1, »»ln*|-in«^ i\ 

and ^[Cosfl,!! ' "' 'respectively, 

the components of the refracted oscillations ; here A', Ai, 9', 0^ are to 

be regarded as unknown and to bo sought. 

On comparing these last expressions with the given ones (38) and 
(39) for the component-oscillations in question, we must evidently put 



Bin(<;>-^i) 
sin(i^ + <^J 

tan (* + *,) 



A'siB6'= -^ sin e 



AiSin6j = A sinO 



A,cobO.=Acob6 



..(40) 



in(* + ^,)cos(*-^i) 
which give the following values for the angles or planes of oscillation 
ff and ^j of the reflected and refracted waves respectively : 

cos(<i. + ^,) [ (41) 

tanei = tantfcos(.^-^j) J 
BotatioD of Plane of Polarization. — By formulae (41) the plane of 
oscillation of the above incident waves is rotated through given angles 
both upon reflection and upon refraction. iSince now the plane of 
polarization, according to FresncI, makes a right angle with the plane 
of oscdiation, the planes of polarization of the reflected and refracted 
waves will make the angles 90 4- 0' and 90 + 6, respectively with the 
plane of incidence, where ff and fl,, the planes of oscillation, are 
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detennined by the formulao (41). If we denote the angles which 
the p)anes of polarization of the incident reflectetl and refracted waves 
make with the plane of incidence by 9, 9' and 9, respootively, we 
find the following formulae for the determination of the two latter : 
cob(^ + ^J 1 



= tan(9O° + 0') = 
I cr 



'tan^ tanec08(^-^i) 



iflf*+^^ 



-tan9' 



C03(i^-*,) 



tan(e-9()°)co8(.(.-<^,) 
and similarly tan9j = tan9aec(^ - f/i,) j 

These two formulae give the following relation between 9' and B, : 

tan 9'^ -tan9,coa(* + 0,) (42) 

Summary. — It follows from the above formulao : 

1. If <|b + r/., = 90", then 9' = 0, that is, if the incident waves strike 
the reflecting surface at the angle of polarization (cf. formula (37)), 
the reflected waves will bo polarized in the plane of incidence (cf. also 
Exs. .S and 5 at end of chapter). 

3. For(^+'/.i)<90",cos(i^+-^[)<cos(<^-i^i).and hence tan9'<-tan9, 
that is, as <(> increases from zero, 9' will decrease in absolute value 
until (^ + 0,)-9O°, where it will vanish (cf. I); for ^^|. + <^,^)>9Q°, 
co3(0 + ^,) will, in general, assume small negative values in com- 
parison to large positive ones assumed by cositl- "t>i)< and hence 
tan 9' < tan 9. 9' will, therefore, bo smaller than 9, or the effect of 
reflection will be to bring the plane of polarization of the reflected waves 
nearer to the plane of incidence, the two coinciding, when the angle of 
incidence becomes that of polarization (cf. also Ex. 6 at end of chapter). 

3. sec(i^-i^i)>t for all values of <fi, and hence tanei>tan9, that 
is, the efTect of refraction is to remove the plane of polarization 
further from the plane of incidence (cf. also Ex. 7 at end of chapter). 

The AmpUtndea of the Reflected and Eefhicted Waves. — Formulae 
(40) give the following exprcsaiona for the rcnultunt amplitudes of the 
reflected and refracted waves (38) and (39) respectively : 

'":!t-t'!+co-«'"';-i^1 

...i/j , J . tau^(^-K(i,)J 



...(43) 
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(of, Ex. 1 at end of chapter), or, in lernis of 6 ; 

;■■/ . -^"(^-"^"^J (43A) 

and ^/,2 = *^2xHa'+7')'^ h ■*■ «n'»t*n«{* - *i)] I 

Total B«flection.— If the velocity of propagation in the first medium 
or that of the incident waves is smaller than that of (the refracted) 
waves transmitted through the second medium 1 (cf. Fig. 32), and, if 
the angle of incidence is taken sufficiently largo, nearly equal to 90°, 
no waves will enter the second medium, but all will be reflected back 
into the first ; this familiar phenomenon is thus known as " total 
reflection." 

For D<i', formula (14) then gives 

sin 1^1 = — sin <f> = 



" [. («) 

where N=- — < I I 

if now sin^>iV, sim^, will be larger than unity, which is evidently 
oidy possible when ^, is a complex quantity (cf. below), that is, no 
waves will ent«r the second medium, but all will be reflected back 
into the first, as confirmed by observation. Let us now examine the 
form assumed by the formulae of partial reflection for the particular 
case of total reflection ; for this purpose we shall first consider 
here as above the two particular cases where the incident electric 
oscillations take place at right angles to and in the plane of incidence. 

Case I. : The Incident (Electric) Oscillations at ± to Flajie of 
Incidence. — Here the amplitudes of the reflected and refracted waves 
were given by formulae (18) and (19); these formulae must now 
hold, when we replace there sin ^^ and cob ^, by their values for total 
reflection, namely 

™*,-E=* (46) 



"*.=V'-"f*- 



We can regard sin^j aa replaced by the real quantity — i^ - >\ ; 
cos ^, is imaginary, since ■ ^^ - is here larger than unity ; wo shall, 
therefore, write it in the form 



s^.V 



N' 



-1 (46) 
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where i = -/^\ is the imaginary unit; the quantity under the square 
root-aign then becomes positive. 

Replace sin q^, atid cos<^, by their values (45) and (46) in formulae 
(18) and (19), and we have 



and 



that is, the amplitudes of the reflect«d and refracted waves are here com- 
plex quantities, whereas that of the incident waves is real, (implex 
quantities as ampliiudes can now have no physical meaning, but as 
expressions for the qvanlilifs a and a^ we should be able to interpret 
them physically. We have now obtained the expressions (47) on the 
assumption that the incident waves underwent no change in phase 
either upon reflection or upon refraction ; the fact that the resulting 
expressions for a' and it, are here complex would now suggest the 
incorrectness of that assumption or, on the other baud, that these 
expressions contain, in fact, changes in phase at the reflecting surface, 
for the formulae themselves must be valid as such, since they 
follow directly from our surface conditions ; in which case we should 
be able to write the expressions (47) for a' and a, in some such form as 



i 



.„d a,.a,-.) <*«> 

(cf. formulae (10)), where d', d, and 8*, S, are real quantities, the former 
denoting the amplitudes and the latter the changes in phase sought. 
The component electric forces If and /(, acting in the reflected and 
refracted waves would then evidently be given by the expressions 

and Ji, = a,e^ "' '' 

(cf. formulae (10)). 

Formulae (47) and (iS) give now the two following equations for 
the determination of the quantities a, d^ and S", Sj sought : 

aV + cos 2^ . 2 cos ^sin^^ - N\ 
and 



-*^=a 



'2 008*^ .2co8^ain*^-iV^\ 



/2 oos'd 



1-JV* 



= a' (cos «5' - i sin nS") 
= d,(cosn5,-iBinnfi,), 



mm 
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or, since the real and imaginary parU respectively of each equutiou 
must be equal, the four following equations : 
jVs + co82*_ 



2acoa^ain^<f»-JV' 



= a 008 iiff, 



2 eoa'^ _ 
2ffl cos ^sin^^ -N'^_ 



ii sin nSj ; 



which evidently give 



and 



2eos.K 


'sin^.^- 


JVi* 


JV« + cos2* 




VsiiiV - 


-N^ 





2(1 cos <!> 

'■"Vi-iv^ '" cos.^ ; 

The Lav of Befraction for Total Reflection. — The first two formulae 
(49) state that the incident waves undergo a change in phase but none 
in amplitude and hence in intensity upon reflection. To determine 
the bebaviour of the refracted waves in the dividing surface or film — 
they cannot enter the second medium, since "/i, is never less than 90° — 
we first examine the form assumed here hy the law of refraction (14), 



That this law may be satisfied for total reflection, sin <^, must be larger 
than unity ; this is now only possible, when the angle <Ji, is complex ; 
let UB, therefore, imagine it as replaced by the complex angle ^ + ii^i, 
and we have 



.(!.<*,)= 



i i-p^ + cos ^ sin i^i = cos ifft^, 
which can also be written in the exponential form 

(50) 



-(^.-^) 



e*. + e- 



an expression that evidently assumes all values between I and oo for 
real values of i/i,. For any given case of total reflection, that is, 
for given v, v^ and i^ we can thus imagine the angle of refraction as 

•Strictly speaking, *, and r, denote tha angle of incidence and the velocity of 
propagation reapectively ailhin the dividing ^Im. 
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repla«;ed by the complex angle ^ + i<^i, where <f>i ia to be determined 
as a function of v, v, and ^ by the formula 

«*i+(i-*.= "''l6in</.; (51) 

in which case the above law of refraction will be satisfied. 
Direct Method of Treatment of OiTen Problem on Total Reflection.— 

On writing the angle of reflection for total rollection in the form 
j^+i<l>j, where ^| is to be detcrrainod by formula (50), we could 
evidently treat the above case of total reflection similarly to that of 
partial reflection (cf. pp. 2()8-372), and we should obtain the sumo 
formulae as those deduced by the above indirect method of treatment 
(cf. pp. 283-285) ; as this method is instructive, throwing light on the 
behaviour of the refracted waves in the diWding film, we shall examine 
it briefly here. 

For the given case of total reflection we evidently have 

B = ae \ ' I, 

R = a-t^ •> I 

(cf. formulae (9) and (10)), whereas £,, according to the above, is to 
be written in the form 

r y ri p (f/a+ifr)- 1 cMt./tt ^,) -] 

ii, = ai<! L " -'■ 

co8(ir/2 + !*,)= ±^/l-BinV/2 + l■if'I)= +iVsin*(ir/2 + i0,)- 1, 
where the expression under the last square-root sign ia evidently 
a real quantity, wo can write the expression for R^ in the form 






...(62) 

The positive sign must evidently bo chosen before the square-root 
sign in the last factor of this expression, for, otherwise, the further 
we receded from the first medium into the dividing film, where a; is to 
be taken negative, the greater would be the force acting B^. H^ must, 
therefore, be written 






R^^a^t L 'I J« ^ (59a) 

Rapid Diaappeaiance of Re&acted Waves within Film. — Within the 

dividing tihn at the distanci.i A,, the witvc-lungth of the given waves. 
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from the boundary of the first niBdium, that ia, for j:= - A.,, the last 
factor of the expresBion (52a) for A, would assume the value 



■, by formulae (5), (50) and (51), 



-airV^ 




which is evidently small. As we receded further into the dividing film, 
this factor would now decrease rapidJy in value, that is, the force R^ 
would vanish and the refracted waves thus be extinguished almost 
immediately. 

Determination of the Amplitudes and diangeB in Phase of tlie 
Reflected and Refracted Waves.^ — To obtain the foi-mulae for total 
reflection by the given method, we make use, us above in the case of 
partial reflection, of our surface-conditions ; these are s'veu by formulae 
{3a'), where fl,, Bj and ySj are to be replaced by their values for the 
given case of total reflection. Wo obtain the values for a, and /S^, on 
replacing, as above in the expression for h^ for partial reflection, the 
angle tPi by the complex angle 7r/2+i^, in the former expressions 
(cf. formulae (U)) for those component-forces, Replace the It's, a*s 
and P'a by their values in the surface^onditiona (3a'), and we have on 
the dividing surface (x = 0) 






8in<i iii(i-'^*^ sin4' i"(i ■ "^*' ) 



These conditions can now evidently be satisfied only when 
sin </. sin ■^• _ai ii(>r/2-fi.^) . 



,..(54) 



hence, by formulae (12), which also hold here, 
*' = .^ («' = «). 
The conditions themselves then reduce to the following : the first 
two both to <h = " 

and the third to a, ■■ ^■- ^'-' 



= (a-oV 



^ 
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That theee two coriditiotjal equations may be Batiafied, the quantities 
a' and a^ muat be determined by the same ; they evideDtly give 

and a pos'^ , cob( t/2 -t-i.^ ,)! coej. 

'L " "i J « ' 

which can be written in the form 

XDOi-j, ,V 6in^<ir/2 + i^ ,)-]-|_^rcoB.f. ^ ^.s/ai n'(T/2 + i^,)-n i 

and , (55) 

[coH* . v/Bin'(ir/3 + '■J 'l)-!"] ^ >)a ^"^ ^ 
••"L " "' r, "" J " " j 

whore the expression under the square-root aigna is positive. 

Of the equations (55) the former for the determination of the quantity 
a' has now the form 

a' (cos lu' - i sin w') = a (coa u' -f t sin (n'). 

Since the real and the imaginary terms respectively of this equation 
must be equal to the reapective ones of the above conditional 
equation for a', we have 

co8<i , , %/Bin'(ir/2 + i*,) - 1 

— ~ = COB a> and '-^ ^ = sin lu ; 

from which u' is determined by the formula 

r, coa* ' ' 

We can, therefore, ivrito the former equation (55) [or a' in the form 

or a' = (M='"' {67) 

where w' Is determined by formula (56). 
By formula (57) and the conditional e<iuatiou 

we can write the quantity Oj in the form 

a, = a(l+e*'"') = (fe*^', (58) 

where'rt and wj denote the amplitude and change in phase respectively 
of the refnictcd force. To determine A and w, in terms of a and a', 
we write this equation between the same explicitly 
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and we thus have tbe two equations 

an<l a ein Hai = a sin 2U] , 

which give 



Bin 2u' 



1 + COS 2(u' 

and (i- = 2a^(l+co8 2iu') = 4o-co8V, 

or, if we replace here ui' by ita value (56), 






and 



t3(ft 

2a COS <^ 



^COS=,^+J^[8ill^W2+i0,)-l]] 



We observe that these formulae for the refracted waves and the above 
(D6) and (57) for the reflected ones arc identical to those {49) found 
by the former indirect method ; to obtain the latter we replace here 
t/r, and ain(7r/3 + t^j) by their values, the nuautitios N and -"]!*- 

respectively employed in the previous method ; the changes in phase 
2iu and 2iUj here are the US' and nfi, of formulae (49). 

Case II.: The Incident (Electric) OBcill&tions in Plane of lucidenca — 
The treatment of this case is similar to that of case I. 

By formolae (45) and (46), formulae (29) aud (30), which hold for 
partial refiection, will aeaume here the form 



, sin <^ c( 



iifssii.j. 



1^ cos 1^ + ain <(ij cos ^^ 



i /8it.^* 



+ sin^'^J 



r jy°(JV^co6V + l)-sin°^ - 2JV^coB ^sin> - A 
l3V«(^"^cos4-l) + 8m''^~'jV'»(iVW.^-l) " 



26 C08 ^ sin '/i, 



ni^,cos<>, 
JV'cos*!^ 



^■iViP"" 



L.i\"(iV^cos>^-l +BinV*iV^(7V«c 



iVcos ^s/sin-^ - A'- 



s/sin-> - A'- 1 



- (60) 



Since these expressions for the amplitudes are complex onee, we 
must abandon here, aa in case I., the assumption of no change in phase 
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on tho dividing nurface, and thuB write the expressionB for the 
quantities h' and h^ in the form 

where b\ \ and nf^, n(^ shall denote the amplitudes and changes in 
phase respectively sought. 

By formulae (60) and (61) we have then the two following equations 
for the determination of the quantities //, b^^ n^, n^^ : 

/ ' - / r^(^^ «*>8^* + 1 ) - 8>n^* _ • 2i^2 cos <^ x /si n^PlV^ 1 
INHN^ co8«* - 1 ) + 8in^<^ * N'^iN'^ cos2«/» - 1 ) + sin-'i^ J 

= b' (cos nf - i sin n^) 

\ h ^aT N^cob^ . iVcos</»x/8in2</»"-i\r2_-| 

» ' LA^'^ {^'^ cos-^i^ - 1 ) + sin«</> " * NHN^ co»'4> - 1 ) + 8in*^<^ J 

= Sj (cos Tifi - i sin wfj), 

or, on separating the real and the imaginary terms, the four equations : 

, N^N^ cos2</» + 1 ) - sin2<^ , , ^ 

tyA; xfo — TJ — ?T — '-5? = ^ cosnf^, 

N^(N^ cos^^ - 1 ) + sin^^ * ' 

2bN^ COB <t> Jbiii^ - N^ p • v 
^ ^ = 6 sin nf^, 



....(62) 



JV»(iV^''*cos-'</)-l) + sin2<^ 

2^^^ cos«<^ X . 

26iVcos<^N/sin'-*^]^« _^^ . . 
W(~m'coB^4> - 1) + 8iS2<^ "■ ^1 ®'" ""^^^ 

wmcn «ve 0=0, tan 7?r = -ir.mrr.7 — r,-, — rr ^— oy 

b 2 hNcoB <t> jBJn^ - N^ 

^'^>jN^(N^^^'^'-i)-¥Bin^4: "''^'" iV2co8<^ 

The first two formulae state that the incident waves undergo a 
change in phase n(* but none in amplitude upon reflection. 

Direct Method of Treatment of Oiven Case. — I^astly, let us treat 
the given problem by the direct method applied above to case I. 
Here the component electric forces P, Q, P', Q will be given by for- 
mulae (23) and (24) {R = R^O\ whereas, according to the given 
method, the expressions for the component forces P^, Q^ {R^ = 0) will 
have to be written in the form 

P^ - 61 sin (7r/2 + 1<^,) ^L "V, J, 

r yiin(ir/2-H>i)-xco«(ir/2-H»i n 

C,-6iC08(W2 + t<^,)« L" n J, 
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= 6iSin(jr/2 + i>i) 



r »dn(»/a+i*,n 

r |,da(«;a+i^n ^ 

Ol = 6l cos (n-/2 + »>i) e L •! J(«v'.ina(,/2+i#,)-l 

(cf. p. 286) ; from which it ia evident that hoth P^ and Q^ will vanish 
at a very Hhoi-t distance within the dividing film, that is, the refracted 
waves will be extinguished here, as in case I., almost immediately 
(cf. [,. 2«7). 

Determination of the Amplitndes and GhauKes in Phase of the 
Beflected and Be&acted Waves. — To obtain the formulae for the 
amplitudes and the changes in phase after incidence, we replace 
the Pa, Q'&, and -y's by their values in the surface-conditions (3b'), 
and we have on the dividing surface {i- = Q) 

Z>,ft|Sin(ff/2 + t"i^,)« L "1 J 

iJ. »<^* \ 
= Z>6Bin^ ^ " l-^DI'B 

r y.1n(Tn!-K*in 
6,COB(7r/2 4-iqb,)e L •' J 

infr '"'°* ) 

*■ ■' ' - 6' eos <i 



I 



>./"[■ 



= 6 008 
yri o(w/a+« ti 



..(.-'-^) 



,n/i-tf^) 



"] 



,'-(-^*)+»:,'-('-'-^) 



(cf. formulae (27) for the values of the y's, where i^[ is t 
by rj2 + i<f>i in the expression for -/f). 

These conditions can evidently be satisfied only when 
sin 1^ _ sin <^' _ ain(T/2+t^) . 



be replaced 



..(63) 



..(64) 



hence, by formulae (13), <l>' = <t> («' = »); 
the conditions themselves then reduce to 

Djb, 8in(fl-/2 + i>i) = (6 + 6')/) ain ^, \ 
6, co8(ir/3 +»^) = (b~ 6') cos ^ I 



By formulae (12) and (63) the first and last of these conditional equa- 
tions will be found to be identical. That they may be satisRed, the 
quantities b' and 6, must be determined by the same ; they evidently give 

6'[Beos^-HJ,co3(T/2 + »^)] = i[ecoe'^-«,cos(n-/2 + ii^i)] 
and 6,[iJCOs + t!iC0s(>r/2 +i4>i)] = 2&WiCOs 4>, 
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or 



f/[vcon<f»- iv^'Jein^(ir/2 + i<ff^) - I J = ft [r co« </> + tr, Jm?(vl2 + i4>^ - 1 ] 

and 

ftj [r C08 <^ - Wjx/8in'^(7r/2 + i</>j) - 1] » 2ftt?jC08 <^, 
where the expresinon under the 8(|uarc-r<X)t Hi'gns is positive (cf. p. 284). 

The equation for V has now the form 

6' (cos x' - i 81" X ) = ^(cos x' + * sin x) 
or y = />«2«V, (65) 

where x' is to be determined from the two equations 

t^cos^ = cosx' and t?,N/8in'^(7r/2 + t</»- l) = 8inx'; 

, _ ^1 N/sin'''(7r/2 + t<^j) - 1 
V cos <^ 

To obtain h^ in the form ftj = h^e^%, 

we replace ft' by its value (65) in the last conditional equation (64), 
and we have 

ft, = ft ^'(1 +«•''<*') = V'^<x,, 

or explicitly 

ftt^i ( 1 + cos 2x' + i sin 2x') = fti«?(co8 2xi + 1 sin 2xx), 

hence ftt^i (1 + cos 2x') = \v cos 2xi 

and ftvjsin 2x = b^v sin 2xi ; 

which latter give 

sin 2x' 



which give 



tanx' 



(66) 



tan2xi 



1 + cos 2x' 



tanx' 



and 



o«^i 



ft,2-2ft^ij (l+cos2x')-4ft'^^Vco8''x ; 
lastly, replace here x' by its value (66), and we have 

tftn2v ^'b^^^l'^±^^^ 
^* V cos (f> 



and 



^ 

h--, 



2ftf,cos(/> 



I. 



(67) 



x/v2cos2^ + t;,2[8in*^(7i72 + i"<^i)- 1] , 

We observe that those and formulae (65) and (66) are identical to 
those (62) found by the previous method; vjv^ and sin(9r/2 + t<^i) are 

the quantities N and ^^^ respectively of formulae (62), whereas the 

changes in phase, the 2x's, were denoted there by the n^'s. 

The Ctoneral Case; the Beflected Waves Elliptically Polarized. — 
It follows from formulae (49), or (56) and (57), and (62), or (65) and (66), 
that incident waves undergo a change in phase but none in amplitude 
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upon total reflection and in both cases I. and II.; but this change iu phase 
is not the same in the two cases. If now the oscillations of the incident 
waves make an arbitrary angle with the plane of incidence, their two 
components at right angles to and in the plane of incidence will, there- 
fore, undergo difTerent changes in phase upon total reflection, and 
hence the reflected waves will, according to Chapter III,, be elliptically 
polarized. The ellipses described by these oscillations will evidently 
be determined here alone — aside from the angle 6 — by the difTerence 
between the changes in phase suffered by the two component oscilla- 
tions at the reflecting surface, sitice the amplitudes of those components 
undergo no change upon total reflection (cf, formulae (49) and (62)), 
Let U8 next derive the e.vpreseion for this difference between the 
changes in phase and then examine the paths or ellipses described by 
the oscillations of the reflected waves. 

Determination of tlie Difference in Phase between the Oomponent 
Befiected OsciUationfi. — By formulae (49) and (62), the dift'orence nA' 
between the changes in phase of the two components of any linearly 
polarized oscillation upon total reflection will be given by the expression 
«A' = «(C_S-) 

2Ar2cosWsinS</.-iV'3 , 2 cos .^Vsin*.^ - A"" 

= arctan .r^-rm l -; — i-r- — :—s-r - arctan - — -^^ ^-— -, 

JV^(V^''cos^* + l)-sm^^ JV^ + cos3i^ 

or, by the trigonometric formula 

arctan w — arctan v = arctan , , 

2 (jy^ - 1 )=sin'i.j. cos <t>Jsm^4. - JV' ) 



1 



nA' = arctan J [JV^ (JV^cos V + 1 ) - sin'^J 



■1- I ) - Bin'f)j > 

[m + cos 2^] + 4A"cosH(8in^<^ - Jf-)J 

=arctan [ 2(flr.-l)sin^.^cos WelH^?^^ I 
iN^N^cos^^ - I) +ain^0 + 2{N' - l)sin*^J 

/2 sin*t/> cos Wsin^i - N\ ,eo, 

\ JV%«-0 - sin-*!^ cos 2<^ / ^ ' 

By the trigonometric formula 

arctan it = arcsin -;—- — = arccos —. — ^, 

this difference in phase nA' can' also be expressed as an arcsine or arc- 
riisine, namely 



aA- = arcsin /2sinVc^ Wj o^^- ^^ 
V AT^eos^* - sin** / 



^JV*cos'i^ - ain'i^cos '2>lt\ 
iVtos't^ - sin V / 



'{" 
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Analytic Expressioiui for the Incident and Reflected Oscillationfl. — 

Let us represent the force acting in any incident electric wave by 

the function 

^ ^j„ ^^_y8in^-£C08^\ ^ggj 

where the oscillations are supposed to be taking place in any plane 6^ 
referred to the plane of incidence ; we are choosing the real part of the 
complex function employed above (cf. p. 280) in the ensuing investigi^ 
tions for simplicity. Since now the two components of oscillation, 
that at right angles to the plane of incidence and that in that plane, 
undergo only changes in phase upon total reflection, the respective 
component forces acting in the reflected wave will, therefore, be given 
by the expressions 



and 



A sin e sin n(t- ^^^^ ""^^ - S')" 



(70) 



where the changes in phase nS' and nf ' are to be replaced by their 
values from formulae (49) and (62). 




If we refer the component forces (70) to a system of rectangular co- 
ordinates 2^, y\ sff in which x' shall lie in the plane of incidence,, the 
o^-plane, and at right angles to the direction of propagation of 
the reflected wave, i/ be normal to that plane and / coincide with 
the direction of propagation of the reflected wave, as indicated in 
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the annexed figure, we can then write the component forces F, Q. R 
referred to this new syBtem of coordinatflB in the form 



(70a) 



In Figure 33 the y (:)-axia is normal to the k't' (a5)-plane, the plane 
of the paper, and is directed towards the reader ; AB la the projection 
of the plane of oscillation at any point P of the reflected wave upon 
the x'i' (a;y)-plane. 

Determination of Path of Oscillation in Bellected Wave. —To deter- 
mine the path of oacillutinn ut any point P of the reflected wave (70a), 
we must now ehminute the time / from the eiiuationa (70a) ; for this 
purpose we write the same explicitly, namely 

i* = ^coaffco8n(-+fJsin7i(-8inn(- + ^Jco8»/L 
«• = .4 sin tf Fcos « (^ + ff) sin Ti( - sin n (J + ff) COB n(1. 









./,.Jco.8co.«(-^ + f) 




..,.-.<c„..i„„(I + f) 




S,-^.iii»co.»(j+S-) 




B,. -y(.in»«in«(^<-S') 





..(72) 



5,)> 



On eluninating I from equations (71), we have 

(B^F - AflY*iB,F - A,gf-(.A,B^. A^l 
or {B^' + B,^)F' + (,A,' + Af)Cr'-HA,B^*A.B,)Pg 

-^A,B^-A,B^, 

the equation of an ellipse (cf. p. 83). 



r 



ELECTROMAnNKTIC THEORY OF LIGHT. 
8 of thifl equation, we find 



On evaluating the cocftici 



\ 



- 2 (^iB, + ^jBj) =. - 2A-^ Kill e C08 e Tcoa n ^^ + f ') cob " ( ^ + 3") 

..,„„(lc>.»(L)] 

= -2^=Bintfco8i'cosn(f -8')= -^"sinSffcosfti' 
and 

M„5i - ^iB^' - I - .<= sin e coa e [sin « (^ + f ) COB n (*^ + »■) 

= [A^ ain e cos ain n (C - f)]^ = -^^ ein^fl cos^fl Bin»ni'' 
The eqiifltion (73) of the path (ellipBo) of oacillftlion at any point of 
the i-efleote<l wave (70a) will, therefore, iiasume the definite form 

Hin'ffi*'3 + eos'e(?''-Bin2eco8nA'P'C = ^2 8in:'flco8«dsin2jiA', ...(75) 
whoro coan^' and sin nA' are to he replaced by their values from 
formula (68a). We obetirvo that the coefficients of F^ and Q^ aro 
functions only of the angle d and not of the difference in phase ni'. 

Transformation of Ellipse of Oscillation to its Principal Axes. — 
l^et us, next, transform the eipiation (75) of the ellipse of oscillation 
at any point of the reflected wave (70a) to its normal form 

as^'sr-' (") 

where F' and Q' shall denot« the component forces acting along its 
principal axes a and b respectively. For this purpose we make use of the 
same transformations as those employe<l in Chapter III., Exs. 20 and 21: 
We denote the new coordinate axes, the principal axes of the ellipae 
sought, in the zy plane, by u and v respectively, and the common angle 
these axes make with the x' and j/ axes respectively by u ; the follow- 
ing relations then hold lietween the component forces F, Q and F', Q'-. 
/'■ = i*"co9 6,-(?"8in«il 

g' = P"8inn. + ?'coBm/ '"' 

(cf. Fig. 33), where u is to I>e determined thereby, that the term (it« 
coefficient) F'i/' in the equation of the ellipse of oacilladon sought 
vanish (of. formula (70)). Keplace F and Q by those values (77) in 
the equation (75) of the ellipse of oscillation, and we have 
■in"* (/"■■' co8»<u - 2/^7/' sin <« cos «+ C'if 8in»a.) 

+ co8"#{/''^ sin'u + 2FQ' sin u cos u + C* cos^oj) 

- sin 29 COB nA' [ P'' sin lu cos <u + F'Q' (cos^w - sin^'iu) - Cf sin lu cos (*J 
-W'sin^ScosStfBin^ni', 




I 
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/''"(sin'fl cos-iu + co8^5 Bin-tti - sin 2S cos nA' sio mcoeut) 1 

+ Q^ (Bin^ fl Bin* (1) + coH^ tf COS* tu + ain 2fl cos iiA' siiiu) cos «j) 
- P'Q'[2 Biti'e Biu lu cos tt. ^ 2 cob^A Bin lu cos « I. (78) 

+ sin 2e COB 7iA'{coB-ui - Bin^ui)] 

= ^^Bin'ecoB8«8in2nA- J 

That the term F'Q' of this equation may vanish {cf. formula (76)), 
its coefficient must evidently vaniBh, that ib, 

+ 8in2tfco8nii'(co8*(i)-BinV) = 0, (79) 

or cos 29 sin 2™ -sin 2^ COB wi' COB 2(11=0, 

the equation for the determination of the angle (u ; 

which gives Ian2ui = tan20cosni', (79a) 

^ 1 _ ] ^ ^B 2^ ^ ■ 

^ 2 ^/c08*2fl + ain"29coa*nii' 
11 cos2fl 



und hence 



I 



4- Bin- 26* cos'' ni' 

MSttii' 



..(80) 



2 s/coB^29+Bin*2flcos*7»A' 
u'here the signs before the square-root signs have been so choBen, 
that the conditional equation (79) is satisfied. 

By formulae (80), we can now write the equation (78) of the ellipse 
of oscillation sought in the form 

p-j/l _ 1 co8«2# 1 sin«2flcoBSnA' -^ 



*«-'(5 



2 v'cos'Sfl + sin^aflcos^nA' 2 Vccffl^2"6i+8in*2fioo8*nA7 
1 1 cos=2ff I sin«2flcoa»RA' \ 



2 v/'co8^2f -t-sin»2tfcos3nA' 2 Vc08^2fl + Bin*2(*C0B*nA7 
= ^*8in''flcos*flain*nA' 

P'Hl - ^coa'20 + aiir^2tfcos^rt-i') + Q"-(.1+ -Jcosne + Bin^afcoa^ni')! 
= 2yf^8in^flcos°ff8in*«A' /' 

hence in the form (76) sought 

P"! on- 

2.^8in'Scos^Csin%iA' 



2vJ-'Bin-'f c^i^ 

1 -s^os^2fl + 8in^2flcos^n^' 1 + v/cos-29 + sin5 



qr- 



^'(1 +s/cos^2fl+8in*2gcoa''nA" ') ^s( 1- Vcos'2tf+Bin'2flcQB''nA') 
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The Be&acted Waves for Total Reflection. — We have seeu abora^ 
that for total veflectioti the rcfntcterl waves were extinguished almoflt 1 
immodiatcly upon their passage into the transition film, and in both f 
cases I. and II. ; in the general caae, where the oscillations of the 
incident waves make an arbitrary angle with the plane of incidence, 
the refracted waves will, therefore, also vanish within the film, so that 
their further examination becomes snpcrHiious. 

Approximate Validity of Beflection Formulae ; the Reflected Waves 
EUiptically Polarized for Angle of Polarization. —The formulae for 
partial roHection, (1H)-(43a), are eonlirmed moat approxiniativoly by 
experiment, except when the incident waves strike the reflecting surface 
at an angle equal or nearly equal to the angle of polarization, when the 
reflected waves are found to be more or less elliptically polarizeiL 
Brewster* first observed this phenomenon ; subsequently hia observa- 
tions were confirmed and stated in definite form by Airyt and then 
by Jamiii,! the latter examining a great number of solids (metals) and 
fluids. The deviation from the linear polarization was foiuid to depend 
not only on the reflecting surface employed but also on the condition 
of that surface, a polished or dirty siirfa<!e exhibiting a greater devia- 
tion from the linear polarization than a perfectly clean one. The 
explanation of this elliptic polarization is, therefore, evidently to be 
sought in the constitution of the reflecting surface or, as might be 
supposed, in the fact that the thickness of the transition film at the 
reflecting surface has an efloct on (the form of) the waves emitted from 
the same (cf. p. 301), On deducing the surface conditions employe<l 
above, we have now neglected this very thickness of the film and 
retained only terms of the null order of magnitude in that quantity. g 

Surface Conditions of Second Order of Approximation. — Let us now 
examine the problem of partial reflection and refraction on the 
assumption that the thickness of the transition film has an efloct 
on (the form of) the waves emitted from it. For this purpose 
we must first establish the surface conditions that will then hold. 
To obtain these conditions of the second order of approximation, 
we integrate our fundamental difierential equations (1) and (2) through 
the given' transition film in the direction of normal to same, here the 
Z-axis, and we have, on the assumption that M remain constant 
throughout the film (cf. p. 6 and foot-note p. 299), 

* Philot^uphKol Trwimctioitt. 1815, p. 125. 

t ,, ,, vol. i., p. 23; Biid Poggcudorf'B Amnlltn, lid. 

] Antiala der ehimie cl dt physique, iii. nrie, torn. xxix. bjxA xnxi. 
gCf. also Curry, T/iroiy iff Btteirieily aitd Maymtium, %-v., pp. 37-3B. 
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where the index or 1 denotes that the component force in question 
is to be taken on the right or left hand Bide respectively of the film, 
that is, in the medium or 1 respectively (uf. Fig. 33). 

According to the surface- conditions of the first order of approxi- 
mation (3a), the qiiantities DP, Q, R, a^ p, y remain approximately 
constant throughout the film, that is, they differ by qnautitiea of 
the order of magnitude of the thickness I of iho film in the two 
adjacent media. Wo can, therefore, put these quantities Itefore the 
sign of integration in the integrals of the eurface^onditions (82) 
sought, a.Baigning them the values assumed in either medium, and the 
values of the given terms, which are themselves of the first order of 
magnitude in /, will differ from the actual values by quantities of the 
second order, which we are rejectiog here. The first and fourth con- 
ditions then lead to identities, two of the differential equations (1) 
and (2) themselves, whereas the other four assume the form 



\ 



=%I- 



'.dtr 

«„ lit J 

To obtain the two romaining Burfaco^onclitions, 
conditional equations 

d, 



-^, + ii 
dp, I 



^d-,'-' 



)) + j-(M)-0 and J- + T+ ,-i-O (S3) 



'* Here, BS in the above and the following mveBtigationa, the conatuit of niag- 
ueCio inductioD M ie osaumed to remain constoJit thronghont the ~ 
that in, it is assnmed to have approi in lately one and the namt 
(trniiBpareDt) insutfttorB (crystals), aa uonGrmed by empirical facts. 
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in u similar manner tn the differential equations (1) and (2), and we find 

We obuiii the conditional equations (83) on ditTerontiating our 
fundamental equations (1) and (2) respectively, the first with reBjicct 
to X, the second to y and the third to s, and adding. 

Snr&ce Oonditiona for xy-Flane as FLuie of Incidence. — For plane 
waves propagated in the xy-plano (cf. p. 267) the above surfuco con- 
ditions will evidently assume the particular form 

TdQ. 



^v + i 



li,-ll*li 



dl 

pdll 
' '. '« 

IMfip, 
' ', ill 

lirdyj_ 
' ffl dt 



,d-. 



■'li 



ll,l',-£{Pi-P}-p' 



where the component forces arc to ho replaced by their values 
the dividing surface af = and 



i- *, 



Mr, 



'\% 



..(84a) 



/ denoting the thickiioM of tho film ; the component forces without 
dash or index (1) aro those acting in the incident waves and those with 
(loah or index (1) the forces acting in the reflected or refracted waves 
respuctivoly. 

Froblom on Reflection find Refraction. — As alwve, lot as examine 
hero tho two purticuliir casus, where the (incident) oscillations are 
titkiiig place either at right nrjglos Ui or in the plane of incidence. 

Cue L : Electric OacUlatlons at X to Plane of Incidence.^ Here 

(of. p. 268). If we represent tho electric force acting in tho incident 
waves in the form 
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those acting in the reflected and refracted 
evidently bo given by the functionB of the form 






R,. 



„„-(-'^ 




(of, formulae (10) and p. 284), where Tiff and nSj denot« the changes in 
phase of the reflected and refracted waves respectively, as they leave the 
film. Such changes in phase must evidently be introduced here, where 
we are employing surface conditioHB, in which the thickness of the transi- 
tion film cannot be neglected. On the other hand, it is easy to ahow 
that the given surface conditions can be satisfied only when such 
changes in phase are assumed (ef. below), a', Oj, nS and n8, are to be 
regarded here as unknown ; they are determined later from the surface 
conditions. 

Replace the B'b by their values (85) in formulae (2a), the 
particular form assumed here by our fundamental equations (2), 
and we find, on integrating the same with respect to /, the following 
expreesions for the component magnetic forces acting in the incident, 
reflect-ed and refracted waves respectively : 

.,- -fl, 'o sin »■»(,'- ) 

M V 



M ~ 

_ . *g Bin^ «^' — —; ^-*; 
M V 

I , /. * •in *i - 1 Kw 4i ,\ 



ft- 



'3f 



'Jf 



„j. ,.(.-•- 



(7-y-y,-o) 

For the given system of oscillations, namely electric ones at right 
angles to the plane of incidence and magnetic ones in that plane, our 
surface conditions (84) will evidently reduce to the following three : 
*Ct. foot-note, p. 299. 



302 



KLKCTROMACJNETIC THKORY OF FJGHT. 



(87) 



' »„ at 

1 dy 

Roplace here the component forces by their values on the given 
dividing surface, x=^0 (cf. formulae (85) and (86)), and we have 

M v^ M V 

/VaCOSO '"('-^— ;; *) • V »«(«- -r^^-^i) 

M V * r„ 



^....(S8) 



and a, — ^i c ^ "» ^ = a — ^ « ^ " ^ 

That these conditions may be satisfied for all values of y and /, the 

familiar relation 

sin <^, _ sin </>' _ sin <^ 



Vi 



r 



V 



(cf. p. 271) must evidently hold. By this relation the conditions 
themselves will evidently reduce to the following two : 

Vn cos 4>x / . • ' \ t'n cos <f» / ... V ' 

-a, ^ n (cos o),+tsin <!>,)= -a-^ -T- (cos ai + 1 sm ai) 



M V 

, Vn COS <f)' / r . ' • '\ • P / • • \ 

+ a' — zl(cosai +isin(»)) -vm, ^ (cosai, + isin(i),) 
M V ^0 

,Vft sin*</»/ ... V 

+ tna.1 -A — -— (cos 0), + 1 sm 01,) 

^ M v^ 
and aj (cos w, + i sin o)j) = a (cos w + » sin ai) + a' (cos w' + i sin w') 

I cos <bm / . . V 

+ tna^l — -Ol (cos Wj + 1 sin oij) 



s ...(89) 
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w..„ .=.(,-,.'.;*) 1 


I 


.•.»(,-r/-f).„(,-,si*_.).„_.. 


....(90) ^ 


— ('-■^-'.)=»(-»"-^-'.)=— . 




Separate the real aud imaginary parts in these two conditional 
equations (89), and wc have the following four in their place : 


- ^ § SSi „„.,_„ 1 2S* „„,. + „■ J ■i'l*: eo. .■ 




+ -,f.in.,-.»,ii'!5*.in.„ 




-°'*'^-'"""'--''S'^""" + ''l^"°"' 


. ...(91) 


-.«,«oo.., + «..J,™!*co... 


and (I, COS lu, = a cos (1) + a' cos ui' - nn, / ^ sin m,, 

n, sin lUj = a sin cu -(- a' ain u' + na, i — ^ coa u. 






Expand here lo' and ui, as functions of w and n5' aud rtSj respectively 


(cf- formulae (90)), and wo have 


-aij^(cosa.eo8«6, + sin«8in«3,)=-aj'i^cos.u 




+ aj^?^(co8<oco9n8' + sin^ainnB') 




-.a'i'--v^)<"™"»— V' 




^a,i'SA(.in.co..5.-o„s«in»S.). -J^""" 








, (92) 


^B <.,(to...o..S, + .i„..i„»!,) 




^^^V = a cog (UI -f (i'(cos lu COS n? + sin ui sin nS) 




^H -«<i,i!5!il(!ii.«cos»S,-oos-8inrf,l 




uid ai(3iniueoanSi-ooa<i>sinnS,) 




^^^ .a.in.. + i.-{siii»cos»S'-co.»sin««'> 




^^ft +»«,iS!il(oo».co.«S, + sin.Biii»S,) ^ 
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which we can write in the form 

Aii08ui= B ain u> \ 
Bco8iu= -A sitiu I 

Cco8«= ZJsiiii^ ' 

f>C08iu= - Csintu ] 

, . «n COB ^1 , v., COS lA , I'll COS i^' 

whore A= -a^'^ - ^cmnS^ + a-^ a -^ — — coi 



1 






/). - 



i.ainnSi+a'Binftff- 



■,i- 






I 



On eliminating w from the four conditional oquatioua (92a), we 

evidently find ^ = o, ii = 0, ("=0, = 0; (94) 

that the four conditional equations (92a) may be satiafied, the four 
coetficienta or exprosaione A, B, C and D muat, therefore, all vanish, 
that ia, the conditional etjuationa (93a) may Iw replaced by the simpler 
ones (94). 

The conditional equations (94) evidently autfice for the determina- 
tion of the four quantities a', a„ v&' and nS, soiight ; observe that these 
quantities are functions of the medium constants, the f's, the angle 
of incidence ^, the integrals I and p taken through the given film 
and n, the period of oscillation of the waves employed. 

ABBumption of CbanKes in Ph&ae at Sur^e demanded by Surface 
Oonditions. — It is evident from formulae (93) and (94) that, if we 
assume no changes in phase at the dividing surface, the surface con- 
ditions (87), etc., cannot be satisfied; for put it^ = n&^ = Q in the 
conditional equations (94), and wo have 



■'--"'i 



M 



— 0, 



C-o.-o-o'-O, 



i). -»,,,i'^.a.o, 

which evidently give a, = 0, 
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that is, the given wavca would not enter the second mediTim, but would 
be totally reflected at the dividing surface and for all angles of 
incidence i^, a result that is not confirmed by observation. 

Case n. : Electric OscillationE in Plane of Incidence— If wo repre- 
sent the electric force acting in the incident waves by the function 

ita components P, Q, H will be here 

P = b sin <^'" ^ ■ >■'"' ), 

Q = ft cos 1^ ^ '■ ', 

(cf. formulae (23)). As in case I., the component forces acting in the 
reflected and refracted electric waves will have to be written here, 
where the thickness of the transition film cannot be neglected, in 
the form . / tmint'+n™*' ^\ 

P' = i'8in^'e"'v- <.■ -^)^ 

q=-v cos .^■«*'"t' -'"'"*7™*-0, 

ff = 0, (tr' = r) 
(cf. formulae (24)) and 

. / y»lll»|-JCM« i \ 






Qr- 

/f, = 
respectively, where n(' and nf, denote the changes in phase of the 
reflected and refracted waves respectively, as they leave the film. 
As in case I., such changes in phase must be assumed here in order 
that the given surface conditions may be satisfied (cf- lielow). b', b^, nf 
and nfi are to be regarded here aa unknown and to be determined from 
the surface conditions. 

Replace the P's and Q'a by their above ezpressiocs in formulae (In), 
the particular form assumed here by our fundamental e(|uations (I), 
and we find j) j, /, _ 

■v = — bve ^ 




1 
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(cf. p. 274). The fundamental er|uationH (2b), which hold here, give 

and the familiar relations (12) between the velocities of propagation 
and the me^lium constants. 

By the relations (12) we can also write the magnetic forces (y, y' 
and yj) in the form 

(cf. formulae (27)). 

For the given system of oscillations, namely electric ones in the 
plane of incidence and magnetic ones at right angles to that plane, 
our surface conditions (84) will evidently reduce to the following three : 



ri-r+r 



fA dt 



'0 



I),P,.D(P^P)-p^-^. 

lieplace here the component forces by their values on the given 
dividing surface, and wo have 

Mv * Vj, * 

\coB(fi^e V "^ /=ftcos<^e ^ " ^ 

and IWHm<f>^e V t^ "/ = />68in<^ V ^ / 

* Cf. footnote, p. 209. 
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That these eonditiocu may bo satisfied for all values of y and /, the 
familiar relation 

ein 0, sin <^' ain ^ 




muBt hold. By this and the relations (12) the conditions tbemselvea 
will evidently roduM to the following (wo : 



b' f9- (cos w' + 1 Bin lu') + jni. 



and \ cos <^,(cob iu, + i sin tu,) = A cos 0{co8 u + ( sin w) 

- 6' cos </>' (cos w' + 1 sin u') - in6,i/p, (cos ^a^ + i eio u, ) 

+ iiAiqDjVj ?5^ (cos w, + 1 sin «>,), 
wh«, „.,.(l-?=*), 

.■.„(,.»=*■-{■).„.<, 

On separating the real and imaginary parts in these two conditional 
equations, we have the following four in their place : 



and ij cos <j>^ cos lUj = fi cos <f cob (u - b' cos ■^' cos lu' 

b^ COB 1^, sin m, = 6 cos •psinto - b' cob i^' sin (u' 

These conditional equations are similar in form to those (91 ) for ease 
I. ; on expanding ui' and lUj as functions of u and the f's and eliminating 
41, we find, therefore, dmiJar conditional equations to those (9i) for 
the preceding case, namely 
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6,^eoB<-6^-i'-^co9ni--«i, 



), ^ Bin nf, + 



Mv' 
6, c-oa c^, COS nf , - J cos ^ + 6' cos i^' cos nf 

- i, cos ^j sin 7i(i - b' coa i^' sin nf 

+ 7(6, ( jZ),('i 



cos^,sinflf, = 0, 
ni,-^co8i^iC0Bnf, =0, 



5*)c«.,.{,. 



1 



J 



L 



These conditional equations evidently suffice for the determination 
of the four quantities b', i,, nf and n^, sought ; observe that these 
quautities are functions of the medtum constants, the r's, the angle of 
incidence <li, the integrals I and j, and n, the period of oscillation of the 
waves employed. On the assumption of no changes in phaae at the 
dividing surface, the conditional equations (95) would assume the form 

'.-'■-'■-0, 

)', H 1' 

bi = 0, hence b' = - ft, 

bj cos 1^1-6 cos ij> + b' coa i^ = 0, 

4i = 0, hence b' = b; 

that is, on the given asaumptiou the above conditions could not be 

satisfied. 

Gflneral Problem : Changes ia Pha^e of Oomponent Oscillatioiis ; 
Beflected and Befracted Waves EUipticallr Polarized. — A comparison 
of the conditional equations (95) for the changes in amplitude and 
phase for electric oscillations taking place in the plane of incidence 
with those (94) for the changes in amplitude and phase for electric 
oscillations taking place at right angles to that plane shows that 
incident oscillations will undergo differ'ent changes both in amphtude 
and phase, acconling us they are taking place in or at right angles to 
the plane of incidence. If the Incident oscillations make an arbitrary 
angle 6 with the plane of incidence, the general case (cf. pp. 276-277), 
their component oscillations in and at right angles to that plane will, 
therefore, undergo different changes in amplitude and phase both upon 
reflection and upon refraction, and the resultAiit rellecteil ami refracted 
oscillations will thus be both olliptically polarized, as confirmed by 
exacter observation (cf. p. 298). For the actual dotermiualion of the 
changes in phase nS', nS,, n^' and nf,, see Exs. 8-1 1 at end of chapter. 

Beflectios and Befiraction of Purely Splierical Waves.— Before we 
proceed to the examination of the primary and secondary waves upon 
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reflection and refraction, let us hriefly consider the behaviour of purely 
spherical (electromagnetic) waves on the dividing surface of two 
iiLsulatorB. For this purpose we choose the same eystem of coordinates 
with respect to the reflecting surface and any incident wave as that 
employed on pp. 26G-267 (cf. also Fig. 32) and examine the two 
particular cases treated there. If we denote the distance of the source 
of disturhance P (in the zy-plane) from the origin of our system of 
coordinates, the point, where any incident wave strikes the reflecting 
surface, by r, as indicated in the annexed figure, we can then evidently 




represent the incident, reflected and refract«d (electric) waves referred 
to the given system of coordinates by the three functions 



f- r ' 

-i!L,'-[-(W)] 
jh_,-[-{^3] 



respectively (cf. formulae (6)), where r, r" and fj denote the distances 
from the origin of our coordinates of the incident, reflected and 
refracted waves respectively (cf. figiu-e). On replacing here the r'a by 
their values (7) in terms of the I's, j/'b and -^'s, we can write these 
functiona for the three waves in the form 



r + yuQ^-XGOs^ 



,'-(-^ 
«[-(;+' 



r+ysin^' + xco8^ 






(of. Fig. 31). 
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We examine here, as above, the two particular casefl. where the 
electrio o«cillationa are taking place at right angles to and in the pliine 
of incidenoe. 

Cue L : Electric OBcillations at i. to Plane of Incidence.^ Here 

I' = Q = 0, 
and hence r = (3 = /*, = C, = 0, 

whereas the compoiieutB R, If and ^i parallel to the ;-axts of the 
electric forces acting in the incident, reflected and refracted waves nmy 
be represented by the three functions (96). 

To determine the magnetic forcew that accompany the electric ones 
(96), we employ formulae (2a), which evidently hold here ; we replace 
there the It's by their values (96), and we have 



Mda_ 



r + (y sin <^ - 1 c< 
r integrated 



'*) 



similarly 



j1? r + (y8in^-j:oo8^) t 



.'■[-" 



^ .jj*' .[,.(:;..^y:±^)l 



M r + (yBin<^'+iicoB^') p' 



' A/r+(y8im/>i-a:oos0|) 

and 

Md^^ ain 

p, <S r + (yein<^-xco8^) 

or integrat«d 

similarly 



^ (,[..l±<y!aiz£™*>] 



(yain'^-z'coB'^j o 



sin ^' + X cos ^') i/ 



^:^^-i^ 



')\ 



-_htl'-^y-^'-^r^)\ 



){97) 



^' ^- + (ysin*,-ircoB.^,) 

We observe that by the differentiations with regard to x and y («) 
the amplitudes ^ — , ^ — , and = — L. can evidently be regarded i 
constant 

On replacing the R\ a's and ji's by the above values, we find ihaH 



formulae (lA), which must evidently hold here, wil 
•Cf. footnote, p. 21>9. 



lie fulfilled,] 
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provided the famiiiar relations (12) remain valid ; these relations give | 
if = v (cf. formula (12a). 

We, next, replace the Ks, a'a and ^'s by their values on the dividing ' 
Burface k = in the surface conditions (of the first order of approxi- 
mation) (3a'), and wo have 

%«[-(^'-^)].; ,"('-'-±^*) +1' r(-^+'-:-'-), 

^!in+,^,.[,_(r+!i|ii)] 

(■»iii».,.f,.a»i!?i) ^ a'aiii.).' ,i.(,.j±»^) 



,'-D-(^'^)] 



*, '•('-' *'' f* ) - 



,.{- 



!=±) 



),...(98) 



where we have put p' = v (cf. above). These conditions must now 
hold at all points on the given dividing surface and for all values 
of I ; different points on the dividing surfaue correspond to diU'ereiit 
origins of systems of coordinates j/, r in that surface ; for this reason we 
cannot put y = 0, except in the expressions for the amplitudes (ef. also 
p. 317), on the given surface. That the conditions (98) may be 
i for all values of y, : and (, we must evidently put 



n ^ _ sin 1^' I 



..(99) 



hanca 't>' = i'- J 

It follows from these relations that purely spherical (electromagnetic) 
waves will obey the same laws of reflection and retraction as plane 
waves do. 

By the relations (99) the surface conditions (98) will reduce to those 
that hold for plane waves (cf. p. 272) ; the quantities n' and a^ will, 
therefore, he determined by the same formulae as those (18) and (19) 
that hold for the reflected and refracted amplitudes of plane-waves, 
whereas the amplitudes of the given reflected and refracted (spherical) 
waves will evidently be given by the expressions 



i 
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where a' and a^ are to lie replaced by thuir \'aluea from formulae (lB)fl 
aii<l(19). 

Oosa n.: Electric OsclUations ia Plane of Incidence. — The treat- 1 
ment of this cose is similar nii the one haiic) to the preceding ona 1 
and on ihe other to caso 11. of plane waves. We find the sam 
familiar relations (99) for the angles of reflection and refraction a 
in the above caae, whereas the amplitudes of the reflected and refract«d 
waves are given by the expressions 



I 



f + ysin^'+zcoB^" 



3 to be 



f + y sin ^, - 
■epiacod by the 



coa^, 

r valuea from formulae (29) 



where h' and I 
and (30). 
Baflection and Beftraction of the Primanr and Secondary Waves. — 

Lastly, let us examine the behaviour of the primary and secondary waves 
on the dividing surface of two media (insulators) ; for this purpose 
we shall choose the most general typo of such waves, those namely of 
Problem 3, Chapter II. These waves or, more strictly, the component 
forces acting in the same, which we shall consider here instead of the 
component moments (cf. p. 266), are evidently represented by the 
expressions 

+ lj[2»,-3.,(^ + ,>)+3.(.^ + «,y)].m.(l-l), 



with analogous expressions for Q and H, and 



-'Hi' 



,.), 



with analogous expressions for /3* and y* (cf. formulae (3) and (4), L 
and (4S) and (44), II.), where, however, 

'-^"-T a«>)i 



(of. p. 267). 

Let us denote the distance of the source of disturbance of the given I 
waves from the point on the dividing surface, where any wave from | 

*TbeM cORipoueDt magnctEc forces a, p, y nre uot to be conFounded with t 






I'Coiinea a, p, y (i 



igDctEc forces a. 
ft 7)- 
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that source strikes the same, by f, as indicated in the annexed figure ; 
let z, y, z denote the rectangular coordinates, to which the given system 
of wavea ia referred, their source being taken as origin of ihoBB 
coordinates ; the wave advancing along any vector r will then be 
characterized by the diroction-cosines 5, ji, y oi that vector with 
respect to those axes. For simplicity, let the dividing surface 
be taken parallel to the yi plane. We choose the point on this 
surface, where any wave from the source strikes the same, as origin 
of a second system of rectangular coordinates £, y, z; let its ai-axis 
coincide with the normal to the given surface and be directed towards 
the source and its y and : axes be so chosen in that surface that it« 
j;y-plane coincide with the plane of incidence of the given wave. 




Any incident wave of the given system, referred to the system of 

coordinates x, y, z, will then be represented by the component forces 

^-^i^I^[«,<?'+y')-=M+w)l»»«('-'i-') ) 
+;ir^t3«i-*h(^+r')+3;M+",y)]i».»((-^'') 1,(1011 

+ jfT^.t^-. - 3«, (^ + ?■) + 3i(«iS + .,7)].in „ (t- ^'j J 
with analogous expressions for Q and R, and 



(Tr7j!«>>"'('-V)] ■■■<""'' 
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with analogous expresaiona for /3 and y, where r deuotea the diBtaaM*] 
of the incident wave from the point on the given dividing surfaoe, 
where that wave Btrikos tho same. It is easy to show that theae ' 
cxpresBiona satisfy our fundamental differential equations (I) and (2) 
(cf. Ex. 1 2 at end of chapter). 

The expressions in a, fi, y in the coefficients of the different terms 
of tho above expreasions foi' tho component forces will evidently 
assume given values along any given vector r. In formulae (101) and 
(102) these expressions are now referred to the coordinates y, y, e; 
if we refer them to tho coordinates /, y, z with origin at on 
the given dividing surface, then 

cos(r, i) = coe(</f + jr)= -cos<^, \ 

cos(f, y)»eo8(jr/2-.^)=sin*, I (103) 

oos(r, a) = 0, I 

where <t> denotes the angle of incidence of the given wave (c£. Fig. 35), 
and the expressions themaelvoa can evidently be written 



.i,0' + y')-«(fl,S + «,7) = (i,sin.^ + ( 
"aK + y") - j8(fl,i + «,7) = (6, sin + ( 
«,(5= + ^)-Y(V + «^) = 6, = ^„ 
2u,-3«,(^ + f) + 3a(a^+,l,y) 



,coa<^)Bin^ = /f,, 



4 



= 2t, - 3 (6, sin .^ + 6j cos ip) sin <() = £„ 

-3a,(il= + y'') + 33(a,ci + «,y) ...(100) 

= 26j - 3 (ftj sin 1^ + 6g cos V>) cos <f> = .&„, 



- a^ — - 6g sin ^ 
-a^y " -/f„cos^ 



..(106) 



a,p - OjS = ij ain ^ + ij cos •}!, 

where b^, b^ ij denote the components of the resultant amplitude 
coefficient a = Ja^^ + a^^ + a^^ along tho r,, y, z axes respectively; for 
the values of b„ b^ bg in terms of d,, a^, a, and a, /3, y see Ex. 13 
at uud of chapter. For a confirmation of formulae (104) to (106) see 
E.,. It. j 

Expressioas for Incident WavoB. — Keferrod to the system of co- 
ordinates X, y, z, we can, therefore, write the above formulae (101) and 
(103) for the component forces acting in the incident waves in the form 




+ t/sm<l)- 



1 <!>) GOB m, 



..(109) 



where ^u = rt/(-'llI^ = „('(_ 

(cf. formulae (7)). 

Expressions for Beflect«d Waves. — It is evident that for any given 
incident wave, characterized by given u, Jt, y, only the quantities 
i], b^ ij ((![, flj, flg) in the expresaioria (104}-(!06) will undergo changes 
upon reflection and refraction (cf. Ex. 1 3 at end of chapt«r) ; if 6,', b.^', 6g' 
denote the values asaumed by the componenta 6,, 6„ b^ of the resultant 
amplitude coefficient b = Vfi,- + b^^ + 63' after reflection, the component 
forces acting in the reflected wave, to which any incident wave (107) 
and (108) gives rise, will ei-idently be given by the expressions 
4ir7tM,' . , 47rwi>',' , iwB,' 




~ M^{T^■T^)• 



whore we have put 
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d where, by formulae similar t< 



Bf - 2A,' - 3(6,' sin -^ - ij'oos ^)siii ^ [ 
Bj' - 2/V - 3{ti'Bm <(. - VcoB *)ci 



-{iiarl 



•['-m]="['-(^ 



..(113) 



and 

(cf. formulfte (7)), / denoting the distance of the given (reHected) wave 
from the origin and */>' the angle of reflection. 

Expressions for Be&acted Waves. — Similarly, the component forces 
acting in the refracted wave, to wliieh any incident wave (107) and 
(lOS) gives rise, will evidently be given by the exprossione 



A = 



iwn'ji,, . iirnB,, 4ir£,, 

-T-, ^Sin<0,+ -;- tVo COS CD, + ,_ l},H 

Vtr + rJ » n('- + '-i)' ' ('•+'"i}' 
iinj".^., . ijrnB., ivB.,, 



VCr-t---,) 

4-jmM,, 









(f + 'l)' 






■ -»7(f?r;)°"*""-'+j4it%>"'"*'=' 



4imP„ 



(6ii8ini^ + fij,co8c^)ci 



where, by formulae similar to (103), 

vJ ij = (iji sin <l> + 6ji COB c^) sin -(i, 

■^11 = 2A„ - 3(6„ sin * + 6,1 cos *) ein 0, 
■^21 = ^''ii " 3(*ii sin ^ + ij| coB-)b)cos^, 



..(114) 



.(US)* 



.,(U6)-f 



•.=»['-G^y]-['-a-^'^'"^^')] <>"jj 
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(cf. formulae (7)), r, denoting the distance of tba given (refracted) wave 
from the origin 0, ^j the angle of refraction and 6,„ \^, ij, the vaUiea ( 
assumed hy the components b^, b^, b^ of the resultant amplitude c 
efficient h = J'y + b^ + b^ after refraction. 

The Surface OonditionB of First Order of Approximation. — Let lu ' 
now examine the surface couditions for the ahove system of waves. 
Since the expressions for the component forces acting in these waves 
satisfy our differential equations (1) and (2) (cf. Ex. 12), the surface 
conditions will be those already established; if we employ here the 
surface conditions of the first order of approximation, where the thick- 
ness of the dividing film may be neglected, the conditions in question 
are the familiar ones 

^\P^ =DP + DF, Q, = Q-i-Q, 1 

R^ = R-\-R - (US) 

and a, = a + a„ /3, = ^ + /J', V, = y + y',i 

where we have put 3f, = Af{cf. foot-note, p. 299). 

Replace the component forces by their values on the given 
dividing surface, z = 0, in the surface conditions (U^) and we have, on 
rejecting terms of the order of magnitude of the thickness of the film 
(cf, above and p. 320), 



A 



.dn«[r-(-%2'^;-ii)]^-^icos.[(-(r+*-^)] 

r, /r ysin</>A"|l ,> fnM, . /, r+yain^N 



.(,--«" 
..(.-« 









„(,- 



■ y sin 4>" 



' sm <^\ 



„(,_';±i'™+')+»A'o»„((-yai!!i*') 

B: . I, 7 + (/Bio A 






analogoi 
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-2%.,„«[(-(j+»=*')]+^^»,.[(-g+»»;-4i)] 

with an analogous condition for the /i's, and 

n(i,Bin .^ + 6jC08 .f.) A ? + yein.^\ 

6,8111 ^ + ijCOB 4' (, r + ;/ BJn i/i \ 



_ fej'sin t^ - fcj'coB ^ 



»(<-t±HIl*'), 



Lavs of Reflection and Beftaction and Determination of Component 
Amplitudes and Changes in Phase f^om Surface Conditions ; Total 

Eeflection of Incident Waves. — Tbo aliuvu six surface TOiiiiitious must 

iiowholdforallvalueaof (aiidatall poiiite on the given dividing surface; 

thia is evidently only posaibte, when the familiar relation (12), namely 

Bin^^mn^'^sin^^ ^,jqj 



holds between the <(i's and the p's, and also when the coefficient* of 
the terms with one and the same factor siniUj^Binu'^^Ginu or 
GOBui, =cosu>' = cDa(iJ — by the relation (119) the three u's then assume 
one and the same form— ail vanish. The vanishing of these coefficients 
leads now to the following tfin conditional equations in place of the 
above six surface conditions : 



I 






I 
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^'-t"+^' 




I 


'^«.lJ^lsj,'^.!^. 




1 


^'h"^- 




I 


'^'i^'i' 




■ 


^'i^' 




^ 




*,-™+ 




*n8in * + fiaicos ^ i,siin^ + Lco8<^ /'.'sin*- 


V00.+ 




i',2 «a 1 ' ,a 




The 5lh, 6lh, 7th and 8th of these conditional equations 
Iw sfttisfied only when 

631 = and i;= -t„ 


can eridently 


and the last two only when 






6j,sin^ + Aj,coa^ = 






and ft,sia^ + AjC09^= -fi/sin^ + fcj'cosi^. 






Replace the fc'a by these values in formulae (112) and 
have 

A^'= -(6iain<^+iaCos^)Bin0, 


116), and we 


/fj'= - (fc, sin * + 6^008^) cos ^, 






v^j,'=-6jp 






B; = 2t,' + 3(ftiBin<^ + 6,Coa<*)sin«, 






£,' = 26; + 3(fti ain </. + 6j cos V-) uos *, 






^' = 6, 






and -4,, =^31 = ^31 = 0, 






-6„ = 2/'„, B„ = 2V £a, = 0. 






I.astly, replace the -4'a and B's by these values in 


he first 


four 


of the above conditional equations, and we have 






Mi = ^(*i + V). 






^»...|a.v), 






J„-S.+i,', 




J 






J 
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that these four equations may be satisfied, wc must now ovicfently put] 
6u = ft, + b^■ = 0, 

It follows from these and the above relations that the given incident 
waves (both olectric and mo^ictic) would be totally roHeoted on the 
surface of u second insulator, no disturbance whatever entering the 
second medium, a result which we could hardly expect to lie confiruied 
by experiment. 

Necessity of Assumption of Surface Conditions of Higher Order of 
Approximation for Primary and Secondary Waves. ^In the above 
development we have employed surface conditions of the first order of 
approximation, where namely the thickness of the dividing film has been 
neglected ; on the assumption of the validity of these simpler surface 
conditions we found now on pp. 268-282 that linfarlif-polarizfd plane 
waves remained linearly polarized upon reflection and refraction, a result 
that is also not confirmed by exscter experiment, whereas, on employing 
the surface conditions of the second order of approximation, where the 
thickness of the film was not neglected, we obtained a marked elliptic 
polarization (cf. Exs. 8-11 at end of chapter), as demanded by empirical 
facts. Aside from the above analogy, there are other reasons why the 
simpler surface conditions could hardly Iw expected to lead to correct 
results for the refiection and refraction of the primary and secondary 
waves ; among others the facta that any system of primary and secondary 
waves is represented by the derivatives of given functions with regard 
to a;, y, z, whereas the existence (thickness) of the dividing film itself, 
within which these very derivatives play a most important part, is 
entirely overlooked, are hardly consistent with one another. 

Difficulties Encountered in Derivation of Surface Conditions of higher 
Order of Approximation. Elliptic Polajization of the Primary and 
Secondary Waves according to Ordinary Laws of Reflection and 
Refraction. — To ascertain the behaviour of the primary and Hccondaiy 
waves on the surface of a seoond insulator, we should evidently have 
to employ surface conditions of at least the second order of approxima- 
tion. The actual derivation of these conditions and the determination 
of the component amplitudes and changes in phase at the dividing sur- 
face from the same offer serious difficulties; the former evidently 
demands the difl'erentiation of the component forces with regard to 
the coordinates (cf. formulae (84) and Ex, 12 at end of chapter), 
whereby the changes in phase sought must be regarded as functions 
^_ of those coordinates, being different at differonl points on the dividing _ 
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complicates the problem, that all attempts to solve it must prove 
fniitleafi. We observe only that the familiar relation 



must hold for alt surface conditions that are derived on the above 
principles from our differential equations (1) and (2) (cf. above), since 
this relation is embodied in the existence alone of such surface con- 
ditions and does not depend on the explicit form of the same (cf. 
p. 271). The primary and secondary waves will, therefore, obey the 
same laws of reHection and refraction (cf. formulae (H))' ^ ^^^ plane 
and purely spherical waves do ; they will also evidently become 
eltiptically polarized upon reflection and refraction, but the actual 
determination of the respective ellipses of oscillation (changes in 
amplitude and phase at the dividing surface) wUl have to be 
abandoned. 



1. Show, when tlie directinu of tbc electric force aotiog in the incident wave 

Ae'"^' ^ '^y/F' + Q'+IP 

makea an arbittSiry angle d with the plane of inciiiencD (tbo zy-pluie), that tha 
resultant foreea acting in the reflected tuid refracted electric wnven nod in the 
accompaaying incident, reftectrd and refracted magnetic ones ore given \>y 
the expressions 

. »inl»-.fr|l / ■ -■ „.g Cos'(?Tgr) '"('- '"" ^t""™* ) 
ain(# + «,)A' "^ cos'(*-0i) 

^ ^°^,*^f W »in'fl + ^,'asec'(»-».l e"'t'-"'"*''V"°*') 
and ^-^e * ' '. 



^^„^^fj^^ s.n'S + co«-Saeo'(»-».) .^''^''"'"*''.^""*') 
Mv Bm(# + p,J 

reapectively, where fl>' = Mctan( %in ^j. 

2. Show, when the incident eleclric wave of En. 1 atritei the reflecting aurfaoe 
at right angles, that the component forees, electric and magnotio, acting in the 
incident, rdlected and refracted waves are given by the expreesions 



r^Q, y'= 



-.,'-(-3, 
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' ^* v + Vi ' » + r, 

«=0. /»=-^.m»^;«'"H). y^Aco,e^J<'^^\ 

«'=0. ^= -^.in#^^ -> «'"('■'). y^^ co.«^' ^«'"^''^). 
'^ v + v^Mv * ' v + ViMv 

«,=0. A=-^.in*J?- ^«'"('-'0. ^, = ^co.* -2-. '^e^'K). 
' '^' i? + r, if " »+r, if 

3. Hhow, when the electric wave of Ex. 1 iff incident on the reflecting surface 

at the angle of polarization, that formulae (18), (19), (29) and (;I0) assume the 

fonn 

a' = A sin cos 20, Aj - 2A sin co9^<f>, 

1/ = 0, A, = A cos cr>t <f>, 

or, if we express the angle of polarization in tenns of tlie velocities of 
propagation v and v„ namely 

= arctan ( - | 

(cf. formulae (14) and (37)), 

a'= -2Ann0'^Z3' a, =2^ sin <?-/-'--, 



fc' = 0, h. = Aco»0^. 

V 



The component electric and magnetic forces acting in the incident, reflected 
and refracted waves are then given by the expressions 

P=^cos^sin0« ^ '• ^ = ^cos^^- -t ^ .Vv'Hn''^^ 



= ^COS^^— 7; 

s'v^ + ty 

^=i4sin^e ^ " ^ = Anin0e ^ rv/t'^+e-,'^/, 

i?' = ylsin^cos2^ ^ " ^ ::- - ^4 sin ^ -j-~ c ^ t^V^nP?/, 

/', ^ A cos ^ cot cos 0e ^ ' i ^ ^ ^4 cos ^ — , -' — ,, c ^ rj Wi+r,a/ 

<;^, = i4cos^cos0« ^ *'» ^ ^AcoB0-f=^^=j^e ^ r,v9!+r,«/, 

in(t liili!il:i*.-if!_^\ ,,a ,,./,. .j:!:ir^L_\ 

//, = 2/lsin<?cosV ^ "• ^ =2.4 sin ^^-^c ^ n^^^'^S^n^'^^ 



W-. Bin A "' I t - 



i/ V Mslv^-k-V'f 



EXAMPLES. 323 



/3 



(, If Bin ^ - X ccm d>\ 



M V 






^o 



if (u^ + Vi'*)^ 

(V COS A - X sin 6\ 
t- -) 

= -2A8\ne-^ '- — le ^ t^>^+>^^\ 

. /. ycosA-xstnA\ 
r^Bind> *n{t-^ ^ ^) 

fi,= -2ABmecoB^<f>^-^e ^ ^i ^ 

4. Show that formulae (41a) and (43a) assume the following form for perpen- 
dicular incidence (0=0'=^ =0) : 

tane'= -tanO, 

tan 8, = tan 8, 

that is, the plane of polarization undergoes a change only upon reflection (cf. 
p. 282), and 

A'^=Ar 



_ J2(<^-Vi)' 



A,^=A^ 



4V 



(cf. p. 279), that is, the amplitudes of the reflected and refracted waves are 
independent of the plane of polarization 8 of the incident waves. 

5. Determine the form assumed by formulae (41a) and (43a), when the given 
waves are incident at the angle of polarization (0 + ^ = ir/2). 
Formulae (41a) assume here the form 

tane' = 

tanO tanO 



(cf.p.282), tan 81 = 



coB(20-ir/2) sin 20' 
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or, sinoe tan0=v/vj here (cf. p. 280), 

tanei = tane 2^\^, 

and formulae (43a) the form 

^'2=^aco8'»20co8«e, 
Ai^=4A^coB^<p(\+B\n^cot^) 

= ^«COtV(l - COB^e CO8'20), 



or, in terms of v and v„ 



A'^=A^os^ 



..'=^'"^'[l-coe^(5^;:)']. 



6. Show, when linearly polarized plane waves are reflected m times at the 
same incidence and in the same plane, that their plane of polarization after tlie 
mth reflection Qm' is given by 

tane^'=-tan6°°'"'<»-*-»l>. 

CO8"*(0-0,) 

where 8 denotes the plane of polarization of the incident waves (cf. formulae 
(41 A)). 

The effiect of such repeated reflection will, therefore, be to bring the plane of 
polarization nearer and nearer to the plane of incidence ; if common light is 
employed, the reflected waves will evidently become (partially) polarized in planes 
that make small angles with the plane of incidence. 

7. The plane of polarization O^^^^ of linearly polarized plane waves after their 

passage through m plates (of glass) placed parallel to each other is given by the 

expression 

tan 8,^= tan 8 sec^(0 - 0,), 

where 8 denotes the plane of polarization of the incident waves. 

The plane of polarization of the refracted waves in the first plate will be 
given, by formulae (41a), by 

tan8,j = tan8sec(0-0i), (a) 

in the first layer of air between that and the second plate by 

tan 9j J = tan 8, j sec (0j - 0) 
or, by (a), and, since sec (0| - 0) = sec (0 - ^), by 

tan 8j2= tan 8 sec'(0 - <f>i), 
and similarly in the second plate by 

tan 8i,= tan 8i,sec(0 - 0,) = tan 8 sec^(0 - 0,) 

and after refraction out of that plate by 

tan 8,^=tan 8,,sec(0i - 0)= tan 8sec^0 - 0i), 

etc. 
The effect of repeated refraction will, therefore, be a rotation of the plane of 
polarization further and further from the plane of incidence (cf. p. 282) ; common 
light would thus become (partially) polarized in planes that make approximately 
right angles with the plane of incidence upon repeated refraction, 

8. Determine the changes in phase nd' and nd^ of the conditional equations 
(94). 
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Oa eUminatiug lirat a' and then a, from the lost two squattoua (04), we lin<i the 
FoUawing values for a, and <t' rsBpectivelj : 

a BID nH' 

sill u(i' - i{\ - id'^.^tll amnif ~ J,) 

ofBm7i3,+n/5''^coBna,'\ 

uid o'= i IJ i-_, 

sini.l8--a,l-n;5^*! «»«(«' -8,) 

BepUce % luid a' by these vtvluea in the lint two eijiiationa (!M), and we havft'fl 

-^^,i„„a'co«na, + ^'^™*[,in«(i'-i,)-^^«»»(a--i,)] 

and ^^r^^Binna, + ^^^?fBinn!, + i(i^^^coBii8|l+iif?cos?ia,=0, 
where we have put ^' = if (of. p. 302) »nd 

The latter of these equations gives 



.»n„fl "(V™«™*^ + ™,.1fG'l 




the value for n!, souglit. 
The former equation can now be written 

^ cos^pj _2cot nS'tan ui, -,i/?^*!(2 cot nS- + ta. 


■ «S,)] 




-ocoaf.,! 



2f'„cob*;i 
Replace here tan iijj by its viilne (a), and we obtain the valne for nd' sought. 

9. Show that the changes in phase xf and iif, uf the conilitjonal equations (9.5) 
are determined by tlio expresBlous 

and cot nf • = "'''°'"' ^^ '^ ''"' ''^^' ""^^'""^ "*" "^' "^ ""'''"' ''°"^''"''°°'*'' 

' 'li\''\ lo<«#, tan iif, -nH) 

wliere tan itf , is to he I'epiacod in the latter expression by it« value, tlie former 

10. Show for the angle of polarizatiun that the chaiiijeB in phase no' and iij-' 
of foniiiilae ((H) and (95) are determined by the expreasinnH 



1 



tn'\pMG BOB ^ ^J| 

''P,//cON# ' ^H 

»•,!-'""■■■?*■ I 
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It is evideut from these expressions that for the angle of polarization the 
reflected oscillations will be highly elliptically polarized (cf. p. 298). 

11. Determine the changes in phase nd\ ti^,, nj^' and n^, of formulae (04) and 
(05) for perpendicular incidence* 

12. Show that the expressions (101) and (102) or (107) and (108) for the 
component electric and magnetic forces satisfy our fundamental differential 
equations ( 1 ) and (2). 

On differentiating the component forces with respect to the coordinates, an 
<lenianded by our differential equations (1) and (2), we must evidently employ 
those coordinates, whose origin is at the source of disturlMince O (cf. Fig. liTy) ; 
that is, the component forces are to be differentiate<i with respect to i; - a*, y - y, 
i - z, the component distances from that source referred to the syKtem of 
coordinates jc, y, z with origin at O (cf. Fig. 35). We observe, moreover, that 
we cannot regard the component amplitude-coefficients, the A\ /fs etc. of 
formulae (107) and (108), as constant by these differentiations : they can evidently 
be regarded as constant only along one and the same vector. In order to {lerform 
the differentiations indicated, we must, therefore, write the component forces 
in the explicit (variable) fonn 

K sin n ( ^ j 



X cos 
4ir 



+ ^^sl 2o, - 3a,[(/9 - /9)* + (7 - 7)^*] + 3(a - a)[a,(/S - /i) + «,(7 - 7)1 > 

xsm7i( i I, 

with analogous expressions for (^ and H^ and 

with analogous expressions for /9 and 7. 

Replace P, Q, R and o, /9, 7 by these values in equations (I) and (2), for example, 
the first of each, perform the differentiations indicated, and we have 

/) r 4Tn« . 4irn' „ . . 4t ^ 1 

— ,,_ .A ,<;os w — 7-— ,« ^,sm w + rj i^.cos u> 

4Tnrbrrn sin« _cos«-| rf .[a,{x-x)-a,(t^z)] 

+ [a3 a:-a:)-a,(2-2)] - - • . .^- :-- ,. i it 

+[o,(y-»)-a,(*-*)l- ----- r--*'"" --f2!''1^.<'-''' I 

+ L«»,(y VI a»l ^"rfCf-rjUCr-r)' {r-rfjdiy ■»){ 



_r« Brno, _ ™»_-:.-|2. 

[5.(»-a:)-a,(i-;)l(i-i)-[ail!/-yl-a,(x-j;my-y) 



rf^(. 



m 



+ io.[^-^)' + {7-7)']-li-o)[(4(fl- 
''L'*(r-r)"^«(r-r)i (r-rJ»J/ 



which givea the fumilukr relation (cf. formulae ( 13)) betwetiii tlie velocity oE pro- 
pagation Mid the nieiUum constants i and [tht first oE equsliuiis ('i) ) 
4ra* 









(,.r ,»- .m.n JTO ,,„,_^ r.i».. »..-i J(;-r| l 



I 



^ \(r-r)'rf(J-i)^L-'»Jrf(r-r)L{r-r)''Jrfly-i()/ 



x[n|(j:^.IT) + o,(y-y)], 

[JJ=*,Hx-j-)"4-(I-i)»]-(y-y)[o,(r-:i:)+<i,(i-iH. 
tBJ = 2o,[(i-^)' + ly-y)* + {I-i)']-3o,[(i-x)» + (i-t)«] 
+3(y-y)[o,(i-x)+o,(i-j)], 
,3[My-y)-a,(t-i)] + [<.,(;-r)-a,{y-y)](r-r) 



r sin 



+ [<^(5 - X) - ».(y- y)n? - r [?>_";;. - ,;7-™^^ - ^J^J^] 

, . r ,^ 1 ^ Iff nnfr,r''«»"' , "i " "1 , B'sinw 5liC0»»- SaiiiM\ 
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(A) 



13, Show that the component amplitude ooeflicicnta &i, b^, h^ of formulae 
(104)-(I06) are given by the expressions 

&g=a3COS M - a^sin fx, 
/>3 = a2sin |i + 03 cos |i, 

where /x denotes the angle between the z and z (y and y) axes (of. Fig. 35) 
This is evident from the annexed figure. 

1- 




Fig. 86. 

14. Confirm formulae (104H 106). 

If we denote the component amplitude coefficients of the force acting in the 
primary electric wave (101) along the x, y, z, axes by Ai, A^t A^ and those along 
the X, y^ z axes by ^„ A^^ A^^ the following relations will evidently hold 
between these components : 

A^—A,i<siXi%ik--A^%\xnky \ (a) 

A^ = A.i%\iHk-\rA^co%yi.^ ] 

where /x denotes the angle lietwcen the coordinate axes i' and 2 or y and y 
(of. formulae (a), Ex. 13). 
By Figure 35, we have now the following relations between the direction -cosines 

a, ^, 7 and a, /3, 7 : 

X X 

0==- =-0= -CO8 0, 

r r 

^ y .vcos^i+zsinM 

p= = 

r -r 



and 



- _z _ -ysin^t-fg cos f t 



(cf. formulae (a), Ex. 13), or, since here z=0 (cf. p. 213), 

- yCOS/A , , , tck ^K 

(i^- = -cos(r, y)cosfi= -oos(ir/2 + ^)cosft 



and 



-r 

=sin^cosM 
_ " sin fi 



= - sin <t* sin /u. 



Replace d, ^, 7 in the expressions for the component amplitude ooefficients 
Alt A.p A^ (cf. formulae (104)) by these values, and we have 

Ai=a^WB?<t* + (a<|Sin <t* cos fi - OgSin sin fi)co8 ^, 






^.j= 03(008*0 + sin*0 sinV) + (ajcos + a^sin ^ sin fi)sin ^ cos^i i 
i^a =r a](cos-0 + 8in*0 coe^/i) - (O) cos - a.jBin cos Ac)sin sin fi. J 



(B) 
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aluoB in formulae (a), we than find llie folloiving 



o,8inM)«™*]Bin*>. 



ii^h, by fornivilae (a), Ex. 1 



Ou replacing the A'i bj these values 
valaet tor the ^'h : 

Ja= [0,8111* + (0,0) 

ciiH be H-ritten 
J,=:(i,sin0+ft,,coB*)>in#i, "l 

.J,, = [fc,Biii* + V™*)'"«'-P, ■ 

A,^l., -' 

(cf. formulae (104)}. 

Similarly, on replacing a, §, y by the iibove values in 
(a), which will bold between B„ B^ B, and fi„ S,, £„ h 
coeffifientB of the force acting in the secondary elect ri w 
anil X, y, z axes tespeutively, we tinil (cf. formulae (104) d Oi 
Bi = fl, = 2U| -35,, 

Bj = Bjcos^ - BjBin/i ^ Citj - 3Xa}co« ». - (2a, - 32,)i 
B, = jB^8in^ + «aCOB*i = (2a.j-3.43)sin^ + ('2aj-3J",)i 
ivhere .4|, .^m, A^ are given by formiilne (B), which we can 
Bi=-2a|-3J„ 

B.i = 'l{iL,cOf II - Oiiia u) -3(<4,co»;i-^,«in/i), 
Bi-'l[a^i\aii + ajCoav-)-Z[Aii\'aii-i-AsO'»ii.), 
or. by foiTnulae (A), Ex. 13, and (A) anil (c| above, 
B, = 26, - 3 (b, sin * .|- A.cos *)sui f , 
Bg=2frj - 3(biB{n ^ + bgCM 4»)cos *, 
B, = 265-3A,= -^ 
(cf. formulae (105)). 

Loatly, replace a, (S, > by the above values in analogous relations to (a), 
which will hold Iwtwceti the component amplitude coefGcieets 6',, C^, C, along 
the X, y, - axes and those C„ Cj. Cj along the x, y, : axes of the force acting 
ill the magnelic (primary and secondary) wave, and We find, by formulae (1(16), 
f,= -{<..jgin;i + o,coi.M)Hiii*. 




which, by formulae (A), Ex. 13, ci 



(cf. formulae (lOG)). 



CHAPTER VIII. 

PROPAGATION OF ELECTROMAGNETIC WAVES THROUGH 
CRYSTALLINE MEDIA. REFLECTION AND DOUBLE 
REFRACTION ON THE SURFACE OF BIAXAL AND 
UNIAXAL CRYSTALS; TOTAL REFLECTION. 

Aeolotropic Media; the Crystals. — Isotropic media are thereby 
characterized that the constants of electric and magnetic induction 
retain one and the same values in all directions, that is, the electric 
and magnetic displacements or moments are independent of the 
directions of action of the forces, the displacements always being in 
the directions of action of the forces themselves (cf. formulae 
(3 and 4, I.)). On the other hand, media, in which the constants of 
electiic and magnetic induction assume different values according to 
the directions chosen, are kno\*Ti as "aeolotropic " (cf. p. 7) ; such media 
will, therefore, evidently be characterized thereby, that the moments 
do not, in general, take place in the directions of the forces acting. 
The only aeolotropic media, within which light or electromagnetic 
phenomena can be investigated to any degree of accuracy, are now 
the crystalline ones ; of these the best suited for investigation are the 
transparent crystals, all of which are known as poor conductors. Let 
us, therefore, confine our ensuing investigations to the behaviour of 
light and electromagnetic waves in aeolotropic insulators. 

The Constants of Electric and Magnetic Induction. — Experiments * 
have shown that there are, in general, three directions in any aeolo- 
tropic insulator or crystal, in which the constant of electric induction 
assumes a maximum or minimum, and that these three principal 
directions or axes always stand at right angles to one another 

"i^Cf. L. Boltzmann : *' Experimentalunterancliung iiber das Verhalten nicht 
leitender Korper unter dem EinfluBS elektrischer Krafte," Pogg. AnncUeny v. 153, 
1874. 
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(v^ p. 7) ; forcea acting ukmg these axes will, therefore, i!*-i(ieutly 
give rise to i displacements or oscillations nlmig the same. On the other 
hand, all attempts to detect any appreciable change in the value of 
the constant of magnetic induction with respect to direction have 
fiiilcd. In the following we may, therefore, assume that the constant 
of magnetic iniluction is independent of the direction chosen. 

Maxwell's Eqiuttions for CiyBtalline Media. — We choose the 
three principal directions or axes, along which the constant of electric 
induction becomes a maximum or minimum, as axes of a system of 
I'ectangular coordinat«s x, y, .: and denote the respective values of 
that constant D along those axes hy D^, D^ I)^. We then make 
the plausible assumption that, if there l>e any change in the value 
of the constant of magnetic induction M with respect to direction, the 
clircctions of its maxima and minima coincide with those of the con- 
stant of electric induction D. Similarly, we shall denote any such 
principal values of M along the t, y, : axes by M„ M^ anil M^ 
respectively. Maxwell's fundamental equations for the variations of 
the component electric and magnetic forces P, Q, B and n, P, y respec- 
tively acting in any aeolotropic insulator or crystal can then evidently 
lie written 

i-u dl ilz dy 
D^tlQ dyda, 
f„ di" ,lx fh' 

r„ ,H ~ d;/ dx 
(cf. formulae (H, I.)) and 

!if^da^dR_dQ 

v^ dt dy dz' 

^d^^dPjlB 

i>n dt dz dx' 

M^dydQdP 

«o dl Ix dl, ^ 
(cf. p. 7), where e„ denotes the velocity of propagation of electro- 
magnetic (light) waves in any standard isotropic insulator (vacuum). 

If we denote the component electric and magnetic moments, to 
which the component forces P, Q, R and n, fi, y give rise, by X, K, 1 
Z and a, b, c respectively, the following relations then hold 1 
the moments and the forces : 



4jr *' 47r 



se, by X, 1^ J 
■old betweO^I 

J 
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(cf. formulae (7, i.)) and 

a = _Ja, b = .^P, e=^^y (4) 

Plane-Wayes. — The electromagnetic state in any crystal is now 
defined by the above equations (l)-(4) ; of the different possible states 
only the oscillatory one interests us here. What oscillatory states are 
now consistent with these equations, that is, what forms of electro- 
magnetic waves can be propagated through the given medium 1 It is 
now possible to show that the crystalline medium defined by the 
equations (l)-(4) is capable of transmitting only linearly polarized 
plane- waves, and these, in fact, only under certain restrictions. The 
problem before us is, therefore, to determine the manner in which a 
plane-wave will travel through a crystalline medium, that is, as we shall 
see below, to determine the direction (directions) of oscillation and 
the velocity (velocities) of propagation that must prevail in such a 
wave, in order that it may travel in any assigned direction through 
that medium. We have now seen on p. 11 that plane- wave motion 

is always represented by a function of (^± -)» where t denotes the time, 

8 the distance of any wave-front from any given point and v the velocity 
of propagation. Let us represent any system of plane electric waves 
that can be transmitted through the given crystal in the familiar form 

a«'"('-«') (5) 

where a denotes their amplitude. We denote the direction-cosines of 
the normal to any wave-front of this system of waves at any point 
P on the same referred to the principal axes a;, y, ;: of the crystal by 
A, fJLy V, and those of the direction of oscillation at that point by ^, 
r], (, as indicated in Fig. 37 below ; X, fx, v are to be regarded here 
as given, whereas ^, >;, i are to be sought. I^astly, let the point, from 
which the distance s to the point P is measured, be chosen as origin 
of the system of coordinates a:, y, z (cf. Fig. 37). The component 
moments or oscillations X, F, Z at any point P on any wave-front 
of the waves represented by the function (5) will then evidently be 






1 =ar]e 



(6) 



where » = Aj; + /xy + w (6a) 
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By formulae (3) the component electric foi-cea P, Q, R acting at t. 
point -P will evidently be 




To determine the component magnetic forces a, P, y acting at thfl ' 
point P, we replace P, Q, Ji by these values in fonnulae (2), and we 
have, on performing the differentiations indicated, 



I <il 



%\Z). I) J' 



and analogous equations for /3 and y. 






These eqnatio 



integrated give 



''i'-'A\ 



■■(8) 



whet'e we have rejected the three constants of integration, which are 
functions of x, y, z only, since it is only the periodic or oscillatory- 
motions that interest us here (cf. p. 29). 

By formulae (4) the component magnetic moments or oscillations 
a, b, e, to which the component forces «, ;8, y give rise, will then be 
represented by the expressions 



will tnen be ri 
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V \I), I) J 



.(i» 



Particular Form of Maxwell's Equations for Plane-Waves. — 

The exprossioiis (7) and (8) for the component forces 1\ Q, livLud «, ^, y 

respectively can now each be written in the form e ^ ^^ times a given 
constant factor, this factor being, of course, different for the different 
components. Upon the differentiation of these expressions for the 
component forces with regard to the time t and the coonli nates x, y, z, hh 
demanded by our fundamental differential equations (1) and (2), the ex- 
pressions for the differential (|uotionts will, therefore, differ from those for 

ink infjL 



the component forces themselves by the factors in and - — , - 



tnv 

V ' V ' V 

respectively, so that the differential quotients of equations (1) and (2) 
may each be replaced there by the quantity or component force itself 
multiplied by that respective factor; wo can, therefore, evidently 
replace the above differential equations (1) and (2) here by the following 
ordinary linear ones : 






V, 



•«y= i/a-Ay, 



V, 



R^kP'im 







(10) 



and 



'o 
'^^^ y ^ IS.P -. \Q. 



/', 







,(11) 



The validity of the latter equations (IJ^ is also evident from the 
above values (7) and (8) for the component forces P, Q, R and a, )8, y 
respectively, whereas the confirmation of the former from the above 
values involves a knowledge of the relations that hold between the 
direction-cosines X, fi, v and ^, >;, f, the medium constants, the //s and 
iJf 's, and the velocity of the propagation v of the waves (cf. Ex. 1 at 
end of chapter). 



ELF(-TROMA(;NKTiC WAVES IN CRYSTALS. 33B 

Electric and Magnetic OBcill&tions in WaTe-Front — Multiply 
equations (10), the first by A, tlie second by (i and the third by v, 
add, and wu have 

equations (11), similarly treated, give 

By furmiilae (3) and (4) thesu two relations tau now be written 

XA'+/iJ'+v^ = (12] 

and Kti + fih + vc^O {13] 

These relations, interpreted geonietricalty, state that both the electrio 
and the magnetic oscillations take place at right angles to the normal 
(A, /I, v) to the given wave-front ; that ia, they Iwjth lie it] the 
front itnelf. 

Electric Moment at ± to Magnetic Force and Magnetic Moment 
at ± to Electric Force. — Next, multiply equations (10), the first by a, 
the second by /3 and the third by y, add, and we have 

DJ'a+DjQI3 + D^Ry = Q; (U) 

equations (II), similarly treated, give 

M^Pi + MJiP + M^Uy^ii (16] 

Observe that for M^ =M^ = M^ this last relation beconii 

Pa. + ljp-{-Hy^Q; (Ifij^ 

that is, the electric and the magnetic forces then act at right ang!( 
to each other. 

By formulae (-3) and (4) the relations (U) and (15) uan also be 
written 

.Va + r0 + ^y = O (16) 

and «P + i« + rA = 0; (17J 

that is, both the electric nionieiits and the magnetic forces and 
magnetic moments and the electric forces act at right angles to one 
another. 

Electric and Magnetic Oscillations atxfor Mi = M2''M^.—By 
fonnulae (3) and (4) the relations (16) and (17) can also be written 

:i/,+.i/,^jtfr 

""'■ %^It^%-'' <^«* 

which evidently give 



..(18) 
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Although it would follow from these relations that the electric and 
the magnetic oscillations do not take place at right angles to each 
other, we obsen'e that this most general case, where D^^D^'^ D^ 
and M^ 5 M^ ^. ^3, is only a theoretical one that is perhaps never 
realized (cf. above) ; until experiment has refuted the assumption that 
ilf J = Af 2 = A/g, we are, therefore, surely justified in writing the rela- 
tion (18) in the form 

Za+KA + Zc = 0, (20) 

and in thus maintaining that the electric and the magnetic oscillations 
always take place at right angles to each other. 

The Particnlax Case D^cD^^D^ and M^^M^^My — Before wo 
consider the most general empirical case, where /), -r D^ ^ D^ and 
M^^M^^M^y let us examine the simpler theoretical one, where 
/>, ^D^ = D^ and M^ ^M^ = M^ the most general form for the medium- 
constants in so-called " uniaxal " crystals (cf. p. 344) ; this particular 
case is not included in the most general empirical one, whereas it 
cannot be deduced from the most general theoretical case, where 
/)| i< Z>2 ^ D^ and M^ § M^ '^i M^^ since the latter is too complicated 
to admit of an explicit solution (cf. p. 341). Moreover, the brief 
examination of this particular case will throw light on the more 
complicated treatment of the most general empirical one. 

For I\ ::^D^^D^ = D and M^ i^- M^ = M^ = M the relations ( 1 8) and 
(19) can be written in the form 

and DXa + D^{Yb + Zc) = 0; 

which give {D^M - DAf^)Xa = 

and {I)M^ - D^M){Yh + Zc) = ; 

hence, since, in general, {D^M - DM^)<:0^ 

and rb-\-Zc^O 

or Xa 

and Xa+Yb + Zc 

These relations, interpreted geometrically, state that the electric and 
the magnetic oscillations take place at right angles to each other and 
either the former or the latter in planes parallel to the y^-plane. Let 
us now examine these two possible cases. 

Case 1 : The Magnetic OscillationB Parallel to y^^Plane. — Here the 
direction of oscillation of the magnetic oscillations at any point P 
(cf. Fig. 37) Mrill evidently be uniquely determined by the intersection 
of the given wave-front (cf. formula (13)) and the plane parallel to the 



:} <^" 



ELECTROMAfiNETIU WAVKS IN CRY8TALS. SST/ 

ys-planc passing through that point. The accompanying electric 

oscillationa will evidently take place in the given wave-front (of, 
formula (12)} at right angles to the magnetic oscillations {cf. formulae 
(-21)). 

Here « = 0, and fonniilae (10) and (11) thus assume the particular 
form 



The first two equations (33) give 



1 



id this and the last efjuation : 



Replace ^ by this value in formulae (22), and we have ^M 

— e=-Xy, — fi= -~y. ^HH 

Lastly, replace P, Q, Ji by these values in formulae (23) ; the 
first equation then leads to an identity, whereas the other two both 
give one and the same conditional equation between the medium-con- 
stants, the direction-cosines X, //, p of the normal to the given wave-front 
and the velocity of propagation v of the waves, namely 

V-E^TT- J 

Since now X? + ft!' + v^=l, H 

we can write this equation in the form I 

--m^'-^y <"> 

that is, the velocity of propagation squared of the given waves, both 
electric and magnetic, will, on the assumption of the validity of 
Maxwell's equations (1) and (2). be given by this expression (24), 
which is a function of A, D, D^ and M (cf. also Ex. 2 at end of 
chapter). 
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It thus follows that the given crystalline medium is capable of 
transmitting electromagnetic plane-waves in any assignee! direction 
(A, fi, 1^), pronded, on the one hand, the magnetic oscillations take place 
at right angles to that direction and to the 2;-axis and the electric ones 
at right angles to that same direction and to the magnetic oscillations, 
whereby the directions of oscillation of lK)th will be uniquely deter- 
mined, and provided, on the other hand, l)oth oscillations are propagated 
(in the assigned direction) with the velocity determined by formula (24). 

Case 2 : The Electric Oscillations Parallel to yr-Plane. — Here the 
direction of oscillation of the electric oscillations at any point will 
evidently be uniquely determined by the intersection of the wave- 
front and the plane parallel to the ^:rplane passing through that 
point, whereas the accompanying magnetic oscillations will take place 
in that wave-front at right angles to the electric oscillations. The 
further treatment of this case is similar to that of the preceding one. 
In place of formulae (22) and (23) we evidently have 

rlJ,, . rDj. ,,, \ (-^5) 

- - y = I'tt - Ay, ■- It = X/i - iia 

and -^-^ a^vQ" 



*u 



O-fti?, 



' ' ^ 

The elimination of a, ^, y from equations (25) gives 
On replacing Q by this value in formulae (26), we have 



(26) 



a= — 



''o /* 



K 



a = Aji, - y = — A'. 

Lastly, the substitution of these values for o, ^, y in formulae (25) 
leads to an identity and to the following conditional equation between 
the medium-constants, the direction-cosines A, /tx, i" and the velocity of 
propagation v : 

'^'-T}\jr''-^y <-'> 

that is, the velocity of propagation squared of the given electric an<l 
magnetic waves ^vill be given by this expression (27), which is a 
function of A, />, M and M^ (cf. also Ex. 3 at end of chapter). 
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It thus follows tbut the given crystalline medium is also capable of 
transmitting electromagnetic plane-waves in any assigned direction 
(A, fi, !■), provided, on the one hand, the electric oscillations take place 
at right angles to that direction and to the x-axis and the magnetic 
ones at right angles to that same direction and to the electric 
oscillations, whereby their directions of oscillation will be uniquely 
determined, and provided, on the other hand, both oscillations are 
pi'opagiit-ed with the velocity determined by formula (27). 

Qiven Uedium Capable of Transmitting Two STstema of Flane- 
Wavea vrith Different VelocitieB of Propagation.— It follows from 
the almve that the given medium is capable of transmitting electro- 
magnetic plane-waves of two difi'ererit directions of oscillation, as 
det«rmined above, in auy assigned direction, whereby the velocity 
of propagation will difl'er for those two directions of oscillation, being 
determined by formula (24), when the magnetic oacillationa are taking 
place in planes parallel to the y;-plane, and by fonnula (27), when 
the electric oacillationB are in those planes. We obsen'e that for 
iVi = jVj ■= Jtf, the expressions (24) and (27) for the velocities of 
propagation of the two possible systems of plane-waves that may be 
transmitted throiigh the given medium in any assigned direction are 
the square roots of the quadratic equation (37) in r'^ for hiaxal 
crystals (cf. p. 343) modified accordingly for uniaxal crystals, 

ForMi = M formula (24) remains unaltered, whereas formula (27) 
reduces to ,i a 

It thus follows that for Mi = M (uniaxal crystals in current sense) 
the velocity of propagation of the electromagnetic waves of Case 2, 
where the electric oscillations are taking place in planes pai'allel to the 
_V*-plane, will be entirely independent of their direction of projwigation 
(K, n, v); we observe that their velocity of propagation is then that 
of electromagnetic waves in a similarly constituted isotropic medium 
(insulator) {D^ = D^ = D^ = D). 

For l)^ = D formula (ii) reduces to 

whereas formula f27) remains unaltered. Here the velocity of propa- 
gation of the electromagnetic waves of Case 1, where the magnetic 
oscillations are taking place in planes parallel to the y&plane, would also 
he entirely independent of their direction of propagation ; that is, the 
given waves could l>e propagated in all directions through the medium 
with one and the same velocity, that of electromagnetii 
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similarly constituted isotropic medium. We observe that of the two 
possible cases (media), M^ = My D^^D and D^ = D, M^^ M, the latter 
is probably never realized. 

Most (General Case: Dj^Dgi^Dg. — Let us now consider the most 
general case, where 

2>i -Z>2</>8 and M^^M^^Mjp 
examining thereby the conditions, under which electromagnetic linearly 
polarized plane-waves may be transmitted in any assigned direction 
(X, /m, v) through the crystalline medium defined by these values of 
D and M. For this purpose we shall eliminate first the magnetic and 
then the electric forces from our fundamental equations (1) and (2) 
respectively, and examine the electric and the magnetic oscillations 
separately. The elimination of a, /:?, y from equations (1) and that of 
Py 0, B from equations (2) evidently give 

Dj d^P^]j)_d_/dP_dR\^v^ d /dQ _dF\ 
Vq dt'^ ~' M 2 dz\dz dxj M^dy\(lx dy) 

and similar equations in Q and R, and 

M^ d^a __ ?'„ d /da dp\ Vff d /dy da\ 
Vq dt^'^ D^dy\dy ^/ D^dzKdx d^J 

and similar equations in P and y respectively. 

Replace here the forces P, 0, R and a, /^, y by their respective 
moments JT, F, Z and a, 6, c, and we have 



(28) 



?V di^ " M^ dz\D\ dz " />8 dz) M^ dy\D^ dx D^ dy / 

V df^ M^ dxXD^ dx 'I\ dy ) M^ dz\D^ dy 1)^ dz / 

V dt^ M^ dy\0^ dy " D^ dz )" M^ dx\D^ dz D^ dx ) ^ 

*"^ V df^ " ^8 dy\M\ dy W^ dx) D^ dz \M\ dx M^ dzf 

L^^LAf^^^ 1 dc\_^\_d_/J_fh^^db\ 

V dt^ D^ dzKM^ dz W^ dy) D^ dx\M^ dy M^ dx)' 

V dr^ "■ D,^ dx\Ml dx " Mj ~dz) " D^ dyKM^ Tz W^ dy)' ^ 

The Electric Oscillations. — In order that electromagnetic linearly 
polarized plane-waves may bo transmitted through the given medium, 
the above expressions (6) and (9) for the moments X, Y, Z and a, h^ c 
respectively must evidently satisfy the differential equations (28) and 



> ....(29) 
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(29). Let us first examine the eleetrio oscillations ; we replace X, Y, Z 
by their values (6) in formulae (38), and we find the following con- 
ditional equations itetween the direction-eosinea X, ^ v, which are]given, 
and those ^, tj, f and the velocity of propagation r, which arc sought : 



»,"' /H,\D."ll'J ' M,\D, D,r 
^,'^~ lt,\Tj,~V,)'W,\D, TJj 



(cf- also formulae (B), Ex. 1, at end of chap.), which for AI^ - M^ = 1U3 = >^f 
raduce to 

r",.ii'(i« + ^),-CVf-^'M. [ 130) 

.•<(.C'(i" + /.')f-^'ivf-*'c"/. ) 

where .i-.j?^,. ff= V_, c-^^, (30a) 

By the geometiical relation 

these conditional equations (30) can bu written in the form 

M'-«^)^ = A/, (B'-if>)>,=^f, (t^-,-^)f=./ (31) 

where f=A'>4 + B^M + C'yi. (3lA) 

We ol«erre that for M^ Af.^Mf, the conditional equationa cannot 
be brought into this simple fomi (31) (cf. p. 336). 

Let us now introduce into the above formulae that direction (of 
oscillation), which la at right angles both trj the normal (A, ^, v) to the 
given wave-front and to the direction of oscillation (^, i;, f) sought ; 
if we denote its direction cosiiicB by f , >/', f , the following geometrical 
relations will then evidently hold between these direction-coainea^and 
those A, /I, !■ and f, »;, (: 

^ = v,,-^C ,- = Xf-.f, C = l^i-hi (3-') 

these relations are now not independent of one another, but ; 
evidently connected by the three familiar geometrical relations 

iS + ,.,+.-i-o,j 

»f+,.,- + i-f-0, (33) 

if + «■ + {{■-». .1 
Multiplying now the above conditional equations (31), the first by f , 
the second by ij' and the third by (', add, and we have 

^'fr + «=•/■)' + <-'«' - ''(Sf + •!'> +tn- (*f + j"i' + '■{■)/ 
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or, by formulae (33), 

^2^f4-irV + C2CC'«0 (34) 

Next, multiply the conditional equations (31), the first by (, the 
second by t) and the third by f, add, and we have 

or, by formulae (33) and since ^ + v^ + f-^ « 1, 

f^ ^ A^$^ + Hhji + Cr^C^, (35) 

an equation for the determination of the velocity of propagation v as 
function oi A^ B, C and ^, >;, {, 

I^astly, write the conditional equations (31) in the form 

^^^A^^' '^^J^'-V' ^^W_vJ' ^^^"^ 

multiply these, the first by A, the second by /x and the third by v, add, 
and we have . v 2 2 2 

or, by formulae (33), 

X2 ^2 y'2 

^"A'^-i^'^Jf^-v^'^C'-^' ^ '^^ 

a quadratic equation for the determination of v^ as function of the 
medium constants A, B, C (cf. formulae (30a)) and the direction-cosines 
A, /x, V. 

Two DirectioiiB of Oscillation with Different Velocities of Proxia- 
gation ; Determination of these Singnlar Directions and Velocities of 
Propagation. — The conditional equations (31) and hence the fundamental 
differential equations j(l) and (2) will evidently bo satisfied, when the 
above formulae (34)-(37) hold ; these formulae will, therefore, serve, 
provided they can be satisfied, for the determination of the quantities 
sought, the possible directions of oscillation and the respective velocities 
of propagation in any assigned direction. It follows now from formula 
(37) that there will be two and only two possible velocities of 
propagation for waves transmitted through the given medium in 
any assigned direction (A, /z, v), and hence from formulae (36) that 
there will be two and only two possible directions of oscillation for 
waves propagated in that direction ; on the other hand, it is evident 
from formula (34) that these two directions of oscillation are those 
whose direction-cosines are f , 1/, ( and ^, t)\ (', that is, the two possible 
directions of oscillation will be at right angles to each other and 1>oth 
at right angles to the normal (A, /i, v) to the given wave-front (cf. also 
pp. 335 and 336). These two possible directions of oscillation in any 
wave-front are now known as the " singular directions." By formula 
(34) the two singular directions (^, >;, () and (f , rj\ f) sought are now 
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defined as the directions of conjugate diameters ; on the other hand, 
since they are at right angles to each other (cf. formulae (33)), they 
will evidently bo determined as the principal axes of the ellipse formed 
liy the intersection of the plane 

kc+fj,!, + i':: = 0, (38) 

and the ellipsoid 

^^ + ff'/ + CV=l (39) 

I,astly, il then follows from formula (35) that the velocity of propa- 
gation r of the oscillations parallel to either principal axis of this 
ellipse will be determined by the reciprocal value of that principal axis, 

Frssnel's ConitnictioiL — It is orideut from the above that electric 
plane-waves of two and only two directions of oscillation hut with diffe- 
rent velocities of propagation can be transmitted through a crystalline 
medium in any aasigned direction ; these two possible directions of 
oscillation or singular directions are determined by the principal axes 
of the ellipse formed by the intorscction of the plane (3t<) parallel to 
the given wave-front* and the ellipsoid (39), whereas the velocity of 
propagation of the oscillations parallel to either principal axis is 
determined by the reciprocal value of that axis. This raethofl of deter- 
mination of the singular diroctiona and the corresponding velocities 
of propagation is known as "Fresnel's construction." It is evident 
tliat not oidy the singular directions but also the respective velocities of 
propiigalioii will vary according to the direction of propagation chosen. 

Tlie Optical Axes : Biaxal and Uniaxal CiystalB ; the Ordinaiy and 
Extraordinary OsciUations.— It follows from Fresnel's construction for 
the determination of the two singular directions of oscillation and the 
respective velocities of propagation that there are, in general, two direc- 
tions of propagation (A, /i, v) in a crystalline medium, each of which will 
give one and the same velocity of propagation for both singular direc- 
tions ; these two directions of propagation are now evidently determined 
by the normals to the two planes (3H) that intersect the ellipsoid (39) 
in circles. As the circle has no principal axes, it will follow that the 
oscillations in these two particular wave-fronts may take place i 
direction. The two directions of propagation thus characterized are 
now designated as the "optical axes" of the medium ; crystals posses- 
sing two such optical axes are, therefore, termed "hiaxal crystals. 
For A -=8, A = C or li==C the ellipsoid (39) will degenerate to one 
of revolution, and the two planes (38) that intersect it in circles 
will evidently coincide with each other. In such crystals there 
will, therefore, be only one direction, in which both (all) oscillations 
will be propagated with one and the same velocity, whereby, i 
almve, the oscillations themselves may take place in any direction 



Mi 
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at right iiriglea to that direction ; this (iiroctioii of propagation evidoDl 
coincides with the axis of revolution of the givBn ellipsoid of revolutii 
which for if = C is its ^ivaxis. Crystals poasesaing only one such optit 
axis are, therefore, known as " uniaxal " crystals. It follows now from' 
Fresnel's construction, modified for uniaxal crystals {A>B = V)* that 
the shorter axes of the ellipses, formed 1iy the intersections of the 
planes (38) and the ellipsoid (39), will have one and the same length 
for all directions of propagation (A, ^i, ■'), and hence that the oscillations 
that t^ke place parallel to those axes will all be propagated with one 
and the same velocity (cf. also below) ; as this common velocity of 
propagation is now that of plane-waves transmitted through a similarly 
constituted isotropic medium, the oscillations propagated with that 
common velocity arc, therefore, designated as the "ordinary" oscilla- 
tions or waves. The other oscillations, or those that take place parallel 
to the longer axes of the ellipses, will be propagated with velocities that 
are proportional to the lengths of those axes (cf. above); since now, by 
Fresnel's construction, the length of the longer axis of any such ellipse 
evidently varies with the direction of propagation chosen, these oscilla- 
tions will be propagated with different velocities, and they are thus 
known an iho "cxtnifirdimiry " nscillution.i or waves. 

Actual Determination of the Velocities of Propagation of the 
Ordinary and Extraordinarsr Waves. — To determine analytically the 
velocities of pi-opagation of the two possible systems of plane-wares 
that may be transmitted in any assigne<l direction through a biaxal 
crystal, we must solve the above tjuadratic equation (37) in 
multiplying it out, we liave 

which gives 

,-"=A((yf^ + C2)A>i 



1 



(^s + C'>» + (^2 + /,a)j,. 1 

rc^^A'. _ ,;^)^» - (A^ - ^) v«]* 



-(-4(^^-(;')(/f-6'^)XV''} 
Suppose now that A^>B^>C^ — we can evidently always choose o 
system of coordinates so that this be the case ; the expression until 
the square-root sign will then lie positive and hence its squaro-rooP 
always real, and the given quadratic equation will hai'e two real 
roots. Before we consider further these two n>ota for biaxal crystals, 
let lis examine the particular form assumed by formub (40) in unian 
crystals. Take B^=C^, that is, the x-axis as optical axis; the i 
presaion for i^ will then reduce to 

v^^li{-lC-'X'-i-{A^+C^){^' + v^±^[-{A-'-C^){l.^ + v^)f} 

• We are u«BHiiiiiig liere, »» IwjIuh , tlml ^ >B(v;C). 
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..(40a) 



or, by the geometrical relation X* + /i^ + »* = 1, to 
which gives the two simple values for v- 

and r^''^A^-(A'-C'')\^.i 

The former of these values is evidently the velocity of propagation 
squared of the ordinary waves (cf above) ; it corresponda to that 
root of the quadratic equation in d", where the positive sign has becTi 
chosen before the square-root sign in the general expression (40) for v-; 
similarly it is easy to show that for yP = JP the positive sign must he 
chosen before the square-root sign, in order that tve may obtain the 
velocity of propagation of the ordinary waves. If we use this as 
criterion in discriminating between the two possible systems of waves, 
the ordinary and extraordinary (refractefl) ones, in biaxal crystals 
(A>B>C), the velocity of propagation squared of the fonner would 
be gi\'en by the expression 

-t- ^/[(i^'-c^^A'i-(^'-t,■=)/l*- (Ji^TPpp 

+ 4(^^-C«)(^-C«)AV} 
and that of the latter by 

r.= = 1 {(B> -H (?*■') A2 -H (^» + C)/i« -I- (^^ -H i/a) v= 



-<+l) 



-v'[(^-f^)A3-(^=-C-V- - M^ - }f')v^f 



.,(42) 



+ 4(../^-0='){J(^-C^)AV-|. J 

Determination of Position of the Optical Axes,— We have alruwly 
observed that in biaxal crystals there are two directions (A, n, v), 
known as the optical axes of the crystal, along either of which both 
(all) systems of waves, the ordinary and extraoi'dinary ones, are propa- 
gated with one and the same velocity ; this is, here 



which by formulae (41) and (42) can l»e written 
[(5«-C')A'i-(^=-nfL'^-{^--'-j5^),-^p-(-4(^^-C=)(iP-C»)AV = 0, 
where A, B, C are to be regarded as given and A, /i, v are sought. 

Since now, by assumption, A^>B^>C-, Iwth terms of the left-hand 
member of this conditional equation will be positive ; the given 
equation can, therefore, evidently be satisfied only when 

(B"'-C)k^-(A"-- C")ii' - (A-' - B') v-i = 
and ^A^^ - C-)(/P - C-)XV- = 0, 
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That these two conditional equations may be satisfied, we must now 
evidently put either 

Ai2 = and (^2-C2)/ti2_(^2_52)^^s = 
or 11^^ = and {B^^C^)K^^-Ia'^- B^)v^^ = 0. 

Together with the geometrical relation A^ + fi^ + v^— j^ these con- 
ditional equations between the direction-cosines A, /x, v sought and the 
medium constants Ay B, C would evidently give the following values 
for the former : 

A 2 — ft '» _ ^ ~ A 2 __ A' — C" 

.^_A^-B^ .,_^ , B^-C^ 

Since now, by assumption, A''^>B^>C'^y fi^- would be negative and 
hence /Xj itself imaginary. The former values Aj, /Aj, v^ for the 
direction-cosines A, /i, v would, therefore, have no physical meaning 
and must thus be rejected ; the latter values are, therefore, the ones 
sought; we can write them in the form 

*V:?^6'2» ''"^» ''=^V ^2_(72 » (^-^^ 

where we have dropped the index 2. These values correspond to 
four directions (A, /i, v) of normal, two of which are evidently 
oppositely directed to the other two ; they are now familiar to us as 
the expressions that determine the directions of the normals to the 
two circular cross-sections of the ellipsoid (.'i9). Of the four directions 
determined by these values for A, /z, v it is customary to choose 
as optical axes two that make an acute angle with one another ; let 
two such directions be 



.(43a) 



^'^ yj A--' - V'' ^'^^ ' ''!" yA^c' 

and A, = ^ A'A—(Ji^ /^2 =• 0» »'2 = " \ ^'i -C^ 

Observe that in uniaxal crystals (A>B=^(*) these values reduce to 

the (positive) x-axis (cf. p. 344). 

Velocity of Propagation along the Optical Axes.— Let us, next, 
determine the velocity of propagation of waves transmitted along 
either optical axis. We have just seen that this velocity is 
characterized by the vanishing of the square-root expression in the 
general formula (40) for r^ ; the velocity sought will thus be given by 
the expression 

r2 = J [(^ + r'2) A2 + (A'^ + C2)/i2 + (^2 + 2^2) ^2]. 
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If we choose as optical axes the two determined by fomuilnc <4.'tA), 
we find, on replacing here A, /», v by those values, 

r,« = r,» = ff'; (44) ( 

that is, all (both) waves will be prupagat^d almig iHith optical axes | 
with one and the same velocity. 

The Angles between Optical Axes and Normal to Wave-Front 
as Variables. — It is often convenient, tn refer onr formulae to the 
optical iixcs instead of to the coordiiint* axes .r, ;/, ; employed aliove 
(cf. p. 3;S 1 ). For this purpose we introduce the angles Uj and u.., which 
the normal (k, /x, k) U) the given wave-fronte makes with the optical 
axes. These angles are now evidently determined by the following ' 
expressions in terms of the direction-cosines A,, /i,, y, and A^, fi.„ r^ of 
the optical axes and those A, /i, i- of the normal to wave-front : 

cos K| = AAj + f•n^ + iT^ 
and cos 1^2= AAj-H/i^j-H vv^ 

• IT, since by fomniluc (43) /ij = ^ = here {A>B>C), 

C08M[ = AA, + vc, 
and cos h„ = AA^ + vi-„ 

If we choose as optical axes the two deterniinwl liy foiinulae (4;iA), 
we find, on replacing hero A,, i-j and A„, v.. by those values, 



which give 



that is, A, /t, V expressed in terms of the angles ii^ and u., a 
nicdiura-constants (cf. formulae (30a)). 

Velocity of Fiopagation expressed in Terms of ", and ' 
express the velocity of propagation (cf. formula (40)) in lorms t 
new variables Uj and Kj, we must determine the two expressions 

(if.' -H C^) A> -(- (^' + 6'")/i* -K^» -I- A») ►^ 
and [(5= - C») AS - (^^ - C^)p? - {A^ - fis) ^sp + < {A^ - C^){B' - C') k^,L* 
as functions of those variables. For this purpose we replace A, ^ v 
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their values (45) in terms of u^ and u^ in these expressions, and we have 

(i?2 4. Cf2)A2 4.(^2 + (72)^5 4.(^2 + ^)^2^/^+ (7?) ^'z^'^ 

A' — B^ 
and 

[(Zr-' - C^2) A2 - (^2 . (72j^2 _ (^2 _ i^i)^2J2 4. 4(^2 « (72)(2^2 _ (72) ^2^2 

>/2 _ /72 ^ 2 

- u-^ - cyi^~^^f_ iff + ?^ - 1 J 

• cos «, + COS «., , COS «, - COS tt., 

where p = *-;t « and q=- ' •, 

or, on replacing p and q by their values, 

(^^ + C2) A2 4- (^2 4. (72)^2 + (^/2 + 2^2)^2 ^^24. ^'2 _ (^2 _ (72)co8 W-iCOSlla 

and [(ir^ - C2) A2 - (^/2 - C'^ft^ - (y^2 _ 2ri)v2]2 4. 4(^2 _ (72)(^2 _ 02) A2/x2 

= (^2 _ (72)2 [-0082 WjeOs2w., ^ (cos2wj 4- C0s2m^) + 1] 
= (^2_(72)Jgi,^2,/^8i„2,^_^; 

Replace the given expressions by these in formula (40) for v\ and 

we have ^2 4. q-2 j-i _ ("2 

^= ., ,, cos(Wi±Mo), (46) 

that is, the velocity of propagation expresae<l in terms of the angles t£^ 
and w^, which the optical axes make with the normal to the given 
wave-fronts. 

Expressed in terms of u^ and u^ the velocities of propagation of the 
ortlinary and the extraordinary waves would, therefore, evidently be 
given by 

, ^24.(72 J2^C'^ 

V= .y - o co8(wi-f?g 

} (4r,A) 

., :^2 + (72 ,^2^(72 

and V= o ~) — cos(?/i-U2) 

respectively (cf. p. 345). 
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The Magnetic Oscillations. — A aimikr treatment of the magnetio I 
mouicuts f>f fornuilac (■2^) shows that u cryatalline medium is also 1 
capable of traiismitdug in aiiy assigned direction (X, n, v) two aystema I 
of magnetic waves, whose directions of oscillation are at right anglea 
to the electric oscillations that eaii be transmitted in that direction 
and whose velocities of propagation are those of the respective electric ' 
waves (cf. Ex.'s 7 atid 8 at end of chapter). 

The Eay. — The rather abstract conception " ray " plays such an 
important part in the theory of light, that we should hardly feel 
justified in making no mention of it here ; it is often introduced, 
because certain formulae, as those of retlcction and refraction on the 
surface of a crystalline medium, assume simpler form, when referred to 
the " ray " than to the normal to wuve-frout (cf. pp. 366-367). We 
can now define the "ray " as the direction determined by the normal 
(taken in the direction of propagation of the wave) to the plane 
that passes through the direction of action of the resultant electric 
force P, Q, R and that of the resultant magnetic force a^ fi, y or, if we 
assume that JVj = M^ = M^, that of the resultant magnetic moment a, b, c. 

Belative Position of Bay to Forces and Moments. — By formulae (12) 
and (13) lioth the electric and the magnetic oscillations A', K, ^^and a, h, e 
respectively at any point {cf. Fig. 37) lake place at right angles to 
the normal A, /*, !■ to the wave-front at that point, whereas, by formula 
(16), the resultant electric moment X, Y, Z and the resultant magnetic 
force a, j8, y make a right angle with each other, as roughly indicated 
ill the annexed figure. If we assume that A/, = M^ = Mj, the resultant 




magnetic moment a, b, c will then be in the direction of action of 1 
resultant magnetic force a, p, y, that is, the latter will also lie i 
given wave-front at right angles to the resultant electric moment. By i 
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formula (17) the resultant electric force I\ Qy R acts at right angles 
to the resultant magnetic moment a, />, c or, if M^ = M^ = M^ to the 
resultant magnetic force a, ^, y; since now the latter (a, 6, r) then 
{M^ = M^ = A/g) makes a right angle with the resultant electric moment 
JT, F, iT, it follows that the resultant electric force I\ Q, H will lie 
in the plane that passes through the resultant electric moment X^ F, Z 
and the normal A., /x, v to the given wave-front ; let us denote the 
angle, which the resultant electric force P, Q^ R makes with the 
resultant electric moment X, F, Z^ by c By our above definition 
the ray is now determined by the normal to the plane that passes 
through the direction of action of the resultant electric force P, 0, R 
and that of the resultant magnetic force a, ^, y or moment a, 6, c 
(3/j = M.y = il/g) ; since now the resultant electric force P, P, R lies in 
the plane that passes through the resultant electric moment X. F, Z 
and the normal A, /x, v to the given wave-front, making the angle c 
with the former (direction), and the resultant magnetic force or 
moment is normal to this plane, the ray will lie in that same plane, 
making the same angle c with the normal A., /x, v to the given wave- 
front. The ray evidently stands in the same relation to the electric 
force as the normal to the wave-front to the electric moment. 

Determination of the Angle c between Bay and Normal to Wave- 
Front. — Let us now determine the angle c between the ray and the 
normal (A., /i, i/) to wave-front, which, as we have seen above, is identical 
to the angle, which the resultant electric force P, P, R makes with the 
resultant electric moment X^ F, Z. If we denote the direction-cosines 
of the resultant electric force referred to the principal axes of the 
crystalline medium bv /;, /y, r, we evidently have 

P^ Q \ ^ _R 

Replace here the component forces P, Q, R by their values (7) for 
the plane-waves (6) that can l>e transmitted in the assigned direction 
(X, /x, v) through the given medium, and we find, by formulae (30a), 

p =, ---— 5 7 = - 






r= - 



that is, p, q, r expressed in terms of ^, r;, C, the direction -cosines of 
one of the two possible (singular) directions of oscillation in the given 
wave-fronts, and the medium constants A, B, C. These relations 
between p, q, r, f, r;, (, and A^ D, evidently give 
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The left-hand muraber of this equation is now the Hnalytic expression 
for the ooBine of the angle Iwtweeu the two (lirectiona P, Q, It an<i 
A', Y, Z, that IB, the ahove angle t ; we thus huve 

y^'fi + AV + ('■'(* 
or, by formulu (35), 

c(«.= "' (48) 

If we denote the velocity of propagation of the ray by v^ wo uan 
evidently express cob tin the form - and thus write 



hence riV-'^^'f + iV + '''V K^^t') 

Dfliivation of Formulas for Bay. — To obtain formulae, where the 
qimntities are referrerl to the ray (/, m, n) instead of to the normal 
(A, /I, I') to wave-front, we must replace ^, >(, fin the formulae already 
found by their values from formulae (47) in terms of p, '/, r and the 
medium constants, whereas in those formulae, where i' appean, we 
must introduce the velocity of propagation i^, of the rav in its 
plac.. 

Replace, first, ^, i;, f by their values from fnrnuilae (47) In formula 
(35), and we have 

which by formula (4J^a) can be written 

kence ' J,.J, + J + ^;, («> 

an equation for the detemiination of u, in terras of ■p, '/, r and A, B, C. 
Next, replace ^, ij, ( by their values (47) in the geometrical relation 

ff + W+Cf'-o 

(ef. formulae (33)) ami in formulae (34), and we have 

j-. + jf. + Ci " - {50> 

and p^' + ipi -f r(' = ; ' 

the latter states that the I'esnitmil electric force acts at right angles to 

the resultant magnetic moment or force (M^ =M„ = M^). 



352 ELECTROMAGNETIC THEORY OF LIGHT. 

It follows now from formulae (49) and (50) and considerations 
similar to those on pp. 342-343, that the two (singular) directions 
/?, ^, r and ^ r;', (' of action of the electric force for any assigned direc- 
tion (/, w, w) of ray will be determined by the principal axes of the 
ellipse intersected on the plane 

lx + 7ny + nz — (51) 

by the ellipsoid 

5+J+S=i' <-'"'2) 

whereas the velocity of propagation of the respective ray /v ^^^ ^ 
given by the length of one of the principal axes of that ellipse (cf. 
below). 

Determination of (Singular) Directions of Force for any given Bay 
(/, m, n) ; Fresnel's Oonstruction. — We observe that the ellipsoid (52), 
like that (39) employed for the determination of the two singular 
directions of (electric) oscillation, is determined alone by the values of 
the medium-constants A^ B, C; its principal axes evidently coincide in 
direction with those of the ellipsoid (39), whereas the lengths of these 
axes are the reciprocals of those of the latter ellipsoid (39) ; these two 
ellipsoids are, therefore, known as " reciprocal " ellipsoids. The deter- 
mination of the two possible directions of action of the electric force in 
any crystalline medium corresponding to any given ray {I, m, n) is 
evidently similar to that of the two singular directions of (electric) 
oscillation in any given wave-front (A, /x, v) and is effected by Fresners 
construction (cf. p. 343): we lay namely the plane (51), to which the 
given ray is normal, through the centre of the ellipsoid (52) and seek 
the two principal axes of the ellipse intersected on that plane by that 
ellipsoid ; these principal axes then give the two possible directions of 
action of the electric force for the given ray (/, m, n), whereas the 
velocity of propagation of the ray corresponding to the direction of 
action of the force along either principal axis is ' determined by the 
length of that axis. 

Equation between Velocity of Propagation of Bay, its Direction- 
Oosines and the Medium Constants. — The derivation of the quadratic 
equation for the determination of v^^ in terms of the direction-cosines 
/, m, n of the ray and the medium-constants A, B, C corresponding 
to formula (37), where v^ is determined as a function of A, /ia, v 
and A, B, C, offers certain difficulties, for it involves several purely 
analytical transformations. 

We start from formulae (31) and (31a); by formulae (47) we can 
now write the latter in the form 

/= A^>4 + B^M 4- C Vf = (\p + fju2 + vr) >/^*f^ + ^V + ^' V 
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or, by figure 38 and formula (48a), 



/^i;A--i^ (53) 

Replace/ by this value in formuke (31), and we have 

(C3-,.^)f=.W^*-^. 
Since uow the ray (/, rn, n), the direction of action of the resultant 
electric force {p, q, r) and the resultant magnetic moment (f , 17', (') 
all make right angles with one another, the following analj-tic relations 
will hold between their direction -cosines ; 

(of. also formulae (SiJ)), Replace here p, q, r by their values from 
formulae (47), and we have 

and similar expressions for m and n, hence, by formula (48a), 

and similarly ri\m = A^^C - ^'C$' 

and ci'.n = B^f - A^7,\ 

Next, replace here ^', i/, {' by their values (32) in terms o( X, fi, y 
and ^, 1;, f, and we can writ« these relations in the form 
«'; = C^C(Af--0-S^>,(^-A^) 

or, by formulae (35) and (53) (cf. formula (3lA)), 

hence v,i = An - ^v^—ifl 

and similarly '','" = ii.r- jj^v/ - r* 

and v^n ^w- (Jr,^ - u', 

that is. A, /I, ■' expressed in terms of /, m, n, ^, 1, { and the if'a. 

Replace now \, /i, v hj their values from these lafit relations i 
above form of formulae (31), and wo have 

hence (A'^ ~ e^)^=vj*jv* ^v^ 

and similarly {}P-j<^)jf = v^inJv,^-il' 
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Lastly, multiply theeo equations, the first by /, the second by m ai 
the third by n, add, and we have 

or, since lp + mq + nr = (] (cf. pp. 349-350), 

„ AV Shif CV ,, 

''-lTZ^'*V-Vi*C'--,.' <' 

the quadratic equation in v," sought ; by this equation we can dot 
mine the two possible velocities of propagation of ray for any assign 
direction {I, m, u) of the same. 

Reciprocal Relations between Ray and Nonnal to Wava-Front. 
A comparison of the above equations (49)"{fi4) between the fon 
and the ray with the foregoing ones between the moments and t 
normal to wave-front reveals a certain reciprocal relation l>Gtwe 
these two sets of quantities. It is evident that to obtain a 
formula )>otwecn the forces and the ray, we have only to make t 
following substitntions in the respective formula Iwtweon the momei 
and the normal to wave-front : 

Reflection and ReEraction. — The manifold electromagnetic phc 
mena exhibited by crystals are to be ascribed indirectly ulni 
exclusively to the peculiar behaviour of electromagnetic waves iij 
reflection and refraction on their surface. We shall, therefore, cotif 
our further treatment of electromagnetic waves io crystalline me 
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to the examination of the laws of reflection and refraction on the 
surface of crystals and their subsequent behaviour, that of the reflected 
and refracted waves, within the same. We shall examine hero aa 
above only the non -conducting cryatalliiie media (cf. p. 330). We 
choose the dividing-surface lietweeti any two such media, for example, 
the cleavage surfaces of two crystals pressed closely together or the 
cleavage surface of a crystal placed in an isotropic medium (air), 
as v^-plane of a system of rectangular coordinates x, y, z with 
origin at that point on the same, whore the given electromagnetic 
waves are incident. The principal axes (Dj, D^ D^) of either 
medium will not, in general, coincide with these axes; henceforth 
let U8, therefore, denote the former axes by x', jf, z* {I^, y^, ;,') 
and retain j, y, z for the latter. 

Maxwell's Equations for Aeolotropic Insulators.— The electro- 
magtietic state in an aeolotropic insulator or crystal referred to any 
system of rectangular coordinates r, ij, z 
diflerential equations 

«j dt~dz dy' »„ dt~dx dz' 

iw dZ _da _d^ 

Vg dt"Jy~dr. 
iw da _ dJi dQ ijr db _ dP dR 



and 



' ./-/ dz' 
Awtle_dQ 



(cf. formulae (1 and 2, 1.)), where, however, the electric moments a 
given by the expressions 

(cf. formulae (9, I.)); these D's are functions of D„ D^, D^ the 
constants of electric induction along the principal axes x, y', r' of the 
crystal (cf. p. 331), and the cosines of the angles between these axes 
and the coordinate-axes x, y, x; /)„ and fl^j are, for example, given by 
the expressions 

Z>„=iJ,co8^(*:', x) + D.,coa^{x; ij) + D^cos^/ , z), 
iJj2 = i),co8(x', .f)co8(y, x) + DjCOs{x; y)co8(y', j() + />,cos(/, s)cos(y,*) 
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(cf. p. 8). Since we ahall assume here as above that 
the simple relations (4, I.) will hold between the maj 
and the magnetic forces. 

The Sorface-Oonditioiu. — Let now the system of coo 
to which equations (55)-(57) are referred, be that partic 
above, where the dividing-surface between the two cr 
as yi-plane, etc ; our differential equations (66) and 
evidently assume the following familiar form on that su 



{cf. formulae (3, VII.)), where the index or 1 de 
component moment or force to be taken is that or tl 
acting in the one (0) or the other (1) crystal respectivel; 
Incident (Eloctric) Plana Waves and the Seflected 
Wavea.— As above, let us represent the component el 
or oscillations X, K, Z in incident plane-waves that can 
in any assigned direction (X, fi, v) through the crystal 
(cf. Fig. 39 below) by the functions 

whore 5=Aa;+/»y + M and '^"-j-'y 

(cf. p. 26T), $, >], C denoting the direction-cosines of • 
possible (singular) directions of oscillation in the gii 
(A, fi, v). Not only a and X, /x, v, but also (, i], { and 
can be determined by Fresnel's construction (cf. p. 343 
direction of propagation (A, n, v). are to be regarded 
The displacement in any wave-front may of course 
direction, but, if that direction does not coincide w 
two singular directions peculiar to that wave-front (cl 
its components parallel to those singular directions will 
as permanent waves, and, as we have seen above, each ^ 
velocity. This evidently accounts for the familiar bifur 
or rays upon entering a crystalline medium. If both i 
tropic, incident waves represented by the functions (5S 
shall denote the direction-cosines of one of the two sin, 
in the given wave-fronts (A, /i, v), will evidently, 
bifurcated both upon refraction and upon reflection 
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hand, if the medium (0) of the incident waves is isotropic, there will 
eviilently be, in general, two refracted waves and only one reflected 
one. Let ua first examine the moBt general case, where both media 
arc aeolotropic. Incident waves represented by the functions (59) 
will then give rise to two reflected and two refracted waves of the 
following form : 

i-.-w"'-'', <«'»• 

where j„ = Ao^ + ;*„y + V (60a) 

end X-«.f.«"''"''', I 

j',-«,,..'"<'-9, <«') 

where s, = A^ + /i4^ + V, (6IA) 

the ordinary and extraorflinary reflected waves respectively, and 

i;'-<,.V"('"'3. (''>' 

where Sj' = \'i + ^'Sr+i'o't, (63A) 

IV-«.V''"<"-'-', I <"') 

where .1,' = A.'j: + fijy + v,'s, , (63a) 

the onlinary and extraordinary refracted waves respectively. 

If we can determine the X, /a, r'a of the alwve functions (60)-(63a) for 

the reflecteii and refracted waves, we can find by Fresnel's construction 

(cf. p. 343) the respective ^, i), f's and v'e ; that is, the latter quantities 

may be regarded here as known, provided the former can be determined. 

•Cf. toot-note, p. 358. 






(66) 
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Determination of the A, /i, i^'s and a's of Reflected and Befiracted 
Waves from Snrface-Oonditions. — To determine the X, /i, v's and the 
a's of formulae (60)- (63a), we make use of our surface-conditions (5H), 
which can be written in the explicit form 

(64)* /?o' + A' = /3 + /3o + ^^ ' (65)* 

r J ro'+r/=7+ro+rr j 

Replace the X's by their values on the given dividing surface, x = 0, 
in the first condition (64), and we evidently have 

This condition must now hold for all values of ;/ and z^ that is, at all 
points on the given dividing surface ; this is evidently only possible, 
when both 

_^o'^ -^' = '*= (^ ^'*' ] 
V v: V 'vr-v. (66A) 

and -^=-*:-; = *'=-^o^_^- 

The above formulae will now assume a much simpler form, if we lay 
the plane of incidence (of the incident waves) in either the an/ or the x> 
plane of the above system of coordinates x^ y, z; let us choose here, as 
in Chapter VII., the former as plane of incidence. We observe that 
the generality of the given problem will in no way be affected by 
this choice of the plane of incidence, for the only restriction put 
upon the above system of coordinates was that the a^-axis be normal 
to the given dividing surface, whereas the y and 2^xes were left 
entirely arbitrary in that surface. 

xy-'Blajie as Incidence-Plane. — For the :e^ plane as plane of incidence 

i/ = 0, and the latter of the two conditional relations (66a) will thus 

assume the form , , ^ .-^, 

''o =K =»'o = ^ = 0; (67) 

that is, both the reflected and the refracted waves will also be propa- 
gated in the plane of incidence, the xy-plane. 

If we now denote the angle, which the normal to the wave-front of 
any incident wave makes with the iK-axis, here the angle of incidence, 

*Here the index (o in Fig. 30) referring to the ordinary waves, although 
similarly written, is not to be confounded with that zero (0) employed above (^. 
formulae (58) ) ; a« it is always evident which index is referred to, we shall 
attempt no further discrimination in orthography. 
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by <^ and the angles, which the normals to the wave-fronts of the two 
reflected and the two refracted waves make with the positive and 
negative a^xis respectively, here the angles of reflection and refraction, 
by 1^ it>, and tfii,', it,' respectively, as indicated in the annexed figure, 
we can then write the direction-cosines X /», A,, /i^. etc. in the form 
A = costal fi= -sini^, 1 
Au -cos 1^0, fi„ = Bin4^ K, = cosi,„ ii, = sm-f,^ \ (68) 



fi., = Bin 1^ 



(cf. the annexed figure). 




Laws of Beflection and Be&actioD. — On replacing the /i's by their 
■alues (6>^) in the former conditional relation {66a), we have 

sin*„' ^ sin^; _ siin^ _ ain^ _ sin , ,gg. 



the familiar relation (laws) tetween the angles of incidence, reflection 
and refraction and the velocities of propagation of the incident, reflected 
and refracted waves. 

OscillationB in Incident, Beflected and Be&acted Waves referred 
to Incidence - Plane ; the Azimuth of OscillatiotL— Since the above 
incident, leflecteil and refracted wavi's all lie in one and the same 
plane, the plane of incidence, we can refer their directions or planes 
of oscillation to that plane. The augle, which the direction or plane 
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of oscillation in any wave makes with its incidence plane, is now 
known as its '^ azimuth " of oscillation. If we denote the azimuths of 
the above incident, the two reflected and the two refracted waves by 
6y 6q 6^ and 6^' 6 J respectively, we can evidently write their component 
moments in the form 

(^ y Bin 6 -Jc cot 6\ 
t- — ^ — r\ 



K« a cos cos <^ e 



in{t. 



.Vtin^-2C<M^ 



) 



Z=^ amide 



Yq— " a^cos ^qCOs 9o ^ ^^ 



) 



^n = ^nSin Btxt 



with similar expressions for the component moments 
of the extraordinary reflected wave, and 

in(t'^ 8ln^;o -xco% <fr'o\ 

aQCos6Qsin<f>Qe ^ *''© /, 



> 



^o' 



2o 



in(t y^p^^ 'o-- *• «<** ^'o \ 
ao'cos^o'cos<^o'« ^^ > 

a/sin^n'« V '-^0 \ 



(70) 



/ 



with similar expressions for the component moments of the extra- 
ordinary refracted wave (cf. Fig. 39 and formulae (60)-(63a) and (68)). 
The Incident Magnetic Waves; their Amplitude of Oscillation. — 
Since, by assumption, M^ = il/g = M^ in either crystal, the above electric 
and the accompanying magnetic oscillations will take place at right 
angles to each other (cf. formulae (20)) ; we can, therefore, represent 
the component moments of the magnetic oscillations that accompany 
the incident electric ones (59) by the functions 

h = Ar,-e<'^'^, ■ <71) 

c = ACe ^ "^ 

where A denotes their amplitude of oscillation, and ^, Vi C^ their 
direction-cosines of oscillation, are connected with the direction-cosines 
^, r;, ( of electric oscillation and those A, /i, v of normal to wave-front 
by the relations 

f=»'';-K» V='^C-»'^i C'^t^-^l 



> J 
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(cf. formulae (32)). Eeplace in these relations A, ^,'i' and ^, •;, £ by 1 
their values (67) and (68) and the foilowing respectively referred to 1 
the above system of coordiDates (xy-plane as iiicidence-platie) : 

^ =- cos fl ain ^, i/ = cos fl cos i/., ( = ain 
(cf. Fig. 39), and we have 

f = sin fl sill ^, t/' = sin fl cos ^, f = - coa 8. 
Replace ^, i/, f by these values in formulae (71), and we can write 
the component magnetic moments in the foi-m 

« = >/ Bin fl Bi'n ch J"^' ' '■ 



^A&ind coa 






n 



..(72) 



«* i 



e= - A coa 6 
(cf. formulae (70)). 

To determine the amplitude A of the magnetic oscillations (7'2), we 
make uae of the first equation of formulae (55), which evidently 
reduces here (ay-plane as incidence plane) to 

15 !^= _^ 
i' (it ~ d;,' 

where we are writing » for the velocity of propagation of electro- 
magnetic waves in the standard medium (voj^uum) instead of i'„, which 
we have been employing above for the velocity of propagation of the 
ordinary reflected wave (cf. formulae (60)*). Replace here X by its 
value from formulae (70), and we have 

- <iutcos sm e " rf^ ' 

which integrated gives 



By formulae (4) ^^f^ = 
expression for c ; 



M^^M^^'M), we thus find the following 



Mv 



..(,. 



•**\ 



A comparison of this expression for c with the above (cf. formulae 
(72)) shows that the amplitude A of the magnetic oscillations (72) 
that accompany the incident electric ones (59) must be 



where a denotes the amplitude of the latter. 
•Cf. foot-ooU, p. 358. 
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The expressions (72) for the component magnetic momenta a, 6, c 
can thus be written : 



a* = - - -a sin ^sin 4> e 



V 

Mv . 



6 = — —a sin 6co8<f> e 



.rt(t_y»4n^^'_«>«f\ 



V 



Mv ^ 
c= -^acoBue 

V 



,^/ ?^£in^-£CO^\ 



.(72a) 



The Beflected and Befhusted Magnetic Waves.— Similarly, we can 
write the component moments of the reflected and refracted magnetic 
waves that accompany the reflected and refracted electric ones of 
formulae (70) as follows : 



Mv ./^^yMn^o+xcosM \ 

a* = - -y^aosin ^osin ^^^ ^ "^ \ 

6o = ^%sin^ocos<^o^ ^ ^o ^^ . 



Mv^ ^ ' 
Co=-_-Xcos^o« 



Ji _ •'' ^?.*o±* «>■ ^\ 



(73) 



with similar expressions for the component moments of the extra- 
ordinary reflected (magnetic) wave, and 

. ,- Mv^ , , r., . , , '"V 7/> ) 

ao ♦ = - -^«o sin ^0 am </>o « "* , 



6o' = - '-^ao'sin ^o'cos ^^e. ^ '^o \ ^ 



(74) 



with similar expressions for the component moments of the extra- 
ordinary refracted (magnetic) wave. 

Since, by assumption, there is no variation in the constant of magnetic 
induction in either crystal, the component forces acting in the above 
magnetic waves will be proportional to the respective component 
moments^ the expressions (72)-(74). 

The Amplitudes of the Beflected and Befiracted Waves and the 
Snrface-Oonditions. — We have seen above that the two conditional 
relations (66a), or, if referred to the incidence-plane, (67) and (69), 
must hold, in order that the first surface-condition (64) may })e 
satisfied; the latter will now evidently be satisfied only, when the 
following conditional equation holds between the a's and the f 's : 

* We write a, a^ a'o for the component magnetic moments a, Oq, a'^ to dit> 
tinguish them from the amplitudes a, a^, a'^. 
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or, if referred to the incideDCfi-plane, the following ei:|iiation Vietwe( 
tho a'a and the ffs and <f>'s : 

a^i' co» 6^' sin iiQ + a,' cos 6,' sin il>,' ] ,-ej ' 

= a cos ft sin i^ + t^ cob &„ sin i^^ + u, uos fl, sin i^, ; j ' 

we obtain the former equation, on replacing the ^'s and v'b by their ] 
values (66a) in the surface condition (66), and the latter on replacing 
the ^'s by their values in terras of the fl's and -^'s (cf. formulae (TO)) 
(the zy-plane as incidenGc-plane) in the former. 

The Bm&ce-Oonditlons (65). — On the assumption of tho validity 
of the conditional equation (75), we have one equation for the det«r- 
mination of the a'a. To obtain other equations for the determination 
of these four unknown amplitudes a^ o., a\ and a'„ we must make 
use of our other surface-conditions (64) and (65). Let ua, first, 
examine the latt«r surface-conditions and of these the second one ; 
we replace there the fi'a by their values (cf. formulae (72a)-(74)) t 
the given dividing surface, x = 0, and we have 



« sin #cc 






+ i;u,sinS,coB'^, e ^ 
By formula (69), which will evidently hold here, since the surface- 
conditions must hold for all values of y (z) and t, this surface-condition ' 
leaila to the conditional equation 

- v^'ag sin ^u' COS ift^ - v.'a,' sin fl,' cos •!>,' 

= --vasinO cos i^ + vjig sin ff,, cos i^^ + r.ii, sin fl, coa ij>,. 
By tho same formula (6d), we can now express the r's as functions of 
the (jli'e, and thus write this conditional equation in the form 

= - tf sin ff sin 1^ cos ^ -f ttg sin Sj sin <)>„ cos i^^ + a, sin B, ain <)>, w 
Similarly treated, the other two surface-conditions (65) lead 1 
conditional equations 

3f '(n,,' sin 6g sin* ^„' + n,' sin 6^' sin^ ^,') 

and u,,' cos 6^' sin i^^' + a.' cos 6.' sin <^ 

= o cos 9 sin </> -Ha,, coa 0„ sin i^,, -i- a, cos ft, sin >t>, ; I 

the latter is the conditional equation (75) already derived from the 
first surface-condition (64) 
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The Snrface-Oonditions (64) between the Q% and the Rb\ the 
Expression for Q.— The four surface-conditions just examined give 
only three independent conditional equations (75)-(77) for the determi- 
nation of the four amplitudes a^, a„ a\ and a\ sought. To obtain a 
fourth equation, we must have recourse to the two remaining surface- 
conditions (64); let us examine here the second one. We must 
now express the Q% of this surface-condition in terms of known 
quantities, aside from the four unknown amplitudes sought; let us 
first seek that expression for Q. For this purpose we introduce a 
third system of rectangular coordinates x", y*, sT with origin at 0, the 
common origin of the two systems x, y, z and x\ y', ^ already employed ; 




Fio. 40. 

the ic^-axis of this new system shall coincide with the normal from O to 
the wave-fronts of the incident wave and the y^axis shall be taken 
parallel to the common direction of oscillation in those wave-fronts, 
as indicated in the annexed figure. Referred to this new system 
of coordinates the component electric moments of the incident wave 
(59) can evidently be written 
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The components of this resultant moment Y' pftraliel to the 
principal axes sf, y", a' of the crystal (of the incident waves) are 
evidently 

K'*v) ! (78) 






M'O 



)8(;', t,") = acos(;', f)e 

The component electric force Q acting parallel to the y-axis of 
the system of coordinates x,y, a can now evidently be written in the 

Q = Pam{x\ y) + 0'coa(y', j() + ffcM(s', ?/), 

where F, Q, H' denote the component electric forces acting parallel 
to the principal axes of the crystal (cf. Fig. 40) ; since F, p', E are 
the component forces acting parallel to the principal axes j^', i/, a' of 
the crystal, we can put 



X\ Q^}}Y\ K-^ 



I>s 



(cf. formulae (3)) and thus write the expression for Q in the form 

«.4,gco.(/, ,) + ~oo.(/, ,) + £co.(/, y)J 

or, on replacing here X', ¥', Z' by their values (7S), 

n i .^r c<«(^'. y'lcoaCx', y) . eoB(y', y")coa( y', y)^ 

''"*"[ A 1), 

oo.(/, y-)co.(.-, yr u^('*') '"' 

A J ■ ) 

cos(i', y"), cob(p', y") and cos(j', y") are the direction-cosines of the 
resultant electric moment J" with respect to the principal axes x', i/, ^ 
of the crystal, that is, the direction-cosines ^, ij, f of formulae (6); 
these direction-cosines are now related to the direction-cosines ;/, q', r' — 
the p, q, T of formulae (47) — of the resultant electric force F with 
respect to iho principal axes, by the formulae 

cos(/,y-) = g' = 



JA'P 


+it*Ti'' 


' + 6Y' 


A> 


■jA^e 


+ its,'' 


+ CX'. 


if 


■lA't;' 


+ «',■' 


' + tX' 
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(cf. formulae (47)), where, according to the present notation, we are 
denoting the direction-cosines of the resultant electric moment Y" 
and the resultant electric force F with respect to the principal axes 
7!, y, z' of the crystal by f , 1;', (' and p\ q', r' respectively. By 
formulae (30a) and (48a) these expressions for cos(a;', /), C08(y', f/') 
and cos (/, y) can be written 

where v^ denotes the velocity of propagation of the ray. 

By these values for the direction-cosines we can now write the above 
expression (79) for Q in the form 

(2 = ^'[^|*^#[p'cos(a;', y) + ^'cos(;/, y) + /co8(/, y)>"^'''^^ 

= — pr~ co8(i', y)e ^ ^S (80) 

where (F, y) denotes the angle between the direction of action of the 

resultant electric force F and the y-axis (cf. Fig. 40). This cosine can 

F 
evidently be replaced by the quotient -J?, where F^ denotes the com- 

pouent of the resultant force F parallel to the y axis. 

The component of the resultant electric force F in the direction 
of the resultant electric moment Y" is now 

Fco%€ 
and its other component in the direction of the (negative) normal 
to wave-front /'sine 

(cf. Figs. 38 and 40), where c denotes the angle between the resultant 

electric force F and the resultant electric moment K" (cf. p. 350). 

The components of /"cose and /'sine in the plane of incidence, the 

a;y-planc, are evidently 

/'cose cos ^ and fsin c 

respectively, where 6 denotes the azimuth of the given oscillations, 

and hence the components of these two component forces parallel 

to the y-axis 

/'cos € cos d cos </) and -Fsin c sin </> 

respectively (cf. Fig. 40). 

The total component electric force acting parallel to the y-axis, F^ 
will thus be F^ = (cos c cos ^ cos </> 4- sin c sin </>) F^ 
hence FJF = cos € cos ^ cos </» 4- si n € sin </>. 
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Replace coa(F, y) = FJF by this value in the above expreesion (80) 
for Q, and we have 

e. tl5i^(oo. , cos « CO. 0+8in , .in «,'■('+'), 

or, since by fommlae (48) and (48a) 



e=-'"^'"(co3(Ji:os«-Han<8in*)« ^ -' (81) 

The ExpressioiiB foi Q^ and Q,. — The determination of the expressions 
for Q^ and Q, is aimilar to that for Q. The position of the auxiliary 
system of coordinates r^, i/„', i„" for Q^ is also roughly indiofted i 
Fig. 40. We find, as above, 

and a similar expression for Q,. 

On evaluating cob (Fg, y) we observe, however, that the component* 
of /*„ cos („ cos ff„ and foBint^ parallel to the _v-axiH must eridently be 

- Fg COB (g ooa f'g cos i^n and /"ysincosini^n 
respectively (cf. Fig. 40), and hence the final expression for Q^ in 
the form 

Co= - — -^— (co8 6i„co8^„-tant„8in<^i,)e ^ '''''; (82) 

similarly, the evaluation of cos(F„ f/), etc., and the final expression for 

a- 

The Expressions for Q„' and Q,'. — The oxpressions for Q^' and QJ 
ivill evidently be Hiniilar to that (81) for Q; we find 

y; = ^^^-¥' (cos e; cos *; + tan .„' sin •fa')"'"^' " "^ ^ («3> 

and a similar expression for Q,'. 

DeriTEtion of the two remaining Conditional Equations from the 
Barface-ConditionB in Q and R. — Replace the Q's by their values on 

the given dividkig-surface, 3; = 0, in the seoond surface^ondition (64), 
and we find, by formula (t>9), 

%\'-M' (cob #„' COB c^.^' + tan t„' sin ^f,') 

+ a,'f,'«Jf (cos e/ cos 0,' ^- Ian (,' sin <p,') 
= 'ijr'M (cos fl cos ^ + tan c ain rf>) - a^v^^M (cos 0„ cos 0^ - tan t^ sin i^„) 
- a,v,-M (cos e, COB 0, - tan «, sin ^.,), 
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or, on expressing the v'b as functions of the <f>% 
a^ sin2</)^j' (cos 0^ cos </>q' + tan €q sin c^^') 

+ a^ sin^c^/ (cos 6^ cos </>/ + tan c/ sin </>/) 

= a sin2</) (cos ^ cos </) + tan € sin </)) }• (84) 

- % sin2</)^ (cos Oq cos c/)^ - tan c^ sin</>^) 
- a, sin2</)^ (cos ^, cos </>, - tan e, sin </>,), 
whore we have put M — M (cf. foot-note p. 298), the fourth conditional 
equation for the determination of the four amplitudes a^, a^ a^ and a/. 
The last surface-condition (64) similarly treated loads to a fifth 
conditional equation, which is similar to (84) but is not independent of 
those already found. 

Snmmary. — The conditional equations (75)-(77) and (84) evidently 
suffice for the determination of the four unknown amplitudes a^, a^ 
a^ and aj. These amplitudes are, strictly speaking, the only remain- 
ing unknowns in the above equations ; we observe, however, that the 
relation (69) between the <f>*8 and the v^s gives only the ratios between 
the sines of the former and the latter. To find the </)'s and r's of 
the reflected and refracted waves, for example the </>q and Vq of the 
ordinary reflected wave, to which any incident wave of angle of 
incidence <t> and velocity of propagation v gives rise, we first determine 
the direction-cosines Xq» /S^, Vq (A, /x, v) of the normal to the wave- 
fronts of that wave with respect to the principal axes of, i/, z' of the 
crystal as functions of <f>Q and the cosines between those principal axes 
x\ y\ / and the coordinate-axes a;, y, z^ to which the given dividing-surface 
is referred (cf. pp. 355 and 358) ; these direction-cosines are evidently 
given by the expressions 

\ = cos <^Q cos (a;', £) ■\- sin </)^, cos (j^', y), 
/x^, = cos </>o cos (y, X) -f sin «^o cos (y', y), 
pQ = cos (^Q cos (/, x) -I- sin ^^ cos («', y) \ 

we then replace A^,, /x^, v^ (A, /i, v) by these values in formula (40), 
and we thus obtain an equation between <^q and Vo(*0> ^7 ^^^^ equation 
and the relation (69) between </>, <^q, v and x\ we can then determine 
^^ and x\ uniquely as functions of (^, Vy the medium constants A^ //, C 
and the cosines between the coordinate-axes «', y\ z' and a;, y, z^ all 
of which are given. 

The General Problem and its Solution. — The actual solution of the 
conditional equations (75)-(77) and (84) with respect to the four 
unknown amplitudes ofters no material difficulties. We observe, 
however, that the further examination of the resulting expressions for 
this most general case, where both media are aeolotropic, is of little 
interest, since an empirical verification of the results could be 
obtained only with difficulty, whereas, on the other hand^ quite 
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similar results can he deduced more readily from the simpler equations 
that hold for the particular case, where only one of the adjacent media 
is aeulotropic. The particular case generally investigated hy ex- 
perimenters, and thus of special interest here, is now that, where the 
waves pass from an isotropic into an aoolotropie medium. We shall, 
therefore, eonfiue onr ensuing investigations to this [articular case. 

The Medium of the Incident Waves Isotropic. — Hero ''0 = 1', = ''. 
so that there will be only one system of reflected waves instead of two, 
and the four unknown ([uaiitities will evidently he the two amplitudes 
iig and ((.' and tho resultant amplitude a^ and azimuth 6^ of the re- 
flected waves of that single system. The conditional equations (T5}-(77) 
and (S4} will then, by formula (69), evidently assume the simpler foi-m 

«n cos 0^- sin c^^' + a/ cos 0,' sin c^.' = (« cos 9+ «i cos tf,) sin ■ 
dfl' sin 6f,' sin <(io' cos ^n' h- «.' sin 6,' sin <^,' cos 0,' 
= (« sin e - «, sin ffj) sin <^ cos </., 

.fo' ain ffo' 8in2*; + ".' *'" *-' a'"^*.' = (" «" * + "1 si" »,)flin-' 
and Oq' sin^^o' (eoa 8g' cos <!•„' + tan to' sin •)>„') 

+ n,' sin-^,' (cos 6J cos 4;' + tan e,' sin <^,') 
= (ii cos fl - (1, cos P,) ain'''^ cos '!>■ 

The Uniradial AzimnthB. — The examination of the conditional 
equations (85) can now be greatly simplified by the introduction of 
the so-called "uniradial" azimuths employed by MacCuUagh;* these 
azimuths are those two particular ones 6 of the incident waves, which 
bring about the extinction of either the ordinary or the extraordinary 
refracted waves ; let us denote them by 9, and 6„ respectively. Such 
particular values of S are consistent with our conditional equations (85), 
for put there, for example, u,' = 0, and these equations will reduce to 
the following, which can evidently always ho saliafied : 

Jy COS ffy' sin 4>o' = {ii COS 6,, •^- Ai,^ cos e,,,,) sin <t>, '\ 

A„' sin 6^' sin ^1,' cos ij>„' = (a sin On - j^,.,, sin 6|.u)8iu <t cos i/i, 
A^' sin ej sin Vo' = <« si" 60 + ^ i.o «" ^i.o) s'"^''' [ (^5*) 

and A^' sm'^it'a' (cos 9^' ct« *„' + tan t„' sin <)>„') 

= (ucoHen-.i/,,„cose,.n)8inVc08c^, j 
where e,u, A^^^ and A„' denote the particular values asaumetl by 0^, 
n, and '[„' respectively for that value 0,, of 6* of the incident oscillations, 
which brings about tho extinction of the extraordinary refracted 
waves; here 9„, 9,,,, ,4,,, and A^' are evidently the four' unknown 
quantities, whereas a, <^, ifi^', S„' and <^' are either given or can 
be determined as functions of given quantities (cf. alxive), lieing 
entirely independent of the value of the azimuth of the incident 

• Traiuiulioiui tiflhe Iruh Acadtmj/, vol. xxi. 
2a 
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oscillations. Since now the equations (85a) can always be satisfied, 
the four quantities 6^, Q^^^ A^q and Aq being determined uniquely 
thereby, it follows that there will always be a particular value S^ of 6 
for each and every angle of incidence <f>, which will bring about the 
extinction of the extraordinary refracted waves. Similarly, it is 
evident that there will always be a particular value 6, of 6 for every 
value of </), for which the ordinary refracted waves will be extinguished ; 
this value 6« and the corresponding values of the three other unknown 
quantities 6,,„ ^j., and A J will evidently be determined by similar 
equations to the above (85a) ; we obtain these equations on replacing 
there the index (o)* by e. For brevity we shall henceforth drop 
these indices, and the equations in question will then hold for either 
uniradial azimuth Bq or 0.. 

It follows from the above that for any given angle of incidence <l> 
there are always two uniradial azimuths 9q and 6„ that is, two values 
of 6 J for which either the extraordinary or the ordinary refracted 
waves respectively will be extinguished ; these uniradial azimuths will 
evidently differ for different values of <^ and, in general, from one 
another for any given <f>. 

Determination of the Uniradial Azimuths. — The actual determination 
of 6, Bj, A^ and A* from equations (85a), (after we have dropped 
the index (o)*) offers no difficulties ; solved with regard to a sin 9, 
A^ sin Bj, a cos B and A^ cos Bj, they evidently give 

a8ine = ^'8in^«i"-f "->-"!"^+/>, 

sm </> sin 2<p 

^, sin e, = - A' sin ff ^^ "-'" {'^-f\ 

8in</) sin2<p 

^ ^«n 1' /i/sin</>' cos^(sin2<i) + sin2<i!>')+2tan€'sin2<f>' 
acosW^y/ coscr . /: 1_- ^^l^ ii 

sm <p 2 cos a sm 2</) 

= A' cos ^ ^^" ^' ^^® ^'s in(</> + (^')cos (<^ - <t>) + tan c'sin^^^' 
sin </> cos ^sin 2^ 

and 

A cosB - A' cos O' ^^ " "^^ ^^^ ^'^^^" ^"^ ' ^^" ^"^'^ "" '^ ^" <'8in'<^' 
^ ^ sine/) 2cos^'sin2</) 

>/'«^« iy 81^ <^' c^8 ^8in(<i!) - 6')co8((t> + <f>') - tan c'8in2<f»' 

= A cos er- . -^- .- Ar — zj.. it^_^i r. ; 

sin<^ cos6rsin2</» 

hence 

tan e sinysin(.A + ^_ 



cos (/ 8in(<^ + (^')cos(</) - </)') + tan c'sin^iqf)'* 

tanB «±"i:«i"_(y'7<^:) 

^ cos ^sin(0 - </>')cos(^ + </>') - tan €'sin2</»' 

* Cf. foot-note, p. 358. 
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A'coslf = acoeB 



Bin (* + ./)')' 
^ Q TOB ffaiiK-j. - f ) cQa(.J. + 4'') - tan «'i 



cosf 6in(0 + '^')coBt'^- ■/.') + taiu'flin' 
in 2<(. 

d2« 



sill <^' COB tf'Biri^^ + '^')oos{i^ - •^') + tan ('ein^^" 
from which the values for ^j and A' follow directly. 

If both media arc isotropic, t'=-0 and formulae (86) reduce to 
taniT 



tan 6 = 



tan e, = 
tan^> 



COS(i^ - ip.) 

COS(^ + ■/>')' 

tan9co9(<^-^'). 
ns for the aziuiutt 



-tanO - 



..(86a) 



Observe that these expressions for the azimuths are identical in form 
to those (41) found in Chapter VII. for two isotropic media. 

Apparent Simil&ritjr between ExpressionA for Component-Ampli- 
tndes at ± to Incidence- Plane of Reflected and Refracted Oscillations 
along Uniradial Azimuths and those for same Component Amplitudes 
in adjax^nt Isotropic Media ; Similarity only for Perpendicular 
Incidence. On comparing formulae (8T) with those (IS and 19, VII.) 
(cf. formulae (34A, VII)) for two isotropic media, we observe that 
the component amplitudes of ihe reflected and the refracted oscilla- 
tions at right angles to the plane of incidence are given by the same 
expressions in both cases, whereas those in the plane of incidence 
undergo changes, when the isotropic medium 1 (of the refracted 
waves) is replaced by an acolotropic one. Waves incident on the 
surface of a crystalline medium would, therefore, be leflectad and 
refracted apparently according to the same laws as on the surface 
of an isotropic medium, when their oscillations were taking place at 
light angles to their plane of incidence; for put Q = v/i in formulae 
(87), and we have 

A, mi a,' 



AfCoaQj^ 

A'8iaO' = 



„8in(*-^7 



(89) 
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hence tan 6j = tan 6^ = oo , 

or ei = ^ = 7r/2, .(88) 

J _ 8in(<^-<^') 
"^1" ''8in(^+>Y 

jf _ 6in<^ sin2<^ 
^ sin<^' 8in(<^ + <^')' 

the expressions (18 and 19, VII.) (cf. formulae (34a, VII.)) already 
found for adjacent isotropic media, when the incident oscillationB were 
taking place at right angles to the plane of incidence. These formulae 
(89), although identical to formulae (18 and 19, VIL) in form, differ 
from them materially in the following respect : The angle of incidence 
^ was entirely arbitrary in the latter, whereas only those two (one) 
values of <^ are compatible with the former, for which 6 = ir/2 is an 
uniradial azimuth. To determine those values of <^, put BtsiB^^6^ ^ «-/2 
(cf. formulae (88)) in formulae (86) for 6 and 6j, and we have 

_ sin(<^ + </)') _ sin (</» - 4>) 
"" tan € sin*<^' ~ tan c' sin^^' ' 

hence <^ = <^' = ; 

that is, the two values of <^ sought evidently coincide here. 

For €f} = (f>^0 the expressions (89) for A^ and A' become now 

indeterminate ; to find their real values, we write them in the form 

sin <f} J, , 

,COB<l> -cos<^ 



^,= -a«*"* 



Sin ih ., . . 

—. — y,C0S<f) +COB<b 

B\n<p 



sin<f) . 
. . .-^cos<^ 

and A'^2a^^^ , 

«'"*'.'"tcos<^' + cos<^ 
sm<f> 

replace here -.— ?, by its value ~ (cf. formula (69)), put then <^ = <^' = 0, 

and we have ^,= -a^"*^, A' = 2a ,/--,, ;1 (90) 

these expressions' are now identical to those for the component ampli- 
tudes of the reflected and refracted waves, to which waves striking the 
surface of an isotropic insulator at perpendicular incidence (cf. formulae 
(36, VII.)) give rise. For waves incident on the surface of a crystalline 
medium (and whose oscillations are taking place at right angles to their 
plane of incidence) we must, therefore, replace formulae (89) by these 
particular ones (90) and modify our above statement as follows : The only 
angle of incidence, at which waves (whose oscillations are taking place 
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at right angles to their plane of incidence) will be reflected and re- 
fracted on the surface of a crystalline medium accoi-ding to the same 
laws ae on the surface of an isotropic insulator, is perpendicular inci- 
dence, <ft = 0. The validity of the following more general statement 
then follows directly from the above development (cf. formulae (87) 
and (88)) : The only angle of incidence, at which waves will be reflected 
and refracted on the surfaces of crystalline and isotropic media according 
to the same laws, is perpendicular incidence. 

The Oeneral Problem ; Azimutli of Incident Oscillations Arbitrarr. 
— Formulae (86) and (87) evidently hold only for the two particular eases, 
where the azimuth of the incident oscillations is one of the two uniradial 
azimuths. The general case, where the azimuth 6 of the iTicident oscil- 
lations is entirely arbitrary, can be treated as follows ; We determine 
as above the two uniradial azimuths that correspond to the given angle 
of incidence -^ and resolve the incident oscillations of arbitrary azimuth 
S along those two azimuths ; each component will then give rise to only 
one refracted wave, the one to an ordinary and the other to an extra- 
ordinary wave. Since now these component osciUations take place 
along uniradial azimuths, each can be treated singly as above, the 
azimuths and amplitudes sought being determined by formulae (86) 
and (87) (cf. also lielow). 

Detennination of Component Amplitttdea of Incident OscillationB 
along Uniradial Azimuths. — To delennine the component-amplitudes 
(ij* and (/., along the uniradial a/imuths ©„* and 9, respectively of 




oscillations of azimuth 8 and amplitude a, we represent these ampli- 
tudes and azimuths in any wave-front graphically as in the annexed 
figure, where a is the diagonal of the parallelogram, whose sides a^ 
• Ct. foot-note, p. 358. 
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and a. are sought The figure evidently gives the following geometrical 
relations between these quantities and the auxiliary ones a, )3, a', p : 

— = sin 6q, — = cos6„ 



tfo ^ 



a cos a " a sin a tanO, 

«'-«♦« )8'-/3 1 

-^-=taneo, V-=toire; 

On eliminating a and P from the last four relations, we have 

a cos 6 tan 9q - a » /:? tan 6q 
and a sin ^ - )8 tan 6, = a ; 

which give the following values for a and P : 

(sin 6 - cos 6 tan 9.) tan 9^ 

a=:a- TT j{ 2 

tan 9q - tan 9, 

J o cos ^ tan 9a - sin 

and B = a - — - — ^- • . 

^ tan 9o - tan 9. 

Replace a and )8 by these values in the first two relations, and we 
find the following values for Gq and a., the component amplitudes along 
the uniradial azimuths 9q and 9. respectively : 



_ sin ^ - cos 6 tan 9, 
® sin 9o - cos 9q tan 9, 



(91) 



J sin ^ - cos 6 tan 9^ 

and a, = a -.-- ^ ^r— — ^, 

sm 9, - cos 9, tan 9q 

where 9q and 9, are to be replaced by their values from formulae (86). 
The Amplitudes of the T^o Befiracted Waves. — The amplitudes A^ 
and A^ of the two refracted waves will evidently be determined by 
the formulae 

A , ' rxt • ck sin <f> sin 2<t> 
A, sm 0^ = a,8m9 -^--^, ain/A-L.V \ 

sm 9^ sm (<p + 9^ ) 

and W92) 

J , n , ^ sin <i> • cos ^ 'sin 2<h i 

"sm </>; cos6^;8m (</>+</>/) cos (</)-0;) 4- tan€>in«<^. j 
(cf. formulae (87)), where k is to be replaced by (0)* for the ordinary 
and by e for the extraordinary wave and the component amplitude 
a^ by its respective value from formulae (91). 

The Resultant Amplitude and Azimuth of the Reflected Oscil- 
lations. — The amplitude a^ of the reflected oscillations will evidently 
be the resultant of the two component amplitudes Ai^o and ^1. «, whose 
values are determined by the formulae 

♦ Cf. foot-note, p. 358. 
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A, .sine, , = - a.aine/i^*-^!, 1 

(cf^ormukc (87)), whore k is to be replw^d l)y n (i.) and e respectively 
and a, by il« respective value from formulae (91). 

The resultant component of the two component amplitudes .^,gaiid 
ji,_, at right angles to the plane of incidence is evidently 

^,..i„e,,,.^,,.i„e,.. -j:...™e.:i5|t|^], ...(93.) 

and their resultant component in that plane 
^1,0 cos B,,, + ^1, COB 6,,. 

= ^0 con e ""^ ^■'"'" ^^ ~ '^■'^""t* '*' *■') ~ tant. ain'.^.' ,^3^, 

The amplitude a, of the reflected oscillations will, therefore, be 
given by the expression 

g ^-fv,. sine "'"^"^ -'''-'> ? 

' L^, ' '8iM(*++:)J 

^rV« ,™ftC08#;8in(.^^^,>oe(«+^;)^tan5sii^;-i« „ . 
L-^/ ';os''.'ain(* + *.')co8(*-V';) + Uin.,8inV;J * ' 

and their azimuth C, by 

v„ sine ^■ "''^-'^■'^ 

^ ^ .^. • 'Bin(0 + ».') /Q» I 

• ^- , rn-fl f'«^.'Bi»( '/'-'/-. ') '--08(^ + '^;)-tan«;ainV.' ^ ' ' 

,^. ' ' COS y; sin(^ + *,')co8{.^ - *;> + Un (>n»^; 

The general problem can thus be treated as follows : Wo determine 
first (ig and a, as functions of a, 0, B^ and 6, by formulae (91), tbeu 
the 6/a as functions of ij>, >f>,', fl.' and «,' l>y formulae (f (i) and lastly 
<l>,', 0,' and *,' as functions of ■(■, v, etc. by Fresnel's construction (cf, also 
p. 368) ; the amplitudes A^ and A,' of .the two refracted waves then 1 
follow directly from formulae (92) and the amplitude a^ and azimuth 8^ 
of the reflected wave from formulae (94) and (95) respectively. 

Coincidence of the Uniradial Azimuths of the Reflected Oacillationa ; 
the Angle of Polarization- — It is evident from formulae (93) that there 
is ;it least unu angle of intidence 1^, fur which the uniradial azimuths 

B, c, and B, , of the two component reflected oscillations along those 
azimuths will coincide with one another. The condition that thea^ 
two uniradial azimuths coincide is 

tane,,o= ton6,,„ 
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which, by formulae (93), can evidently be written in the form 
tane ?"-(^-^o) cQ8^o'8in(^ + </>oOco8(4> - <l>^' ) + tancp'sin^^^o ' 

^ sin(* + </>o') ' co8^o'8in(* - <f>Q)co8{^ + 4>q) -n tanc^'sin'^^^o' l/%\ 

= tft 8i"(* -</>/) co8^/8in(4' + </>/)co8(4>-</)/) + tan€/8in20/ 

" 8in (* + </>;) ' C08 6^; 8inl*^</)7)~co^(*T^;) ^t^^^ 
where 4> dcnote8 the angle of incidence 80ught. It is evident from 
this conditional equation for the determination of 4> that ^ will be 
a function of (6^), d^\ €^\ etc., but not of the azimuth of the incident 
oscillations ; we observe that the component amplitudes a^ and a, along 
the uniradial azimuths Bq and 6, respectively are alone functions of this 
•azimuth 6 (cf. below). For any given case (crystal and reflecting sur- 
face given) 4> will, therefore, bo determined by one and the same value 
for all values of 0, On the other hand, since for any given * there 
are only two uniradial azimuths 8q and B,, waves incident at that angle 
^ will all be reflected in one and the same plane (6^), whatever he 
their azimuths of oscillation. If we let ordinary or non-polarized 
waves fall on the surface of a crystal at this particular angle of 
incidence 4>, they will, therefore, })e reflected as linearly polarized 
ones; this angle *J> is thus known as the angle of polarization (cf. 
also p. 279). We have now found in Chapter VII., when waves were 
incident on the surface of an isotropic insulator at the angle of 
polarization, that only the component oscillations at right angles to 
the plane -of incidence were reflected ; we observe that this is not the 
case here, where the reflecting surface employed is that of a crystal, 
for, by formula (95), the azimuth 6^ of the reflected oscillations will, 
in general, l)e quite arbitrary, and not 7r/2 (cf. Exs. 23 and 34 at 
end of chapter). The conception that only the component oscillations 
at right angles to the plane of incidence are reflected for the angle of 
polarization is not, therefore, in general, identical to that of polarization. 

The Besultant Amplitude of the Beflected GsciUations for An^le of 
Polarization. — I^astly, we observe, although the angle of p)olarization 
4> and the two respective uniradial azimuths B,o and B,, of the reflected 
oscillations, which are then equal, are entirely independent of the 
azimuth of the incident oscillations, that the resultant amplitude 
a J of the reflected oscillations is then a function of that azimuth, 
for (?j is, by formula (94), a function of Oq and a, and the latter are 
functions of 6 (cf. formulae (91)). 

Total Beflection. Azimuth of Incident Oscillations an Uniradial 
one. — The above formulae for reflection and refraction evidently hold 
only for partial reflection, that is, for the two cases, where 

V > i\' and /• < t\', but sin </> < — ,. 

K 
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The following cases thus remain to be examined ; 
V < !■_', Imt sin ^ > — „ 

and r < p.', but either — > mi <t> > — or — > sin <f' > —• 

Only the former of these cases is, strictly speaking, one of total reflec- 
tion, since either the ordinary or the extraordinary refracted wave only 
is totally extinguished in the latt«r. Let us examine here the case 
of total reflection. The treatment of this case is evidently similar 
to that of total reflection (from the formulae for partial reflection) on 
the surface of an isotropic insulator : we obtain namely the formulae 
sought, on replacing in the formulae for ptartial reflection on the 
surface of a crystalline medinia the real angles of refraction ifi^' 
and qb,' by the complex ones {s+'Ai') '^■"^ (r> "*""''■') "ispectively 
(cf. pp- 285, 287, and 290). Since the two refracted waves are 
extinguished almost immediately upon entering the crystal (cf. pp. 
2H7 and 291), only the reflected oscillations will be of interest here. 
Let U8 now examine the reflected oscillations first for the particular 
case, where the azimuth of the incident oscillations is one of the two 
nniradial azimuths 6^ or 0, ; for partial reflection the resultant ampli- 
tude and azimuth of the reflected oscillations were then determined 

by the formulae , ■ a ■ aSinlA-i') -^ 

•' ^, sine, = -« sine . ,-7 7,-' 

their component amplitude at right angles to the plane of] 
incidence, and I 

A cose =apoBet!Os9'sin(*-J>')cos(<i< + <f.^)j^tan('sinV 

' • cosfl'sin(^ + '/>')coa(c^-<t') + tanf'8inV' / 

their component amplitude in the plane of incidence {cf, formulae 
(f*7)), where the index i) (o) or f to B, 6[, (f> and t corresponding to 
the uniradial azimuth 0„ or 6, respectively has been dropped {cf. p. 370). 

For total reflection we must now replace the real angle <^' by the com 
plex one ir/2 + ti/i' in formulae (97) for the component amplitudes sought, 
that is, we must put there sin •!>' = sin (t/2 + i^') 
and coBc^'= - i V sinV/'^'+^^V 1 . 

(cf. p. 286). The expression for the component amplitude at right 
angles to the plane of incidence will then assume the form 

n</> ■Jsia'^irl2 + i'l>)- I -co8^8in(jr/2-Hi<^') 



.,(97) 



J.B 



ae - 



n ^ V 8in'(n-/3 -I- i*') - 1 + cos <^ sin(jr/2 + (".(.'> 
"^^ V- .i-:r^i.-'\ [«'"'* + "'^ 2* 8in'(^/2 + 1>') 
./, ain(;r/2 + !>' ) s/8in^(-r/2-ny) - 1]. 
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To determine the real amplitude and change in phase of the 

respective component oscillations, we must now bring this expression 

into the normal form 

J . ^ a sin 6 »r*«i 

^ * sin2</) - sin-^ (7r/2 + 1<^ ) 



sin''</»-8in'^(7r/2+t<^') 

where N and Wj are sought in terms of <^ and (ir/2 + 1<^') (cf . Chapter 
VII., Total Reflection). On comparing the real and the imaginary 
parts of the above expression with the respective ones of this ex- 
pression, we evidently have the two following equations for the deter- 
mination of N and Wj : 

sin^i^ + cos 2</) 8in2(7r/2 -f- i4>) = iVcos u>j 

and sin 2<^ sin (7r/2 + 1</)') V 8in''^(7r/2 -f- i</)') - 1 = N sin Wj, 

which give N= sin^c^ - 8in2(7r/2 + i<\>) 

, . 8in2<^sin(»r/2 + t<^')>/8in2(7r/2 + i<^') - 1^ 

and tan (ill — . -,; ,- — — ^r— , — ^~ai ■■,« 'Tt^ 

^ sm-^i^ + cos 2<^ sm^ (7r/2 + 14») 

We can thus write the above expression for the component amplitude 
at right angles to the plane of incidence in the form 

^1 sin e^ = - a sin B^e Bina^+co.2^Bin2(.r/2+i^') (98) 

It follows from this expression that the given component oscilla- 
tions at right angles to the plane of incidence will undergo a change 
only in phase upon total reflection, the same result, which we found, 
when oscillations taking place at right angles to the plane of incidence 
were totally reflected on the surface of an isotropic insulator (cf. 
p 285) ; we observe, moreover, that this expression for the change in 
phase is identical to that found in Chapter VII, where the reflecting 
surface was that of an isotropic insulator (cf. formulae (49, VII.)). It 
thus follows, when the incident oscillations are taking place along 
either uniradial azimuth, that their component oscillations at right 
angles to the plane of incidence will be reflected in the same manner 
as on the surface of an isotropic insulator. 

Let us next examine the component amplitude of the given reflected 
oscillations in the plane of incidence ; for total reflection the expression 
for this amplitude will evidently assume the form 

cos^'[8in<^8in(7r/2-Ht<^')+tcos</)v/8in2(7r/2+t^') — 1] 

4 o o -tan€'8in2(7r/2-Hi<^') .j.^. 

ri,cos6|=aco86 ^ ' / . « ■ . ,v - :.» (^^) 

^ ^ co8^[8in</»sin(7r/2-Hi</)')-tcosi^v/8in2(7r/2-Ht«^')-l] 

4-tan€'sin2(7r/2 + i<^') 

(cf. formulae (97)), where, however, the azimuth & and the angle c'. 
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both of which are functions of 4"' i*^^' nhove), are to be expresaed la 
terms of )r/2 + 1^' in place of ^' ; aa the actual deteimination of theaa" 
quantities would now demand rather dilate geometrical investigations,, 
which for the general case are of no special interest, wo shall imagine ' 
the same as alieady determined and in the desired form 

cos(/'=/,+i/3 and tan <■ = /*,+ t/i^, (100) 

where /j, fp A, and h^ shall contain (?r/2 + i<t>') only in the form 

Bin()r/2 + i^') and v/ain^(ir/2 + ii/>') - 1 
(cf. pp. 283 and 286). 

Replace cos ff and tan t' by their values (100) in formula (99), and 
we can write the component amplitude sought in the form 

(/, +1/2)1 8in.^sin(ir/2 + i*') + icos*v'8inV/2 + t'>')-lji 

J cose =acose zS'ht>h,)jir^H^r2+j£> __^^ 

' ' (/i + «Wl8in^sin(jr/2 + i^') - icos*N/8in>/2 + »*■) - If 

+ (;<i + ,\)8in>/2 + if) 
/,sin 4, sin (7r/2 + .>') -/,cos ^Vsin'( x/2 +tf )^ 

- A, 8inS(Tr/2 + 1>') + i[/iC03 ^ VBin'(»'/3 + 1^') - I 

+/,Bin <!> Bin (W2 + ■>') - /t,8in^(W2 + i^') | . 

/,sin * sill (ir/2 + if) +/sC0B ■^^siunT/2 + i-f/ f-l ' 

+ A,ainHT/2 + !>') + i[-/,cos^v/sTnV/"2 + .0')-! 
t/jsin ^ 8in(77/2 + 1.^') + AjSin'()r/2 + if)] 
multiply both numerator and denominator of this expresaioii by 
/.sin i. sin (;r/2 + i^) 4-/jC0s * V8ni*(W2 +7f)^__ 
+ A, 8in«(ir/2 + i^') - i [ -/lOoa <^s/8in^T/^ + if) - 1 
+/,sin * Bin{x/2 +if ) + A3sin5(;r/2 + i^')] 
and wo find, on separating it into its real and imaginary parte, 

(/[= +/j^)[cosV - CO8 2^ 8in^(n-/2 + (</■')] - (A,- + Aj=) 

><BinV/3 + i*') + 2(/A-/3A,)co90sin=(V2 + .f) 
X ^/8in'(jr/2 H 



.4iCoae[=aco86T- 



-<f)-l+2i[(/.^+/,')si 
X 8in(7r/2 +.if )^/8in-'(jr/2 +!>■) - 1 



xcoai^8in*(a-/2 + iV'')s/8in'(T/2 + ii/j')- 1 
+ 2(/jAj +/A)ain sin»{jr/2 + i*') 
+ {Ai2 + A/)ain*(B-/2 + if) 
which can lie written in the Tiorraal form 

^.cose, ^^acoaeAV-', 
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where N and cu^ are evidently determined by the expressions 

X 8in2(7r/2 + i<f>') [cos^^ - sin2 (7r/2 + 1<^')] 

X 8in'^(7r/2 + i<f>')] - (/i,^ + h^^)Bin*(ir/2 + i«^') 

x{2(/i'+/2')[co820-co8 2<^8in2(7r/2+t<^')+4(/iA2-/A) 
X cos <t> 8in2(7r/2 + (<!>') s/B\n^(T/ 2 + 1^' j - 1 - {h^^ + h/) 

„.y__ x8in*(7r/2 + ai^')} .,^.2 

{(/i'^ +72^) [co82</> - 8[n20r/2Vic^ ^ + 2(7\A ,-/;^,) - ^ '""^^ 

X COS (/> sin2 (7r/2 + 1<^') v/8in2"(7r/2 + i<l>') - 1 - 2 (/^A^ 4-/2^2) 
X sin <!> sin8(7r/2 + ic/»') - (Aj^ + /t22)8in*(7r/2 + i</>') }2 
and 

W +/2''^)8i» 2(^ sin (7r/2 + if) v/8in2(7r/2 +1</>V 1 

^ (J{'+^J')[cos'<^-oos•2^Bixl^7r/2^{^i<f'j]~-^^^^^ '^ ^ 

X sin^(7r/2 4- 1<^') + 2(J^li^ -/2/ti)cos </» sin2(7r/2 + 1>') 
X -v/8in2(7r/2 + i^A') - 1 

Actual Determination of ^ and €. — We have observed that the 
actual determination of 6' and c' or /j, /g and /tj, /^g respectively (of. 
formulae (100)) would demand dilate geometrical investigations ; on 
the other hand, the determination of c' or Aj, h^ as functions of ^ or 
/u/g and the other variables offers no material difficulties, at least for the 
particular case, where the principal axes x\ y\ sf of the crystal coincide 
with those x, y, z^ to which the reflecting surface is referred. Let us 
examine here briefly this particular case. By formula (F), Ex. 14, at 
end of chapter, the angle e', which the ray makes with the normal 
to wave-front, is now determined by the following expression in 
terms of r, v\ </>, <^', ^, w' and the medium constants A' K C\ when 
the principal axis / of the crystal coincides with the normal {z) to the 
reflecting surface : 



v"^ 



cos € =-,- » 

v/^'4cos-'^8in2</)' + //'»(co8 6r cos </>' cos a>' - sin 6^ sin w')2 

+ C"*(cos ^ cos 4> sin w' + sin $' cos ta'Y 

where w' denotes the angle, which the principal axis // or z' of the 
crystal makes with the coordinate axis y or z respectively, to which the 
reflecting surface is referred. For the given case, cu' = 0, this expression 
for cos € reduces to 

V 



"2 



COS € = , — - , 

v/^'*cos2^sin2<^' + B'*co8'^(/co6'<f>' 4. C"*sin26^ 



TOTAL REFLHCTION IN CRYSTALS, 

or, if we replace here «' by ite value in terms of v, •(> and •!•' from formula 1 
(69), t« 

'^* ^8ini'^N/^~*OM'trsinV + ir"*c6s»ffcbsV+t.''*siii-(?'' 

To obtain the expression for cos i' for tfital reflection, we must now I 

replace the real angle <^' in this expression for cos t for partial reflectioa J 

by the complex one b-/- + •'i'' • "^ then have 

„„, ,- = ,^Bin»(./2 + i^') - 

Bin«.^7[(^"'*-fi'*)sinS(T/2 + if ) + S^oofi»ff' + t"*siii«(y'^ '* 
or, on writing cos 9" here in the complex form /[ 4- i/i(cf. formulae (100)), < 
f^8in'(W3 + t*') 
sin* * JHA-* - lf*)am^^2 + i*') + {B* - C-'*)J (/, - ./j)» + C'*- 
which gives 

t,nc-=^ Ksin*^(/,^(^^^4-risinV-^.;*.inV/24-i^') ,^^| 

To bring this expression for tanc' into the desired form A, + tA, (cf. 
formulae (100)), we square it anil separate it into its i-eal and imaginary 
parts ; we then find the two following equations for the determination 
of the two real functions A, and h^ in terms of /„ /^ ^, /; sin (jr/2 + itp') 
and the medium constants A', B, C: 
W-/i')M'*--6'*)«"'(W2 + i*') + (J''-C'*)]sin*.^ ^ 

+ C"*8in*i-iH8in*(ir/2+iA') , , , . 

^ri i*(W2 + *f) ''''"^^ <1°5) 

and M[M'' - £-*)«n^(^/-2 + i^') + iB'* - C'^)]6in* ■/ . ^ ^ j. 

Upon the determination of h^ and A.j from these two equations we 
could then express Ian t' in the desired form A, + ih^. 

Lastly, we oliserve that for the given particular case the azimuths 
6^,' and ff,' would be determined in complex form by the directions 
of the principal axes of the ellipse intei-socted on the plane 



-(106) 



by the ellipsoid A'^j^ + F^Y + C'h* = 1 f 

(cf. formula (l), Ex. 14, nt end of chapter). 

The Besultant Totally Beflected Oscillations EUiptic&lljr Polarized. — 
It follows from formulae (101)-(103) that lioth the amplitude and phase 
of the above component oscillations in the plane of incidence will undergo 
changes upon total reflection, and, moreover, from the complicateil 
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form of the expressions for those quantities, that these changes will not 
be the same as those suffered by oscillations taking place in the plane of 
incidence on the surface of an isotropic insulator (cf. formulae (62)-(67) 
YIL); in this respect the given component oscillations in the plane of 
incidence will differ from those at right angles to that plane, the latter 
alone being totally reflected as on the surface of an isotropic insulator. 
It U thus evident that the resultant totally reflected osc Uations, to which 
incident oscillations taking place along either uniradial azimuth Oq or 
B, give rise, will, in general, be elliptically polarized. We determine 
the two uniradial azimuths, on replacing in the expression for tan 6 
for partial reflection (cf. formulae (86)) the real angles of refraction 
<f>Q and </)/ by the complex ones ir/2 + i<l>Q and ir/2 -f- 1<^, respectively 
and also the ^'s and e's by their values, determined as formulated above 
(cf. formulae (102).(106)), in terms of </>, v, :r/2 + t<^', A\ B\ C and 
the direction-cosines between the two systems of coordinates a/, y\ sf 
and Xf 1/f z; it is evident that the two uniradial azimuths will also be 
given here by complex quantities. 

The General Problem: Azimuth of Incident Oscillations Arbitrary; 
Totally Reflected Waves Elliptically Polarized. — The formulae for the 
general problem on total reflection, where namely the azimuth of 
oscillation of the incident waves is arbitrary, can be deduced from 
those above for the two particular cases, where the azimuths of osril- 
lation are the two uniradial ones, and in a similar manner to that» 
in which the general formulae for partial reflection were obtained 
from those for the two particular cases (cf. pp. 373-375). We 
observe that the two component oscillations at right angles to the 
plane of incidence of the component oscillations taking place along 
the two uniradial azimuths undergo each a change in phase, different 
for each component, but none in amplitude, whereas the two component 
oscillations in the plane of incidence of the component oscillations 
along the two uniradial azimuths undergo changes both in amplitude 
and in phase, and each component different ones. The resultant 
totally reflected oscillations will, therefore, he elliptically polarized, 
but evidently not in the same elliptic paths as when the incident waves 
are reflected from the surface of an isotropic insulator. 

Extinction of one of the Befiracted Waves ; the Resultant Reflected 
Waves also Elliptically Polarized. — The treatment of the two particular 
cases 

v<v^j but — >smd)>— and -->smd)>— 7 

mentioned above evidently presents no further difficulties. Here either 
only the ordinary or the extraordinary refracted wave is extinguished ; 
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in the former case </<„' only is, therefore, to be replaced by the complex 
angle ir/2 + i<>„', whereas *,' remains real; in the latter <^n' remains 
real and •f'.' is to bo replaced by w/2 + ii/>,'. In the deierminatioTi of 
the uniradial azimuths and the other variahlea a similar distinction 
is also to be observed. It ia evident that the resultant reflected 
oscillaliona will also be elliptically polarised here, but in the two 
cases differently and also differently from waves that are liiUiUy 
reflected either from the surface of that crystal or from that of an 
isotropic insulator. 

EXAMPLES. 
1. Show that formulae (10) are Bat is lied Ly Llie particular vnlues (7) and (8) Fir 
tbe eompoiient electric and niagnetio fureen F. Q, E and a. (9, 7 respectively, 
pnividud the given wave* are propagated with the veiudty v, where 



.^= 


,r X/^., , ^'f »^" \.({ 1 




M'flf 'V , XV x»*f 




Jf.Da MjD^ tfjD, l/j«, 




,tf,f, J/,/', J/,/j, MtDtl. 


RepUcB F.Q.Rn 
(10), ai.d we have 


n<l a, ^, -r by their valoes (7) and (8) nBpe<:tively iti foiim 



^-=_r/''r._-:5V_i|'^,?l'\ I (a> 

OD mnltiplyin); theae equationB, the first hy {. the seuond by 1) iLnd Llie third liy (, 
and adding, we evidently find, since £' + ii' + f= 1, the almva exprewiun tor Ihs 
velocity of propagation i>. g.B.P. 

2. Show, tor the pariiuulKr case, wtiere D,^D^=[}^ = D, J/, ^ J/j = Jf, = Jf 
and Ihe magnetic o«cillati-ina (9) are taking place in planes parallel to the ^-plana 
(cf. Fig. 37), that the geuerul expreuion (a), Ex. I, for ir' reduces to that |34) 
found in text. 

Here a =11. 

that is, by formulae (ll), 

;.f-i., = 0. {D^ = D,) (i) 

In addition to this relation between the direct ion -coeinea X. /i, v and f, q, f, we 
obtain another relation between theeeqiianlitieB, on diflerentjating formulae {6), the 
general eipreuiona fnr the foniponent electric momenta X, Y, Z for plaDe-w«VB> 
motion, the first with regard to x, the second to y and the third to z, and adding ; 

we have then 

t^^l-'^'^ "•■<-■> '■' 

(cf. funnula(6A)). 
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Formulae (1), which can, by formulae (3), be written in the form 

4ir dX d/3 dy 



Vq dt dt 


'^iy 


At dY_dy 


da 


Vq dt dx 


dz 


4ir dZ da 


rf/8 


ro dt ~dy 


■rfi' 



give now, when differentiated, the first with regard to x, the seoond to y and the 
third to z, and added 

Vq dt\dx dy dz ) * 
hence for wave-motion (cf. p. 10) 

dX dY dZ 



dx dy 



+^=»- 



Formula (b) can, therefore, evidently be satisfied only when 

X^+/xi7 + i'f=0. (c) 

Beside this and the above relation (a) between the direction-cosines \ fi^ p and 
•(f ^* ^» we have the following familiar geometrical ones for the direction -cosines 

themselves : 

^ + ,3 + ^=1 (D) 

and 

\^ + fl^ + V^=\ (K) 

Put now D^—D^^D and M^ — M^=M in the general expression (a), £x. 1, for 
c^, and we have 



MD 



AfV^MD^'^MD^ MD 



M\D^ At^D'^ MD MDj 
MDj MD^M^D M^DJ 



+ ^^ Em'? + v'f* - X/^ - x.^^ f] 



- % 



= ;^[X'(f^ + '7' + n-Xf(Xf + Mi7 + i'i1] 



t.2 



+ -. 



J/I>, 



[(X« + M» + .'') ^ - X^ (Xf + Ml? + "f)] 



which by the above relations (a), (c), (d) and (k) reduces to 



(F) 



..2 



, 2 



MD ^MD^"' 

Lastly, the elimination of rj and ^ from the three relations (a), (c) and (d) gives 
the following value for f * in terms of X, ^, v : 

^2=1 -X2. 



KXAMPLKS. 

ReplftCB f ' by this valne in the aliove eipreasiim for i- 



"" J/i/j"^ D, }' 



3. Show for the particular cmse. where D,^-D.j=Di = D, J^, £; J/,j = -tf, = Jf 
aud the electric OBcillalJom (6) are taking place in pknes parallel to tbe y^-pkne 
(c(. Fig. 37), that the general expreaaioD (a), Ri. I, for r* ralncea to that (27) 

Here X=0, hence, hy fonnulue [6], 

!"» W 

Aa in the preceding example, the same relatiom (c), (d) and (B}, Ex. 2, evidently 
hold here. 

On patting D^-D, = D and M.,= M^-M in tormnla (a), Ek. 1, we find the 
enme general expresiion (f), Ex. 2, for t?. By the above relationi this expreasion 
reduces now here to 

■^ " a4 *" + :JS ^'''' '"' " "^^ "^ *'''''^" ''"' 
where ti and f are to be replaced by their values in terms of X. ii, r. The given 
reUtiona evidently give the following values for q and f : 

U'(' formulae (n), Ex. 2, and (a) for choice of signs). 

On replai:ing )j and ( by these values in the above expresBion for •-, we fiud 






4. Compare Che results obtained on pp. 336-339 for the case, where D, ^ 0,^=0^ 
And Mj ^ jV3= Jfj, with those found for the moat general empirical case, where 

5. Show that formulae (46a) reduce to 

{cf. formola (44)) for waves propagated along tbe optical axes. 

6. Show that formulae (46a) reduce to the following in the unioxal crystals 



(cf. formulae (40a)), where Ui = ii,; = ii. 

7. Determine the form (plane of oscillation, etc.) of plane magnetic wave that 
can bo transmitted in any assigned direction (\, /i, r) through a crystalline medium. 

Wo represent the component magnetic momenta a, h, e acting in any plane- 
wave in the form 
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whore (]', 171', ^1' denote its direction-cosines of oscillation in any wave-front 
at the distance 

from the origin of the system of coordinates x^ y, z (cf. Fig. 37)> b its amplitude 
of oscillation and v^ its velocity of propagation ; here \, fiy v and b are given and 

fi'» ni\ ti sought. 

Replace the moments a, b, c by their values (a) in formulae (29), and we find on 
putting Mi = M2=M^ the following conditional equations between the given 
quantities, X, /x, y, b and A , B^ t\ and those sought, {/, 17/, ^|' : 

v,hii=AMvfi^ - /xr/) - CT^(/*^,' - Xt,/), 
Vfi' = ^X(Xri' - vl/) - ^'/^(vV - Atfi'). 
On introducing here that direction, which is at right angles to the normal 
(X, /i, v) to the given wave-front and to the direction of oscillation (^i% ifi', f/) 
sought, we can write these conditional equations in the form 

i;iV = ^Mi-C»xr,. f (B) 

(cf. formulae (32)), where (j, i;j, ^j denote the direction-cosines of that direction. 

Multiply these conditional equations (b), the second by v and the third by /&, 
subtract, and we have 

ri«(vi,/ - Mfi')= ^'(•'^ + Ai')^i - /^Xmi7, - C»Xvfi 
= .12(l-X^)fi-X(Zr»/ii;i + C»i.fi); 

or, since f 1 = i"?/ - M^i' 

(cf. formulae (32)), 

(^«-V)f,=X/i, 

where /, = ^«X^, + /^;ii;i + C^i^fi ; 

similarly, we find 

(^-ri2)i;i = /i/i and (C2-r,a)fi = i/i,; 

These equations are similar in form to those (31) and (31a) found in text for 
plane electric waves ; the following formulae will, therefore, hold here for the 
magnetic waves : 

^'W+^iV+c^riA'-o, (d) 

'"^ A^^^^B^k^^^^C^^ '-''' 

(cf. pp. 341, 342). Observe the similarity between these formulae and those 
(34)-(37) for the electric waves : v and (, 17, ^ of the latter are replaced here by r| 
and ^1, i7i, f, respectively, whereas f', 17', ^ are identical to f/, ri^\ ^j'. It thni 
follows that the maguetic oscillations will take place at right Angles to the electric 
ones that can be propagated through the given medium, whereas the velocity of 
propagation of either of the two possible systems of plane magnetic waves that can 
be transmitted through the medium will evidently be that of the electric waves, 
whose oscillations are taking place at right angles to the magnetic oscillatioos 
(cf. formulae (e) and (p)), that is, v^ may be replaced here by v, 

8. Determine the amplitude of the magnetic oscillations that accompany the 
electric oscillations (6) of amplitude a in any assigned direction (X, /t, w) through 
a crystalline medium. 
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We reprcBont the componeut momenlH o. It, c of tlie mugnetic oscilUtiuni in 
quBBtioQ in lb.- form (a) emplovefi ill Ihe pr«!ai!ing example : liore however their 
resultaiiC amplitude h is nuL given hut li aciuglit. By foritiulne (4) tlie componeDt 
foriKB a, 0, y acting in these nia^iietic osoiDalions can then be written in the form J 

/■(-;) 



■nil replaced i,', 



, fi' »iiJ Ti hy C »,', f Bj 



where we have put W, = Afj— .I/3 t 
respectively (cf, Ex. 7)- 

Reptiwe now P, V, R by their valiicB (7) and a, p, y by the above values (a) id 
fonnul^ie (II), which always hold between the component electric and magnetic 
forces acting in electromagnetic |ilane -Haves, nail we find tlie fallowing conditioD&l 
equationa for the determioutioii of the amplitude h in terms of kuown quantities t 

*^^^"(zjr^> '^^v^iirriyj' "^^r^iorDj- 

S()tiarrd and a<lded, these equations evidently give 

Observe tlint h ia liere a fuucti..n of the direction of propagation (X, /i, r), 

9. 8hQW that the foUiiwing relitinn holds between the reialtant electric fore* 
F and the resultant electric moment Y' prevailing in electromagnetic waves 

tninaniittvd thruut^h a crystalline medium : 

■_ 4iri"vJf .„ ^ i rv'.V 

(of. formula (80), where Q = F,). 

10. Kiamioe, as in Chapter VII., the rotation of the pli 



and of diOeront a: 



of polarization upon 
incident at different angles > 



1 1. Examine the general problem on reSection aod refraction on the surface of ft 
crystal for perpendicular inuidence. 

Here. ^—0, hence $, = ^/^0 (cf. formnbt (69)), and the cxprasaiuns (93a) and 
(93e) for the component- amplituiles at right angles t« and in the plane of 
incidence reapectively of the reflecteil oaciUatioos become indeterminate; to find 
thuir real values, we write the general expressions in the form 

-. — ~, cos $,' - COS ^ 



.,/»in* ,\ 

aS, ( ~. — ^ , cos ^ -»■ COB ^, I + 
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replace here *--;-, by its value — . from formula (69), then put 0=0/=O, and we 
^ 8in 0^ -^ V 

have ^. .^ ^ '/i^'Vit^ 

K=o,« «-o.« w + ^'it I (a) 

and S -4i.«cosei.«= 2 «« co* ®« IriV^ I 

The expressions (92) for the component-amplitudes of the (two) refracted waves 
also become indeterminate for = 0/=O; similarly, we find the following real 
values for those expressions : 

A J sin 0^' = 2a^ sin 6^ . ,-— -> 



(B) 



and A J cos e^=2a^ cosG^ ; , -~, 

where k=0 and e. Observe that both these (b) and the above formulae (a) no 
longer contain the angle e/. 

The expressions (86) for the uniradial azimuths 6^ and 6i,k also beconrie indeter- 
minate for 4>=0; similarly, their real values are found to be 

e, = e: and 9,.,= -^;; (c) 

the uniradial azimuths of the incident oscillations will, therefore, coincide here 
with those of the two refracted oscillations (in the crystal), which can be deter- 
mined by Fresnel's construction (cf. p. 343). 

Since now for ^=0, 4>Q=<pJt there will be no bifurcation of the incident waves 
upon their passage into the crystal ; the azimuths 0q and 0^ of the refracted waves 
will, therefore, evidently coincide with the two singular directions (cf. p. 342) al 
right angles to their common direction of propagation fpQ=fp/=0 ; we have now 
seen on p. 343 that the singular directions are always at right angles, that is, 

e:-e^=±irl2 (D) 

By formulae (c), the expressions (91) for the component-amplitudes a^ and a, 
along the uniradial azimuths Og and 6« respectively will assume here the form 

_ sin^- cos 9 tan ^/ 

^«~ " sin e^ - cos e^ tan 0." , . . 

>- I*) 

_ sin 6 - cos B tan Oq 

**• " ^ 8in~(?/-cos^/tan^o'* 
or, by the relation (d) between the two azimuths 0q and ^/, upon the elimination 
of the latter, the simple form 

Oo=acos(^~^o')» 
o.= ±08in(^-^o')- 
Replace a^ and a« by these and 6^ and Oj. ^ by their values in terms of $' and 
Bq from formulae (c) and (d) in formulae (a) and (b), and we have 

2 ^,.« sin Gi. , = - a [sin 0,' coB{e - 6,') ^^'< + cos 0,' sin {0 - 0o') ^^^H' 

2 ^ 1 ^ COB e, « = afcoB 0o' co8(^ - ^o')^^^^^ - sin 0o 8in(^ - 0') ^^^"1 
and Ao=2acoB(0- 0q) 



{V + Vq')Vq'' ^ ^^j 

^/=±2a8in(^-^o'),-"*^,, V 

(« + v,)v. 
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Tha former expressions evidently give the following valnes For the resultant 

tmplitude &nil azimuth of the reflected oscillations : 



lantfi^ - 



<-'(^-ci(;^)v«i'.M«-^o')(:T^:)l 



<»(f-e„-Hv- 



o+« 



ia(B-6,-)(vi-v;)iv-v: ) 



I ...(B) 



os{fl-So'Hr^f,'J(w + r.')-sine„'sin(fl-VJ(''- 
On comparing these farmuUe with those (36, VII.) that hold on the surfacie of ui 
isotropic insulator, we ohaerTe that, aside from the (two) refracted waves with 
common direction of propagation but of difTerent aximutbs of oscillation and 
velocities uf propagation in plnce of a single refracted wave, the reflected 
OHcillatioDs are quite differently coDstitutrd io the two oasea. 
12. Show that for B = 6„' formulae {F| and (o), Ex. II, reduce tc 



("H 



-o')".' 



-^.-=0 






= -tanffo'= - tanff. 



Observe the similarity in form between ihese (orrnulne and those (36, VII. 
formulae (34) and (34a), Chapter VII.) for two adjacent isotropic insulat 

13, Examine the problem on reBection and refraction ou the surface of 
for the particular case, where 0+ ^/^ir/S. 

There are evidently two angles of incidence <p, for the one of whi 
and for the other i^ + if,' — wj2 ; let us examine here the former case 

For (-0 formulae (87) assume here the form 
J 1.0 81061,5=00 sin Sj cos 2*, 



nod formulae (86) the foru 



) (cf. alio 

acryst^ 

.,/2 



,' = 2a„sineo 


Sc^.^ 
sin'*, 
cos 


tan * + tone,.' 
e/tan* 




■2COSV 


+ tan V cot*' 


» cosfl„-sin 


,24> + tan 
;tan0 


VcosV 



60 is to be replaced by tliia pirticular value In formulae (91) for the component- 
amplitudes a„ and a,*along the two iiniradial azimuths Bg and 6, rcspeclively. 
Observe that these amplitudes romain here functions of the azimuth 8 of the 
incident oscillatioDB ; it thus follows from formulae (Vin) that the resultant Bzimath 
B, of the reflected oscillations will vary for different values of B. We have now seen 
in Chapter VII. on isotropic insulators that for ^ + ^'^r/2 the resultant azimuth of 
the reflected oscillations was not a function of the azimuth of the incident ones ; 
it thus follows that ordinary electromagnetic (light) waves incident at the angle 
ip + <t>il — r/2 will be reflected aa linearly polarized waves only wheo tlie reflecting 
surface is that of an isotropic insulator (cf. also p. 376). 

14. Examine the problem on reflection and refraction for the particular case, 
where the waves psas from an isotropic into a crystalline medium and the normal 
to the reflecting surface employed is parallel to one of the principal axes of 
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Let U8 take here that oross-section of the crystal as reflecting-surface, wboae 
normal is parallel to its principal axis x' ( />/). The coord inaie-axes x and 2^ in 
Figure 40 will then coincide, wiiereas the angles between the other two pairs of 
axes, y^ y* and z, z', will become equal ; let us denote this common angle by w', 
as indicated in Fig. 42 below. 

For the given problem Maxwell's equations for the electric and magneUe 
moments will retain their general form (55) and (56), only the relations (o7) between 
the electric moments and the electric forces in the crystal will assume simpler 
form ; we evidently have here 

cos {x\ a:) = 1 , cos {x\ y) = 0, cos (x\ z) = 0, 

COS (y*, ar) = 0, cos (y', y) = cos «', cos (y', z) = cos (90* -•- w') = - sin «', \ (a) 
cos {z\ x) = 0, cos {z\ y) = cos (90** - w') = sin «', cos (z', z) = cos w' 
(cf. Figure 42), and hence 

D\, = D,\ D\,=0, /)'„=0, 

i)'jj = 0, i)'2a = i)./co8V + />,'8inV, l/^^iD^' - Di)Binta' cob kf\ -...(b) 
/>« = 0. ' />'3a = (/)a'-/)3')8inw'co8cu', i)'33 = Z)a'sinV + i)3'cos««' . 
(cf. p. 355). 

Replace the D'*s by these values in formulae (57), and we have 
n ' 

r = J- [(Z>a'cosV + i)3'8inV)0' + (Z).; -/),') sin w' cos w'/T], I (c) 

4ir 

^ = J. [(/>,' - 1)3') sin u,' cos w' Q' + ( />,' sin'w' + D,' a>sV) IT] 
Air 

within the crystal, where all quantities shall be characterized by the insertion of 

the'. 

The angles €q and e.' are determined by the formula 

cose/ = - -— : — "■ - -- — - (D) 

(cf. formula (48)), where f/, ^/, f/ denote the direction -cosines of oscillation in 
the refracted waves k {k—0 and f) referred to the principal axes a:', y\ z* of the 
crystal, v^ their velocity of propagation and A\ /^, C the constants of the 
crystal (cf. formulae (30a)). The variables f^', ^^', f/ can now be exprc^ssedai 
functions of d/, 0^'* ^^^ variables introduced on pp. 358-360, and the direction 
cosines between the two systems of coordinates x, y, z and xf y y', z' (cf. Fig. 40) ; 
for the given case, which is represented graphically in Fig. 42 below, the 
former can now readily be expressed in terms of d^', 0.', and the above angle ^, 
as follows : 
The component of the resultant amplitude a/ along the ary-plane is 

a^' cos B^ 
and its component parallel to the z-axis a/ sin B^ ; 

the component of a^ cos B^ parallel to the x= aZ-axis a/ cos B^ sin 0/, 

, , o^ cos B^ , , y-axis 0/ cos B^ cos 0/, • 

,, n^ sin ^^' ,, y'-axis - a/ sin B^ sin •#', 

,, ri/ sin ^/ ,, z'-axis a/sin0^'cosc#% 

, , a/ cos B^ cos 0/ , , y'-axis a/ cos ^/ cos ^/ oos «#' 

and , , a^' cos ^^^ c^b ^^^ , , z'-axis a^ cos (^/ cos 0/ sin c#'. 
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The resultant component amplitudes will, therefore, be 

a/ cos B^ sin 0/ parallel to the ar'-axis, 
a/ (cos B^ cos 0/ <^B w' - sin 9^' sin (■»') parallel to the y'-axis 
and a/ (cos BJl cos 0,(' sin ta + sin 9/ cos w') parallel to the s'-axis ; 

hence ^^' = cos B^ sin 0/, 1 

^/=cos^/co8 0/cosw'-sin^/sinw', V («) 

7«'=cos^/cos0/sinw' + sin^/cosw'. J 
Formula (d) will thus assume here the following particular form in terms of 
<. ^«'. 0/ and «' : 



cos €^ = 



r 



co%*B^' sinV^' -Ka'*(coe B^' cos^, 
+ C''*(cosi?/cos0, 



JOS 0/ cos w' - sin B^' sin w')* }•• 
OS tpj sin w' + sin i?/ cos i/)' j 



(F) 




(O) 



Fio. 42. 

The direction-cosines \\ Ji^\ F/ of the normal n^ to the wave-fronts of the 
refracted waves k (referred to the principal axes x\ y\ z* of the crystal) can 
evidently be expressed here as follows in terms of 0.' and w' : 

X,' = cos (n/, x') — cos (n,', x) = cos (0/ + x) = - cos 0^', 

Ji/ = cos (n/, y') = cos (n/, a:) cos (y', ar) + cos (n/, y ) cos (y', y ) -I- cos «, 2) cos (y',«), 
or, since here co8(y', a?) = and cos(7i/, 2)=0 (cf. Fig. 42), 

"yi^ = COS ( w^', y ) cos (y', y) = sin 0/ cos w', 
and similarly "vJl — sin 0,' sin w' 

<cf. Fig. 42). 

By formulae (38) and (39) the azimuth ^/ of the refracted oscillations c is 
determined by one of the principal axes of the ellipse intersected on the plane 

V^' + M,y + V2'=0 I ^^j 

= 1.) 



by the ellipsoid 



A'^'^^Bh^^C'h,'^- 
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To express these equations in terms of the variables 0/, w\ etc. (referred to the 
coordinates x, y^ z), we observe that the following relations hold here between the 
two systems of coordinates x^ y, z and x\ y't z' : 

x' = x, 

y'=y cos w' - z sin w', 

z' = y sin w' + z cos w' 
(cf. Fig. 42). Replace x\ y\ z' by these and X/, Jit/, y/ by the above values (o) 
in formulae (h), and we have 

-co8 0/a; + sin0/y = O \ /,. 

and .4'«a:3+j5^(ycosw'-z8inw')« + C«(ysinw'+2COs«')»=l; / 

the azimuth B^ determined by one of the principal axes of the ellipse intersected by 
these two surfaces (i) will thus be a function of 0,', ia' and the medium constants 
A\ B, C\ 

By formula (40) and the above values (o) for X^', 'ji^^ v^' we can write the 
velocity of propagation of the refracted M'aves k here in the form 

r/«=4{(5'2 + C'2)cosV«' + (^'' + C''-)sinV«'cosV + (i4''+^)sinV«'«in*w' 

i Mb"^ - C^'^)co8V; - (^^ - C^'^)8inV;co8V - {A"* - / r»)sinV , ^sin«^ \ 
\ +i{A"' ~ C^nir^- C'«)sinV/coaV«'coe««'/ 

■= 4 ^4 '2sinV<' + ^'*( 1 - ainV*' cosV) + C'2( 1 - sinV/ainV) 



h - ^"■^inV; -f /^"'^(r-sinV/cosV) -C"^cw^4>J - sinV/co»V)r \ 
y ~+4(^'«-C"2)(^«- C'«)8inV«'cosV«'cos««'/ 



(J) 



(for the choice of scjuare root-sign see p. 345). On replacing here v^ by its value 
from formula (60), we obtain an equation for the determination of 0/ as function 
of 0, V, ia' and the medium constants A\ &^ C\ all of which are given ; for the 
actual determination of 0/ see the ensuing particular cases of the given general 
one, for which the given equation will assume simpler forms. After having thus 
determined 0K^ ^e could then express v^ by formula (j) in terms of 0, r, u' 
and A\ B, C. 

Upon the determination of 0^' and r/ in terms of 0, v, ta and A , B*, C\ we 
could then express c^ by formula (f) in terms of the latter and OJ^ which {0^*) 
could be determined by formulae (i), as formulated above, as function of 0/, m* 
and A\ B\ C\ hence 0, r, w' and A\ B\ C (cf. above). 

For the given case, where the medium O or that of the incident waves is 
isotropic, we determine first by formulae (86) the uniradial azimuths Gq and 0« as 
functions of 0, <f>^\ ^/, and e/, then by formulae (91 ) the component amplitudes 
Oq and Uf along those azimuths as functions of a, and O^t hence a, 0^ 0, 0/, $^' 
and e/, and lastly the amplitudes Aq and Ae of the two refracted waves by 
formulae (92) and the resultant amplitude aj and azimuth 0^ of the reflected wave 
by formulae (94) and (95) respectively as functions of a^, 6^ 0, 0/, 0^' and e/, 
hence a, ^, <p, 0/, 0^ and e^', and we then replace in the formulae found the 
quantities 0/, 0^' and e^' by the above values in terms of r, 0, w' and A\ B', C\ 

15. Examine, as in Ex. 14, the problem on reflection and refraction for the 
particular case, where the waves pass from an isotropic into a crystalline mediam 
and either the principal axis y^ (/>./) or z' (Z)^') of the crystal coincides with the y 
or z-axis respectively of the system of coordinates a;, y, z, to which the reflecting 
surface is referred (cf . also Fig. 40). 



EXAMPLES. 

16. Show for the particuUr cube of Ex. U, where ui' = 0, that U, whar« the ] 
priiicipal nxoB x', y*, :' al tlic crystal coincide with the coordinate -axea x, y, z 
(cf. Figs. 40 and 42), that formula (j), Ex. 14, osBumea the simple form 

«."=i[A"'sia'<p,' + B^coH^<t>.' + C'*± -Jl -^''«iiiV.'-S'''™V.' + C''~)']- 

hence Vg''~C'' and i'.''=J''8in'*,' + B''coB'p,' (a) I 

(cf. p. 345), and then determine ^.', r,', fl,' and r,' in terras of ^, v and A', B, 0' 
and a^ e„ A.', a, and e, in terinii of a, fl, *, u and A\ li\ C (of. Ex. 14). 

Replace ii„' and f,' by their valaeii from formula (69) in formuliie (a), and wi 

iin'^ = — ,j— 



ff'si 



,' and #,' deturmined as functions of 9, r and j4', fi', C, By thesa 
s for ^' and ^,' and by formula (6111 wo then find the following value* 
c,' in UrniB of ^, v and A', Jf, C" : 



= C s 



^/r"-(J'»-«^)8in'*' ■ 



...(B) 



Since now by assumption il''> B^>C'* (uf. p. 344), it follows from Fresnel's 
construction For the determination of the two siugnlsr directions of osoillation in 
u crystalline medium that for all values of ipj the one ur longer principal axis of 
the ellipse formed by the intersection of the plane 

-cofl0,'i + Bin^.'y = <I 
and the ellipsoid A-^-i? + B"^ + C-h? = \, 

the particular form assumed by formulae (:), Ex. 14, for u' = 0, will ooinoide hen 
with the :-axis of our coordinates x, y, z. whereas the other priaoipal axis will 
Hvidently lie in the ay-plane, the plane of incidence! that is, e,' = »/2 or 
(( — and c). By FreBuel'B construction all oscillations parallel to the i-axia 
will now be propagated here with one and the same velocity (cf. p. 343) ; by 
formulae (b) the oacitlatious that travel with one and the same velocity of 
propagatioD for all values of ^.' ura those of the or<linary refracted wave ; it thus 
foilowalbat S,' = jr/2 and e.' = 0. 

Replace tfi,', i',', und 9,' by the above values in formula (Fj, Ex. 14, for (,', and 



= 1 



s/r"-(J'»-if*)ainVs'?^ + ^'^(-^'*^ 
J^B-U^[A'^~B^fan^~^-A-'[ A ■*^^ 



and *,' deterniined s 



inctions of «, t' and A', ff, C (cf. Ex. 14). 
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By the above values for 6^ and e^ formulae (86) evidently give 

tan 60 = 00 and tanO«=0 
or Oo = W2 and e« = 0, 

and hence formulae (91) 

af^ — awnB and a«=a cos ^. 

Next, replace 4>^\ BJ^ r^', O^ and a^ by the above values in formulae (92) for 
the amplitudes Aq and A J of the two refracted waves, and we have 

sin <f> sin 2^ 



^ '=a8in0 . ^ 



= a sin 



sin 0o' sin (0 + ^o') 
2\^ cos 



and AJ = a cos ^ .- ^ 



C ( Vr»"- C'^ BiiiH + C7' cos 0) 
sin 20 



sin0/ . 



^'»-/r» 



=acos^ 



sin (0 + 0/) cos (0-0/)+ -^" sm0\/r«--4'*8in«08in«0,' 

2i'»co8 0\^>^"(^'^- ^"^)sinV 
5 |_,^cos0 + /? v^H-.^ ^«m«0 . ,^.(^.,_y^j.,„,^J 



that is, Aq and ^/ determined as functions of a, ^, 0, t) and A\ B\ C (cf. Ex. U). 
Lastly, replace <p^\ B^\ ««'> O^ and a« by the above values in forninlae (94) and 
(05) for the resultant amplitude a^ and azimuth 0i of the reflected wave, and 
we find 



' ^ 8ma(0 + 0o') 



+ C08'^ 



sin (0 - 4>J) cos(0 + 0/) VTJT— Bin VtJ»--4'«8in«0 siii*^/ 



T^TB" ,. 

8in(0 + 0/)co8(0-0/) + ::-^^,- sin0Vi»>-^'«gin«0sinV#' 



I Ls/»-2 - 6"«8in-'0 + C'' cos 0J 



v^i^' 



+ cos'^ 



^ ri^[tj3 -( /I '•J - /n 8in>] (H,s - /iVr:* - ^ '=JHinV [''' + (^ ''-_-»;*) BinVn^^^ 
"^ L}^[i^-(A''^-B''')%\l\^4>]QOf^4>+B'^l^^'-A''^t^m^iPlt^ + U^^^ j 

and 

tan <?, = tan ^-J^r-^V 

• SlU(0 + 0o) 

sin (0 + 0/) cos (0 - 0/) + ' ^^^^, sin \V - ^ '« sin^ sin«0e' 

^ T^^IF^ T^ — ^^ 

sin (0 - 0/) co8(0 + 0/) - --- . ^. - - sin Vt^ - :4'« 8iu'»0 sin«0/ 

^N/t'='-r;'«sin-0-C"coR0 

= - tan u , 

\/i^-(;"'»8in20 + r'co8 

i^[%f^ -W^- ir-) KinVl «o8 + ir v^-a - /^'•■' 8in20 [i-a + (^ 'a - .e^) 8in«0l 

^t,'a[r»-(i4"-'-7r)8in20jco80- /i'\/i'2_^''-*8in20r»' + M''*- /?'*)8in«0]' 

that is, tti and ^1 determined as functions of a, 0, 0, r and ^', B*, C* (cf. Elx. 14)b 



EXAMPLES. 

17> Shew for the parCicular ctiee of perpendiculsr incidence on tfae aarlaat of , 

& crystal (Ex. It), where the normul to the rsHecting surfuoe coincides with one 
of the principal axis, the :r'-axis (cf. Ex. 14|, nf the crysUl, timl the four uu! 
qunntitiea Ai, A/, a, and $, are determlDul by the {aritiulic 



ain(fl + u-) 



lviC-')C- 



ind tiui9,= 






[..^■™(B + <.')(P4C')(.'-B'| 



aimnthH flj' «nd ff,' of 



I and x', y', c' is tliat 



.in(e + «')(<•- 
in(e + u,')|B- 
It ia evident from FreBnel's coiiBtniction that the 
oscillation in the crystsl will be here 

fl,' = r/2-i.i' and e,'=-u'. 
(cf. Bi. 16), where the relative poutiou of the aies . 
represented in Figure 12. 

For 4^ = 0, het)ce ^,' = 0, furmulae (A), Ki. IG, evidently f(ive 

v„' = C' and r: = B' (b) 

[For perpendicular incidence tliere wilt be, strictly speaking, two singular 
directions of oscillation with one common direction of propagation within the 
crystal, that is, there will be no bifurcation of the incident waves into ordinary 
and extraordinary (refracted) ones. We cannot, therefore, well discriminate here 
between the velocities of propagation of these two syatema of oscillation, whether 
the one or the other vsliie corrtspond to the velocity of the ordinary or to that 
of tlie extraordinary wave: for this reason these values for the veloutCies of 
propagation can easily get interohaoged according to the nietliod of treatment 
of the problems in question (cf. following eiamples)]. 

By formnlae (*), formulae (K), Ex. 11, evidently assume here the simple form 

:-::z:::::!:i <« 



n formulae {y) und ((i), £ 



Replace B,', r,', and n. by the above 
and we find the formulae sought. 

IB. tihow for ^ = and u'-<J that the formnlae of both Ex. 'a 16 a 
the four unknown qnantities A„', A,', a, and 8^ rednce to 



A- = 



"{v-^-cTo- 









'^•'■--""'^.+c'')(«-tfj- 

\'i. Examine the particular case of perpendicular incidence on the surface of a 

crystal {Ex. II), where either the principal axis y' (/)./) or t' (U,') of the crystal 

coincides with the y or i-axis respectively of the sj'stem of coordinates x, y, z, 

to which the reflecting surface is referred (of. Fig. 40). 
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20. Examine the problem on reflection and refraction on the surfaoe of a 
crystal for the particular case, where the principal axes of the crystal coincide 
with the coordinate-axes x, y, z (Ex. 16) and the angle of incidence ^ is so chosen 

that + 0o' = W2. 
By Ex. 16, where <p was arbitrary, wo had 

and sinV« = ji—rA >2 — Tj'^x-^iI' 

Replace here <f>Q by its present value (o " )» *nd w« find the following value 
for : 

and hence the following values for <f>^ and 0,' : 

and *'"'»-' = ^-^'i + ^'^t+c^ - 

Replace 0, 0o' and 0/ by these particular values in the more general formulae 
of Ex. 16, and we find 

Co = 0, tan e, = H'h^+G'^) * 

2r2 

^« =aco8 9 . — •» 

u^rvCV'-A'^+B"^ + C'^)-BWr^-A''^ + C'Hi^-^A'^-B^-hC'^)'\i\ 

+ 008^*^ ^ -, — = : I y 

LvC'{r^-A'^ + B'^+C'^) + B\^v^-A"^-{-C'^{v'-^A'^-'B'* + C'*)J ) 
and 

tan^, l_ 

" t,2^(;'i- ^c'(i^-A''^+B'^+a'^)-BWiP-A'^-\-'0'*{v»-^A'^-B^ + C'*) 

21. Show for the particular case of reflection and refraction on the surface of a 
crystal, where the principal axes of the crystal coincide with the coordinate-axes 
Xt y, z (Ex. 16) and the angle of incidence <p is so chosen that + 0/ = ir/2, that ^ 
is determined by the ecjuation 

{A'^-B'^)B\n*ip-{v^ + A'^)Bm^<p-^t^=0 (a) 

22. Examine the particular case of reflection and refraction on the surface of a 
crystal, where the principal axes of the crystal coincide with the coordinate-axes 
Xf y, 2 (Ex. 16) and the angle of incidence ip is so chosen that the two uniradial 
azimuths 6i.o and 6i.« of the reflected oscillations coincide. 



EXAMPLES. 



Beplace 6,, and 6„ hy their values 
(86)] in the conditionikl eqaation e^g- 



in (*-*„')« 



a tenna of ip, ip.', P,' and (,' (cf. tormalao ' 
,, For tbe determination of ^, and we have 
in (»-»„') 

Bing.'BLn(tf-fe') 

CM fl,' sin (^ - «.'j"coa (> + *!,')- tan ..■ sinV,' 
(the particular unglo of incidence ^ duterniined by this equation woa denoted by 4 
in text). 

Neit, replace in this conditional equation for ip 0, Bad 6,' by their valne« t/S I 
and respectively for the given particular cue u' = (of. Ex. 16), and wa have 

ain(^-»„ ')^ 

Bin {p - *,') COB {<? + •/;') - tan f.'einV,'' 

hence ain (i^ - 0g' ) = 

or »in(*-^')coB(ii> + *.')-tanE,'BinV^O. 

The former of these two conditional equations evidently gives either C'~ 
corresponds to oo dividing surface (with respect to the i = x' tti\»), or # 
hetice ^,' = 0, for which the azimuthn 6,, und 6,, do not coincide, as we have i 
seen in Ex. II— the left hand member of the conditional equation (a) then 
becomes indeterminate (f|;0). 

On replacing 0,' and t,' by their valnes from Ex. 16 for the given cose, c 
in the latter conditional equation (r), we cui write it in the form 

i-[i'=-(^'>-fi'')BinV]C0B*.= BVf^-^'"sinV[''' + U''-fi^)"nV], ■ 
the equation sought for the delermi nation uf ^ in terms of i> and A', B, C ; .1 
observe that this equation does not ooutain the azimuth nf oscillation of tha \ 

Equation (c) gives 

-[.-*+2(J-'-B'')u'+(^'>-2B'')S'"]i''BinV+('^-B^)"^=0.(D) ] 
an eiiuatiOD of the third degree in ain'^. Tbe actual solution of this equation 
and the examination of its roots is of particular interest (cf. C. Curry ; "On the 
Electromagnetic Theory of Reflection and Refraction on the .Surface of Crystals.' 
Report o/Bntuh AMO<:ialio», Bristol, 1897). 

23. Examine the problem on rcDection and refraction on the surface of tha { 
nniaxal crystal A' = S for perpendicular incidence. 

The velocity of propagation r,' within the crystal will be given here by the 



,..'' = M(B-' + C'')[coa>( 

±(S-=-C'')[coi''(a:-, j-) + co«'(y'. x)'\S 
(cf. formuh* (40) and the expressions on p. 368 for X,, ji^ i^, hence 

.'o'» = B''[co«'(j:', i:) + cos'([(', »:) + ooa'(i'. J-)I 
and «.'' = C'»[cos'(j:', i) + cosS(/, i)] + B'»coe'(:', x\ 

or, since Cos>(i', i) + co8>[y-, x) + cos«(i-, J-) = 1, 

and w,''=C''sin'{t', a;) + fl'' 

(cf. text to formulae (b), Ex. IT). 

Replace t^'and ii,' by these valnes in formulae (f) and ((;), Ex. II, which hold for 
the corresponding cose in biaxal crystals, and we obtain the formulae sought for 
the determination of the four nnknown quantities A^, A,', a, and By. 
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24. Show for perpendicular incidence on the surface of the oniaxal crystal 
B'^C that the velocities of propagation of the refracted waves are given by the 
expressions 

and v,'^=A'^fA\\^(x\ x) + 6"« cos^la:', x). 

We obtain the formulae for the four unknown quantities A^, A^t cii and 9], qd 
replacing v^ and t*/ by these vahies in formulae (f) and (o), Ex. 11. 

25. Determine for the particular case, where the normal to the reflectiiig 
surface coincides with the principal axis x' (/>/) (cf. Fig. 40) of the uaiaxal 
crystal A' —B\ the velocities of propagation and the angles of refraction of the two 
refracted waves. 

For A' = B* formula (j), Ex. 14, which holds for the corresponding case in 
biaxal crystals, assumes the form 

v:^=ViB'\\ +siuVK'8in« w') + C'«(l - sinV/sin* «') 
± ( /^2 - C) (cos* 4>; + sin« ^; cos« w')], 
hence V=5'« 

an<l v,"^ = ( ^'« - C"«) sin" 0/ sin^ w' + C'\ 

Replace v^ and v^ by these values in the relation (60) between the 0*8 and the i^'s, 

and we find the following values for ^g' and 0/ in terms of 0, v, m' and 

A'.B.C'x 

, ., B'Hin^4> 
«>'^'^o = — ^— ^ 

««^ • 2^' C'*8in*0 

V* - (/^ •* - 6 ''jam*^ sm* w 

and hence the following values for r^ and r/ in terms of 0, v, w' and A', B*, C : 

v2-(/^'«-6'"'')8inV8in«w" 

26. Determine the four unknown quantities Af^j AJ^ a, and 0^ in terms of a, 0, 
0, V and A'y B\ C (cf. Ex. 14) for the particular case of the preceding example, 
where «' = (cf. also Ex. 16). 

27. For perpendicular incidence the formulae of £Ix. 25 for the velocities of 
propagation of the refracted waves assume the form 

tV = ^ and v/ = C" 
(cf. text to formulae (b), Ex. 17). 

28. Show for the particular case, where the normal to the reflecting surface 
coincides with the principal axiH x' of the uniaxal crystal B' = C\ that the 
velocities of propagation and the angles of refraction of the refracted waves 
are determined by the expreHsions 

" " ' "• ~ir»-(^'-'-C7'»)sinV' 

„„, • Q^/ C"8in0, 9^, C"-sin'0 

Observe that these expressions do not contain the angle (a\ a result we could have 
anticipated, since for B' = C' the crystal has no principal axes in the yz plane. 
Show also that 0^=^12, 0/ = O, 

/ A J * / (^''-C"«)sin0N/t'3-^'«8inV 
eo =0 and tane^ = ^J^/ -* 



and r/^-- 



EXAMPLES. 

W« could olio cibtam these furniulau lUreutly, on putting Ji' = C' in thoae of 
Ex. IB. wbere u'^0. Tl>e forniDlae For tiiH detenu luat ion of tlie fuar unknown 
quBDlitiea A^', A,', a^ and 0, will thus lollow directly Trom thote of Ex. IS, where 
u'^0, if we put there ff -C. Observi! thut ilie eij.resiiioii for A,' uudergoe* | 
thereby no change, that i>, it is imitiureriul here, ua far Ha the amplitude of the 
ordinary refracted wave is coDcerneJ, wbelher the crystul employed lie & biaxikl 
or Bu uniaxal one. 

29. To obt&in tlie fomiulae for the particular caae of tlie preceding example, 
H here the Waves are incident at right angles to the larfoce of the cryatal, we put 
S ^C and u' =0 (cf. Ex. 28) in the formulae of Ex. 17, Che correaponding case il 
biaia] cryBtoli, and we have 

J„' = 2aBii 



+ C')6"' 



=2acoafl 



a^~a — ^i, and taufl,= -l 
Observe that these formabie are identical to those tliat bold on the surface of 
an isotropic iDsulator, through which olectromagoetic waves ar<^ propagated in all 
directions with one and the same velocity v' — C (cf. Chapter V'll.) ; it thus follows 
thut waves incident at right au;.lea on thcgi'en surfnce of this iiniax at crystal will 
be reflected and refracted as ou the surface of an isotropic insulator {tf=-C). 

.W. Show that the formulae of Ex. 20 For the deteruiiuation of the four 
unknown quantities A^, A,', Oj and fi, aasume the following form on the aurfaee 
of the uniaxal crystal A' = B' : 

-.■".-^, 

ocoae — -'^'■■'^— 
o,' = o'-{sin'ff[ jT, ) +oos'fl -7 — — i 

J . i> . i^'^-C rC' + ie-Ji^-B-^+C- 
and tan0,= -tanv . __ . ,-- . -■ 

31. Examine the problem ou reOection and reFrsction on the surface of th« 
nniaxal crystal A'^B' for the particular case, where the principal axes of the 
crystal coincide with coordinate-axes r, g, t and the angle of incidence ^ is so 

chosen that (> + *,' = »-/2(cf. Ex.21). 

For ^'-S' equation (a), Ex. 21, gives the following value for ip: 




(of. ftlKi Ex. 3Z). 

Replace by this value and put .il' — fi' in the formulae of Ex. IIJ, which hold 
for the corresponding cose in biaxol crystals where ^ was arbitrary, and we find 
the following values for tlic four unknown quantities sought '■ 
2^B' 
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32. Determino the quantities Aq, A/t ai and B^ for the particulsr caae of 
reflection and refraction on the surface of the uniaxal crystal B* = C, where the 
normal to the reflecting surface coincides with the principal axis a^ of the crystal 
and the angle of incidence is so chosen that 0+^'=ir/2. 

For the complemental case, where <p + 4>/ = wl2, was determined by the 
quadratic equation (a)» Ex. 21. 

33. For the uniaxal crystal A'=fi* equation (d), Ex. 22, for the deterndoatioD 
of ip corresponding to the condition O^o = Bie reduces to 

hence sinV-,4^^., ' -f 

that is, here there is only one value of for which Q^o^^if Observe that this 
value is that (a), Ex. 31, already found for the corresponding case, where ^ was 
thereby determined that + ^/ = ir/2. It thus follows that there is one and 
only one angle of incidence 0, for which ordinary light will be reflected as 
linearly polarized from the surface of the uniaxal crystal A' =■& cut parallel to 
its (one) optical axis (cf. p. 344), and that angle of incidence is thereby 
determined that ^ -4- 0/ = ir/2, that is, the angle of incidence and the angle of 
refraction of the extraordinary refracted wave must make a right angle with each 
other. 

The unknown quantities A^^ A,\ aj and Oy will evidently be given here by the 
same formulae as those that hold for the corresponding case, where + 0/ = r/2 
(cf. Ex. 31). 

Observe that for tlie uniaxal crystal B' — C the equation for the determinatton 
of <p retains here its general form (a), Ex. 21. 

34. For A'= B = C' = v^ confirm that the formulae of the above examples all 
reduce to those (cf. Chapter VII. ) that hold on the surface of the isotropic insulator, 
through which electromagnetic disturbances are propagated in all directions with 
one and the same velocity v', 

35. Examine the problem on total reflection on the surface of uniaxal crystals. 
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